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Abstract
The goal of this paper is to analyse and systematise the possible approaches to real options valuation, especially
when considering the practical aspects of their application in real-life valuation problems. Therefore, the paper

sets the following tasks:

To outline the concept of fair value and analyse the traditional approaches to its calculation in the context of

asset valuation

To define the real-option approach to fair value estimation and analyse its theoretical background
To determine the role of the real options approach in the traditional system of valuation techniques
To analyse the practical aspects of their application in valuation problems considering the corresponding

examples

To provide the real-life example of this technique applied in current market conditions using the recent data.
The object of this research is the option pricing models, and the subject is their application in estimation of real
options embedded in corporate valuations, particularly considering the side.
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Introduction

The relevance of the topic can be explained by
the fact that asset valuation has always been
one of the key pillars in finance playing a sig-
nificant role in various economic relationships,
is an essential element of any investment deci-
sion-making process and corporate valuations in
general. Therefore, it is crucial for assets or in-
vestment projects to be fairly valued to prompt
the right decisions and strategies to be adopted
by the economic agents.

There are several traditional approaches to fair
value valuation each of which has several methods
with its relative advantages and drawbacks and
thus may appear to be the best valuation tool
given the corresponding conditions and the scope
of available data. However, despite the variety
of classical valuation techniques, there are still
situations when their application is not effective
or even useless.

In business practice, it often turns out that
companies can react to changes in the market

situation, which makes it possible to adjust the
incurred investment outlays. The additional value
added to investment projects is, therefore, a pre-
mium received for the company’s adjustment to
changing market conditions.

In the traditional approaches, the value of
such flexibility is neglected, because of which
the evaluation of investment projects is often
underestimated.

This value-adding flexibility is known as a
real option that can be defined as a right (but
not an obligation) to change a decision regard-
ing an investment project when new informa-
tion appears.

The real-option approach to valuation thus
aims to capture the effect of these omitted value-
drivers to assess the investment projects more
fairly. Therefore, it may lead to the situation when
the bad project, initially estimated by traditional
methods, will appear to be profitable after ac-
counting for the lurking investment opportunities
measured by the real-option approach.
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Although being widely-used in investment
project appraisal the real-option approach may
be also applied in the valuation of assets that do
not generate any cash flows, but instead provide
its holder with a right to earn income under a
certain course of action — those generally include
the intangibles such as licenses or exclusive pat-
ent rights to produce a particular product that
will provide their holder with some cash flows in
future; another good illustration is the unexplored
reserves of natural resources. Valuation of such
assets using the classical techniques will generally
yield inaccurate results or maybe impossible at
all, thus making the real-option technique even
more essential in this case.

All these factors make the subject of the real
options approach to valuation to be of practical
worth in the field of corporate finance.

The real option valuation technique is not new.
However, most papers on this topic consider the
specifics of its application in business valuation
and investment projects’ appraisal. Typical ex-
amples include the research papers by Donald
and DePamphilis, Mun ], Limitovskiy M.A., Piro-
gov N.K., Krukovskiy A.A., Huchzermeier A., Loch
C., Bruslanova N., and others.

At the same time, there is a relatively small
number of works concerning the aspects of real
options approach application in the valuation of
assets of special option-type such as patents and
undeveloped reserves of natural resources. The
methodology of real options approach applica-
tion in the valuation of such assets was mainly
developed by Aswath Damodaran in his books
on valuation (2006, 2012) which I used as a key
theoretical background of this paper.

The practical part of this research is based
on the information mainly obtained from the
Bloomberg Terminal, official company’s financial
statements and press releases.

This paper includes the following sections:
introduction, three parts, and conclusions. In
the introduction, I substantiated the relevance
of the chosen topic, its theoretical and practical
significance, defines the degree of its elaboration,
and the scope of relevant literature and infor-
mation base. It highlights this paper’s goals and
tasks, formulates the object and the subject of the
undertaken research.

Part 1 outlines the notion of fair value and the
theoretical basics of traditional valuation tech-
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niques. Part 2 focuses on option pricing models,
provides insights to the real options approach
to valuation and analyses practical aspects of its
application, considering the corresponding exam-
ples. Part 3 provides the real-life example of this
real options valuation technique application in
current market conditions using the recent data.
The conclusion of this thesis summarises the key
theoretical results of the undertaken research
and provides practical recommendations on the
application of the real options approach.

Theoretical Basics of Asset Valuation

Meaning of Asset Valuation and Concept

of Fair Value

Asset valuation merely accounts to the value as-
signed to a particular property, such as stocks,
options, bonds, buildings, machinery, or land,
which is estimated usually when a firm or asset
is to be disposed of, insured, or taken over.

There are many reasons for companies to un-
dertake this procedure, including the following:

It allows to determine the right price for an
asset, especially in cases of its acquisition or dis-
posal and is beneficial for both parties of such a
transaction, since neither the buyer nor the seller
will pay more or receive less than the asset value

Every person or legal entity owning property
or other assets has to pay taxes on them, hence
asset valuation provides with an accurate estima-
tion of the tax base for this purpose and so of the
corresponding amounts of tax expenses incurred

It facilitates the business valuation process
particularly in cases of merges between two or
more companies or take-overs

Asset valuation procedure can also be undertaken
for the lender needs when estimating the possible
loan amount that can be paid back by the company
offering its assets as collateral to be transferred to
a lender in cases of the company’s insolvency

Companies, especially public ones, are regu-
lated, and hence are required, which means they
need to present financial audits and reports for
transparency. Part of the audit process involves
verifying the value of assets.

According to IFRS13, the fair value is defined
as the price that should be paid for an asset at
its disposal or the price of transferring liability
in the context of the simple transaction between
independent of each other and knowledgeable
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market participants acting in accordance with
their financial interests at the measurement date
under current market conditions, although in
some cases observable market transactions or
some other information might not be available
for analysis. Thus, such a definition of fair value
has the following key implications:

Fair value is the sale price of an asset — not the
purchase one since sometimes these two prices are
different (particularly for financial instruments)

Fair value is a market quotation. When meas-
uring fair value, it is necessary to match it with
the perceptions of market participants and thus
exclude any uniqueness associated with the spe-
cific conditions in which the seller is placed

Market participants are independent, knowl-
edgeable, willing to make a transaction and have
access to the market

The intended sale transaction must be “normal”
and not forced

Fair value should be tied to the measurement
date.

Fair value measurement also implies that the
transaction of asset disposal or liability transfer-
ring takes place in the principal market for the
asset or liability or, in the absence of the former,
in the most advantageous market for that asset
or liability.

The principal market is the one with the great-
est volume and level of activity for the asset or
liability to be accessed.

The most advantageous market is the one, max-
imising the value to be received for the asset or
paid to settle the liability after transportation
and transaction costs. However, these two terms
often coincide.

In spite of the assumption that the correspond-
ing transaction is to be made in a principal or the
most advantageous market conditions, the fair
value itself is calculated before any adjustments
for transaction costs that merely characterise only
the transaction but not the involved asset or liabil-
ity. However, in cases when location matters, the
market price is adjusted for the expenses incurred
to transfer the asset to that concrete marketplace.

All the data used by companies to measure
fair value fall into three categories defined as
corresponding levels comprising the hierarchy
of fair value:

First level: observable data on identical valu-
ation objects

Second level: observable data on similar valu-
ation objects

Third level: unobservable data.

First level data include quoted prices in active
markets for identical assets or liabilities that a
company can receive at the measurement date.
Such prices are the most reliable evidence of fair
value and should be used without adjustments
to estimate fair value whenever possible. This
type of data is generally available in the currency,
stock, brokerage (intermediary), dealer markets,
and “from principal to principal” markets as well
(where operations are carried out without inter-
mediaries).

Second level incorporates the following data:

Quoted prices for similar (but not identical)
assets or liabilities in an active market

Quoted prices for identical or similar assets or
liabilities in markets that are not active.

Last level unobservable data is based on as-
sessment and professional judgment. Such cat-
egorisation allows users of financial statements
to objectively assess the quality of fair value es-
timates, since the higher the level of data used
in measuring fair value, the higher is the quality
of such estimates.

Thus, valuation methods used to measure fair
value should maximise the use of observable data
and minimise the use of unobservable data.

When measuring fair value based on unob-
servable data, a company can start with its own
estimates, but must make adjustments if there
is strong evidence that market participants will
use different data or if the company has a piece
of specific information used in its fair value es-
timations that is not available to other market
participants. There is no need to spend a lot of
effort to obtain information about the percep-
tions of market participants. However, one should
consider any available information when making
a fair value assessment.

Companies are obliged to provide detailed in-
formation on the fair value measurement process.
Therefore, it is important to know which valuation
methods and data have been used, as well as the
basic information about the assessed assets or
liabilities, considered significant.

Fair value aims to increase the degree of ob-
jectivity, transparency, and relevance of the in-
formation in the company’s financial statements.
Being a business valuation measure, it does not
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make any sense to businesses in the context of its
taxation. Its major advantage lies in its immediacy,
which provides an updated valuation of assets and
liabilities. Historical data, such as acquisition and
production costs, does not provide its users with
accurate and valid valuation estimates. Therefore,
fair value assessment is known to be the best way
to ensure the success of any investment and is also
used as a basis for future cash flows prioritisation.

One of the advantages of fair value measure-
ment from the point of its objectivity is the con-
sideration of such factors as risks inherent to
business activities. Since fair value is a market
valuation, it is determined by the perceptions
of market participants would use in relation to
the value of an asset or a liability, including risk
assumptions.

This remark is particularly relevant for the in-
come approach to valuation when a fair estimate
is calculated at the present value that will be dis-
cussed further in this chapter. In many cases, the
amount and timing of cash flows are uncertain.
Even the fixed amount stipulated by the contract,
such as loan payments, is uncertain if there is
a risk of default. For these market participants
generally demand compensation (that is, risk
premium) for accepting the risk inherent to cash
flows associated with a particular asset or liability.
Therefore, the fair value estimate should include
a risk premium; otherwise, it will not represent
the fair value.

Traditional Assets’ Valuation
Techniques
IFRS13 divides classical methods of asset valu-
ation into 3 main groups, depending on the ap-
proach they are based on:

Methods of income approach, including dis-
counting cash-flow (DCF) and direct capitalisation
techniques

Market or sale comparison methods

Methods of valuing assets at their liquidation
value or replacement cost, that constitute the
cost approach.

The fair value hierarchy assigns priority to data
rather than the corresponding valuation method,;
thus the fair value estimated on the basis of any of
the methods may be attributed to each of its three
levels, depending on which type of data is used.

Therefore, there is no universal valuation tech-
nique that will always yield the best result in any
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case, since each of them might be more appro-
priate than others, depending on the particular
circumstances, usually including the following
factors to be considered by the investor or another
party undertaking asset valuation when choosing
the optimal technique:

The reasonably available information about
the valuation object

The market conditions (for ex. the optimal valu-
ation technique may vary, depending on whether
the market is of a bullish or bearish type)

Investment horizon (for ex. some technique
may perform better when measuring the fair value
of long-term investments as compared to other
methods and vice versa)

The life cycle of the investment object

The nature of business, where the examined as-
set is employed, as well as the type of the industry
where this business is undertaken (for ex. some
methods may perform better at capturing the
volatile or in contrast cyclical nature of business).

Let us briefly discuss each approach in a bit
more depth. The key notion of the income ap-
proach is that the asset fair value is estimated
based on the present value of the expected future
cash flows it will generate. However, each of its
methods has some specific aspects which we must
take into account.

Direct capitalisation model implies that asset
will generate the same cash flows for each year
of its holding or assumes that their growth rate
is moderate and predictable. Hence the fair value
(price) of the corresponding asset is found by capi-
talising its expected future cash flow for the one
year or its average expected future cash flow to
be received for the whole holding period (in case
if the cash flows are not the same for each year)
given the appropriate capitalisation rate which is
the required rate of return on the asset being as-
sessed that is generally equivalent to cost of equity
or the WACC, depending on the capital structure
of the business, where this asset is employed. (see
formula 1.1 for direct capitalisation model?)

CF

P=—,
r

(1.1)

where
CF — cash flow for one year or average cash flow

! The formula is a special case of general DCF model, given
constant cash flows received forever, derived using formula of
the sum of the infinite geometric progression.
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r — capitalisation rate (required rate of return
on asset).

However, the assumptions underlying the direct
capitalisation technique seem to be rather unre-
alistic, making DCF model more flexible in this
sense and yielding more accurate results, given the
availability of all the necessary information, since
it takes into account each individual expected cash
flow that will be received in future and is assumed
to arise evenly at the end of the each year during
the whole asset holding period, including the ex-
pected cash flow from the asset’s possible resale
at the end of this period or the asset’s scrap value
(in cases if it is held till the end of its useful life).
Hence the fair value of an asset under DCF model
is defined as the sum of the present values of all
the expected future cash flows received from the
asset during its holding period, which formally is
equivalent to discounting each future expected
cash flow given the capitalisation (discounting)
rate, which is generally assumed to stay constant
during the asset holding period for simplicity, and
finding their sum. (see formula 1.2)

" CFE R
P= L+ ,
;(l+r)’ (1+r)"

(1.2)

where

CF — cash flow for i-th year (n = last year of
holding an asset)

R — cash flow from asset disposal at year n or
asset’s scrap value

r — capitalization (discounting) rate.

Since the DCF approach accounts for each in-
dividual potential future cash flow to be received
from the asset also considering the time value of
money, it is generally accepted as a primary asset
valuation technique.

However, in real-world, any business usually
operates under a certain degree of uncertainty.
In this case, the timing of expected cash flows
and their amount even for the first year in future
usually cannot be forecasted for sure, as well as
the level of appropriate capitalisation rate, mak-
ing the methods of income approach absolutely
useless in the assessment of asset fair value due
to the lack of necessary information on the inputs
required to estimate the corresponding amounts.

The other two asset valuation approaches — the
market and the cost-based, are not sufficiently

influenced by business uncertainties since they
don’t generally require forecasting, but instead,
use present data in fair value assessment, hence
are preferable in this sense.

The market or sales comparison approach de-
fines the asset fair value based on the price and
other relevant information of market transactions
involving similar or comparable assets. The mar-
ket approach methods are mostly used in valuing
unquoted equity instruments are generally related
to the data sources used (for instance, quoted
prices of public companies or prices from merger
and acquisition transactions). Such relevant in-
formation used in fair value estimation under this
approach usually includes the following:

Transaction price paid for an identical or a
similar instrument of an investee

Comparable company valuation multiples de-
rived from quoted prices (i.e. trading multiples) or
from prices paid in transactions such as mergers
and acquisitions.

Cost approach determines the asset’s value
based on the amount of expenses required to be
incurred for its acquisition or production and, also
incorporates several valuation methods, including
the following:

Historical cost method

Replacement cost method

Replacement cost method.

The historical cost technique lies in identify-
ing the actual costs incurred in the production of
assets at prices effective on the day these costs
have been incurred.

According to the other two methods, the asset
fair value is estimated as the amount required to
reproduce or replace it with a similar asset of the
same production capacity. Hence the asset price
under cost approach is equalised either to its re-
production or replacement cost, depending on the
method applied. However, one should distinguish
between these two terms.

Reproduction cost is the one required to recon-
struct the analogous asset given the materials and
technology available at the date of the assessment
object creation.

Replacement cost, in contrast, is the amount
required to build a similar asset of the same pro-
duction capacity using the resources and technol-
ogy available at the date of the asset assessment.

The asset fair value can also be measured based
on its liquidation value. However, the asset value
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based on this method does not correspond to the
its liquidation value, that reflects the most likely
price at which the asset may be alienated during
its exposure time, which is less than the one under
market conditions, given the seller is forced to
make a transaction of this asset’s disposal.

Thus, determination of the asset’s liquidation
value, as opposed to the market one, requires ac-
counting for the effect of extraordinary circum-
stances, forcing the asset to be disposed under
conditions that do not correspond to market ones.

Asset valuation plays a significant role in vari-
ous economic relationships, being a crucial ele-
ment of any investment decision-making process
and corporate valuations in general.

Traditional asset valuation techniques include
several methods concerning different aspects of
this process, each of which has its own strengths
and weaknesses.

However, given the availability and predict-
ability of data on the corresponding variables
such as future cash flows and discount rates the
DCF approach is generally considered as the most
accurate and superior asset valuation technique
since it takes into account the potential income
the asset is expected to generate each future pe-
riod of its remaining useful life with regard to the
time value of money.

Real Options Approach
to Asset Valuation

Definition and Types of Real Options

An option is a right, but not the obligation, to
buy, sell, or use an asset for a period in exchange
for a specific fixed amount of money, defined as
option strike or exercise price. Options provid-
ing its holder with the right to buy an asset are
generally referred to as call options, while those
granting the right to sell are known as put-op-
tions. Those traded on financial exchanges are
called financial options.

Options that involve real assets, such as li-
censes, copyrights, trademarks, and patents, are
referred to as real options. Other examples of real
options include the right to buy land, commercial
property, and equipment. Such assets can be val-
ued as call options if their current value exceeds
the difference between the asset’s current value
and some pre-set level. For example, if a business
has an option to lease office space at a predeter-
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mined price, the value of that option increases as
lease rates for this type of office space increase.
The asset can be valued as a put option if its value
increases as the value of the underlying asset fall
below a predetermined level. To illustrate, if a
business has an option to sell an office building
at a pre-set price, its value increases as the value
of the office building declines.

The concept of real options was proposed in 1977
by Stewart Myers. Originally, the term “real option”
meant the undefined benefits of the investment
project (Myers, 1977, p. 150). It was not until the
early 1990s that the concept of real options was
used in practice to evaluate investment projects.

Real options valuation techniques are widely
applied in investment projects characterised by
a high level of risk and flexibility, allowing the
decision-makers to actively respond to market
changes during the project.

Real options reflect management’s ability to
adapt and later revise corporate investment deci-
sions. They can impact substantially the value of
an investment in a single project, which is gen-
erally underestimated when assessed using the
standard DCF model since they account for the
larking options that may be embedded in invest-
ment project and add up to its value and hence
should be considered when appraising such invest-
ments. These options include actions that may
be applied by the management in the course of
realisation of the investment project to increase
its value. However, as highlighted by Aswath Da-
modaran in his book on valuation (2006, p. 51),
these actions must satisfy the following option
recognition criteria to be qualified as real options:

An option should provide the holder with the
right to buy or sell a specified quantity of an un-
derlying asset at a fixed price at or before the
expiration date of the option

There must be a clearly defined underlying
asset whose value changes over time in unpre-
dictable ways

The payoffs on this asset (real option) must be
contingent on a specified event occurring within
a finite period.

The similarity of real options to financial op-
tions results from the following factors:

The real option is the right to take a specific
action

The option is exercised when it is beneficial
to the buyer
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They can be both call (call) and sale (put) op-
tions

The value of the option is the higher the un-
certainty

The payoff function is asymmetric: potential
losses are limited, and potential profits can be
high.

Although being widely-applied in investment
project appraisal the real-option approach may
also be used in the valuation of assets that do not
generate any cash flows, but instead provide its
holder with a right to earn income under a certain
course of action — those generally include the
intangibles such as licenses or exclusive patent
rights to produce a particular product that will
yield some cash flows in future; another good
illustration is the undeveloped reserves of natu-
ral resources. Valuation of such assets using the
standard DCF approach will generally provide
erratic estimates or maybe impossible at all, thus
making the real-option technique highly valued
in this case.

Despite the advantages of the extended flex-
ibility in asset and investment project valuation,
real options can be costly to obtain (e.g., the right
to extend a lease or purchase a property), complex
to value, and dependent on problematic assump-
tions — these are the main drawbacks of this ap-
proach. In this case, they should not be pursued
unless the firm has the resources to exploit the
option, and they add significantly to the value
of the firm.

As also noted by Damodaran, there has to be
a restriction on competition in the event of the
contingency for an option to have significant
economic value, since in a perfectly competitive
product market, no contingency, no matter how
positive, will generate positive net present value.
He also mentioned another real options value
driver — the degree of their possible exclusivity,
depending on whether only their holder may take
advantage of the contingency or somebody else
also has such an opportunity, and if there is no
exclusivity at all, then there is no option value
as well. In this sense, real options become less
valuable as the barriers to competition become
less steep.

According to a recent survey (Horn et al., 2015,
p.17), real options are used relatively infrequently
by corporate chief financial officers (CFOs) but
tend to be more common in the energy and bio-

tech industries. In these industries, investments
tend to be large, long-lived, and subject to a wide
range of outcomes.

Thus, the real options valuation technique is
mainly used in the following areas:

Research and development projects

Projects in the mining industry

Investment projects related to modern tech-
nologies (high-tech)

Projects in universally understood human and
intellectual capital.

However, in recent years, because of the grow-
ing interest in the subject of real options, the field
of this method’s application has extended and
includes the following spheres:

e-business

venture capital projects

start-up projects

IT infrastructure

e-commerce, m-commerce

FMCG

production industry.

There are several types of real options that
generally may be embedded in the investment, de-
pending on the possible course of actions adopted
by the company management, such as:

Option to delay (management may decide to
delay or defer the investment project)

Option to expand (the company may expand
by entering new markets and developing new
products at later stages of the investment project,
based on the realised favourable outcomes at its
early stages)

Option to abandon (management may stop the
production or abandon the investment project if
the outcomes are unfavourable at its early stages).

Real Options Valuation Models

Option Pricing Models: Theory
with Examples
The techniques of real options valuation are like
those used in case of financial options value es-
timation and include the application of the gen-
erally known option-pricing models:

The binomial model (usually accompanied with
decision tree construction)

The modified version of the Black-Scholes
model.

As highlighted by Damodaran, both these
methods incorporate the approach of a replicat-
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ing portfolio and hence are mostly applicable for
real option valuation when the following condi-
tions are satisfied:

The underlying asset is traded — this particu-
larly allows for the possibility of building replicat-
ing portfolios, except the observable prices and
volatility being the model inputs

There is an active market for the option itself

The cost of exercising the option is known with
some degree of certainty.

However, when using these models to value
real assets, we must take the risk that the ob-
tained value estimates may be biased as com-
pared to the market price due to the difficulty of
arbitrage. The key notion of this approach is to
replicate the same cash flows generated by the
option being valued, using a combination of risk-
free borrowing/lending and the underlying asset.
For instance, the call-option can be replicated by
borrowing some amount of money at a risk-free
borrowing rate and then buying some number of
the underlying assets (e.g. shares). In contrast,
put-options instead are replicated by the initial
sale of some number of the underlying assets and
then lending at a risk-free lending rate. The risk-
free rate of borrowing is assumed to be equal to
the one of lending, and the number of underlying
assets bought or sold in this case is referred to as
option delta (A).

The option value cannot be negative as in case
of the worst outcome, it is not exercised so that
its holder does not incur any losses. Thus, call
and put option may yield the following payoffs
as graphically represented in Figures 1 and 2 cor-
respondingly:

Thus, given the corresponding risk-free rate (r)
the European call’s and put’s price (denoted as ¢
and p) with time to maturity of t years may take
the following values:

max[0; S —Xe ™ <c<S
max[0; Xe™ —S] s psXe™

As also noted by Damodaran in his book
(2006, p. 832.), since the time interval at which
the option can be exercised (t) is shortened, the
limiting distribution, as t — 0, can take one of
two forms:

If price changes become smaller as t tends to 0,
the limiting distribution is the normal distribution
and the price process is a continuous one
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If price changes remain large as t tends to 0, the
limiting distribution is the Poisson distribution,
i.e., the one that allows for price jumps.

The Binomial Model of Option Pricing
The binomial model reflects the classical mecha-
nism of option pricing and incorporates the idea
of the replicating portfolio. This model pro-
vides with more accurate estimations in cases
of several sources of uncertainty as compared
to Black-Scholes model and usually includes
the construction of decision trees with each of
its nodes being the best estimate for the option
value at the corresponding future time-period.
There are some key assumptions underlying this
model:

There only two possible scenarios at each fu-
ture period — the best and the worst, so that the
value of the option or the underlying asset may
either increase or decrease as compared to the
previous period

The underlying asset does not pay any divi-
dends

No arbitrage is possible

The risk-free rate of borrowing/lending (r) is
constant throughout the life of the option

Markets are frictionless, i.e. there are no taxes
and no transaction cost

Investors are risk-neutral.

The mechanism of the option-pricing under
binomial model could be illustrated by the fol-
lowing simple example of pricing a call-option
on the stock using this approach.

Example 1. Suppose that some stock A today
(t=0) is priced at S;= $150 and the next year (t =
1) the price is expected either to rise up to S =
$170 or drop till S, = $130.

Given the payoff structure on the call depicted
in Figure If the exercise price of the call option
on stock A is X = $160, then its corresponding
payoffs at t=1, given good or bad scenarios, can
be written as:

Max [S, — X; 0] = $10 or Max [S, — X; 0] = $0
correspondingly. (see Figure 3)

The question is what the current price of the
call-option is?

Solution. To replicate the call-option payoff
we must borrow money (or sell a bond with face
value of B) and buy N shares of stock A, so we
have to find such N and B that will equalise our
portfolio payoffs with the option payoffs given
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Payoff S = current underlying asset’s price (value)
X = option’s exercise (strike) price
[S-X]
0
X S

Figure 1. The payoff on call option

Source: The author.

Stock price
=0 t=1
$170
$150
$130

Payoff . N
S = current underlying asset’s price (value)
X = option’s exercise (strike) price
X [X-5]
0
X S

Figure 2. The payoff on a put option

Source: The author.

Option (X=$160)
Payoffs
t=1

Current price

t=0

o

Figure 3. 1-step decision tree for a 1-period binomial option pricing model

Source: The author.

any scenario — good or bad. Formally, we should
solve the following system of equation with re-
spect to N and B:

10=—B+N*S, 170* N-B=10
== ==
0=-B+N*S, 130*N-B=0
N =0.25
=> .
B =325

Since our stock/bond portfolio has the same
payoffs as the option, the option and the portfolio
must have the same value today, or else there will
be the arbitrage opportunity that contradicts the

model assumptions. Hence the current value of
the call-option equals to the today (discounted)
value of our portfolio. Assuming risk-free rate (r)
equal 5 per cent we have:

B

1+r

N %S, :£+0.25*150=6.55.
1.05

0

So, the current value of the call-option equals
to $6.55. It was a simple example to illustrate how
the replicating portfolio approach is embedded
in the binomial model. In reality, the exact future
stock (or another underlying asset) price is un-
known. However, one can predict the level of its
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increase (u) or decrease (d) at each time interval,
using the following formulas:

i

u=e (2.1)

J- 1
u
where

o = standard deviation of stock price

h = time interval after which the price will
change (as part of the year)

u>1,0sd<1.

If current stock price (S,) will either increase by
y, per cent or fall by y, per cent in each succeed-
ing time interval, then the stock price in the next
period will take one of these two possible values:

S,=5,*(1+y,%) = S,*u — in case of stock price
increase

S,=S,*(1—y,%)=S,*d — in case of stock price
drop.

E.g.:

ifu=1.35theny =1.35-1=0.35=35%

ifd=0.7,theny, = 1-0.7 = 0.3 = 30%.

Given there are only 2 possible future scenarios
of a stock price change and that we will anticipate
the increase in stock price with some probability
1, the stock price will fall with the probability of
(1—m).

Assuming risk-neutrality one can calculate m
by the following formula:

e —d
u—-d ’

where r = annual risk-free rate.

In cases of one-period models (t = 1) when the
call/put option expires in one period time its price
(c or p) is equalised with the discounted (present)
expected value of its future payoffs in case of the
current stock price (S ) increase/fall up to S and
S, correspondingly (P and P,).

(2.2)

corp=e"(nP,+(1-n)P,)

for call-option: for put-option: X = option ex-
ercise price

P =Max[S,—X; 0] P, = Max [0; X — S ]

P,=Max [S,—X;0] P, =Max [0; X —§ ]

The similar approach is used when dealing
with two or more period option pricing binomial
models (t > 1). First one should define the possible
option payoffs in the last period and then calculate
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their expected value in the preceding period, us-
ing the same technique, and so on, moving back
to the present period to determine the current
price of the option.

Let us consider the following example to get a
general idea. Assume a call option expiring in 6
months with a strike price (X) of $15 and a current
underlying stock price (S)) is $12. Risk-free rate
(r) = 5 per cent. Every three months, the underly-
ing stock price may either increase or drop by 30
per cent. In this case, we have:

u=1.3d=0.7 h=0.25 (for 3 months = 3/12 (=
1/4) of a year)

e —d
u—d

What is the current price of the call option (=
¢)? We’ll construct a 2-step decision tree to deal
with this problem, with each of its nodes indicat-
ing the underlying stock’s price (S) in a particular
period (t) in case of both possible scenarios: price
going up or down (S, and S,) with the correspond-
ing option payoffs (P and P,) (see Figure 4).

Option payoffsat t = 1:

P,=¢"(nP,+(1-m)P, )~
~0.99%(0.48%5.28+0.52%0) ~$2.51

T =

~ 0.48 (1 —m)=0.52

P, = e”h(nPdu +(1—n)Pdd) ~
~0.99%(0.48*0+0.52*0) ~ $0.

Now we can calculate the current price of our
call-option:

c=e"(nP,+(1-m)P,)~
~0.99%(0.48%2.51+0.52%0) ~ $1.19.

However, it was a relatively simple example.
In reality, the underlying stock price may change
each minute and the period of options expiration
may be much longer, turning its price estimation
into a rather tedious and complicated process.

It is probably the main drawback of the Bino-
mial option pricing model that usually exceeds its
relative advantage in the accuracy of the obtained
estimation results in case of several sources of
uncertainties as compared to Black-Scholes model,
making the latter more effective in practice. Also,
as highlighted by A.A. Krukovskiy (2008, p. 129)
in his paper on real options, with the increas-
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t=0 t=1
Su=So*u=35§15.6
So=$12 P,=?7=82.51
c=7?
Sq= So*d = $8.4
Pq=7?=3%0

Sw= So*u*u = $20.28
Puw=Max [Sy— X; 0] = $5.28

Sud=du= So*u*d = Sp*d*u = $10.92
P ud=du — Max [Sud:du - X, 0] = $0

de= So*d*d = $5.88
Pdd = Max [de = X; 0] — $0

Figure 4. 2-step decision tree for a 2-period binomial option pricing model

Source: The author.

ing frequency of stock price change (i.e. with h
tending to 0) both these models yield almost the
same results.

The Black-Scholes Model of Option
Pricing

The pricing analysis in the binomial model is
based on the assumption that the underlying
asset’s prices are well-represented by a discrete
time. However, in 1974, Fischer Black and Myron
Scholes presented an option pricing model, al-
lowing the time process for the underlying asset
to be continuous. This analysis gave exact prices
for puts and calls using a continuous time ver-
sion of the replication strategy followed in the
binomial methodology.

The Black-Scholes model included the same
parameters as the Binomial one and was initially
designed to value the options of the European
type that may be exercised only at their expira-
tion in contrast to Binomial model that may also
be applied to the ones of the American type that
may be exercised any time before their maturity
date. The model assumes no sharp fluctuations
in price and the returns on the underlying asset
are expected to be normally distributed. Other
underlying assumptions are like the ones of the
Binomial model and include the following:

The underlying asset does not pay any divi-
dends

No arbitrage is possible

The risk-free rate of borrowing/lending (r)
and the volatility of the underlying asset price
is known and constant throughout the life of the
option

Markets are frictionless and efficient, i.e. there
are no taxes or transaction costs, and the prices
incorporate all the available information, so one
cannot predict any of its possible movements.

Given these assumptions, the value of the call
option (c) is calculated using the following for-
mulas:

c=SN(d,)-Xe"N(d,)

)

oVt

d,=d —o\t

d = 2.3)

where

S — current underlying asset price

X — option strike (exercise) price

o — volatility of the underlying asset price

t — life of the option (time till its expiration)

*values of N(d1) and N(d2) are taken from the
cumulative distribution function (c.d.f.) of stand-
ard normal distribution
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Despite being initially designed to value Euro-
pean call-options, the standard Black-Scholes model
may be also applied to price an American calls that
can be exercised at any time during their maturity
period (t), since they were proved to have the same
price as those of the European type, assuming that
underlying asset does not pay any dividends.

From the formula (2.3) it is clear there are sev-
eral factors influencing the price of a call-option
that are summarised below:

The effect of the current underlying asset price
(S): the Black-Scholes equation tells us that call
option prices increase as the current spot asset
price increases; This is pretty unsurprising as a
higher underlying price implies that the option
gives one a claim on a more valuable asset.

The effect of the exercise price (X): again, as
you would expect, higher exercise prices imply
lower option prices. The reason for this is clear:
a higher exercise price implies lower payoffs from
the option at all underlying prices at maturity.

The effect of volatility (c): although outstand-
ing outcomes (underlying price becoming very
high) are rewarded highly, extremely bad out-
comes are not penalised due to the kink in the
option payoff function. This would imply that an
increase in the likelihood of extreme outcomes
should increase option prices, as large payoffs
are increased in likelihood. The Black—-Scholes
formula verifies this intuition, as it shows that
call prices increase with volatility, and increased
volatility implies a more diverse spread of future
underlying price outcomes.

The effect of time to maturity (t): call option
prices increase with time to maturity for similar
reasons that they grow with volatility. As the ho-
rizon over which the option is written increases,
the relevant future underlying price distribution
becomes more spread-out, implying increased op-
tion prices. Furthermore, as the time to maturity
increases, the present value of the exercise that
one must pay falls, reinforcing the first effect.

The effect of risk-free interest rates (r): when
the risk-free rate rises — call option prices to grow.
It is due to the same effect as above, in that the
discounted value of the exercise price to be paid
falls when rates rise.

Put-call parity
The Black-Scholes formula gives us a closed-
form solution for the price of a European call
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option under certain assumptions on the un-
derlying asset price process. However, until
now, we have said nothing about the pricing
of put options. Fortunately, a simple arbitrage
relationship involving put and call options al-
low us to do this. This relationship is known as
put-call parity. In what follows, we assume the
options have the same strike price (X), time to
maturity (t) and are written on the same under-
lying asset.

Consider an investment consisting of a long
position in the underlying asset with current value
S and a put option with its price denoted as p,
called portfolio A. The cost of this positionis S + p.

Another portfolio denoted as B, comprises a
long position in a call-option with its price de-
noted as c and lending Xe™. Hence the cost of this
position is ¢ + Xe™.

What are the possible payoffs of these posi-
tions at maturity?

Given the payoff structure on the put-option,
depicted in Figure 2, the payoff on portfolio A can
be written as follows:

max [X —S; 0] + S = max[X; S]

Similarly, the payoff on portfolio B can be writ-
ten as:

max[0; S — X] + X = max[X; S]

Comparison of the above two equations im-
plies that the two portfolios always pay identical
amounts. Hence, using no-arbitrage arguments,
portfolios A and B must cost the same amount.
Equating their costs, we obtain:

S+p=c+Xe™ (2.4)

Equation 2.4 is the put-call parity relationship.
Given the price of a call (c), the current value of
the underlying asset (S) and knowledge of the
riskless rate (r), we can deduce the price of a put
(p) using the following expression:

p=c+XeT™—S§

Substituting for ¢ from the Black-Sholes for-
mula (2.3) and rearranging the terms we get the
formula for pricing a put-option:

p=Xe"(1-N(d,))-S(1-N(d,)) (2.5)

Similarly, given the put price, we can deduce
the price of a call with similar features.
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The equation allows to deduce the effect of the
Black-Scholes model’s parameters on put prices:

The effect of the underlying price (S): for the
opposite reason to that given for the call, put
prices drop as underlying prices increase

The effect of the exercise price (X): similarly,
put prices rise as exercise prices rise

The effect of volatility (c): put options and call
options are affected in identical ways by volatil-
ity. Hence, as volatility increases, put prices rise

The effects of time to maturity (t) — increased
time to maturity will lead to a greater dispersion
in underlying prices at maturity, and hence put
prices should be pushed higher. However, as the
holder of a put receives the exercise price, dis-
counting at higher rates makes puts less valuable.
The combined effect is ambiguous

The effect of the risk-free rate (r): puts are less
valuable as interest rates rise, due to a higher
degree of discounting of the cash received.

The Black-Scholes approach also incorporates
the concept of replicating portfolio in its frame-
work: to replicate the call option one should buy
N(d,) of the underlying asset (i.e. N(d,) is the op-
tion delta(A)) and borrow Xe™N(d,).

It’ll be reasonable to add that this model can
be adjusted to take dividends into account by add-
ing dividend yield (y) as its new component and
assuming it constantly throughout the options
life, so the modified version of the Black-Scholes
model takes the following form:

c=S8e”"N(d,)-Xe"N(d,)

e s
In| — [+| r—y+— |t
X 2

oVt

d, =d, —ct

d = (2.6)

The price of the put-option (p) may be also
derived from the put-call parity:

p=Xe"(1-N(d,))-Se™"(1- N(d,)) 2.7)

Moving back to the case of pricing the Ameri-
can call options that can be exercised any time
before the settlement date it should be noted that
call-estimates yielded by a modified version of
Black-Scholes model are rather close to the price

of American call on the asset that pays dividends
since. Generally, there are no clear benefits, and
thus no solid reasons for early option exercise and
so the ability to do so does not make any sense.

Early exercise is generally prompted by weird
mispricing resulted from the technical or market-
based reason causing a mess in the theoretical
option’s prices.

However, there are certain circumstances under
which the early exercise will add up some value,
thus resulting in a higher American calls’ prices
as compared to the European ones. Such circum-
stances imply the following favourable conditions
to be satisfied:

The option is deep-in-the-money and has A
(i.e.N(d,)) equal or close to 1

The option has little time value

The dividend payment is relatively high, and its
ex-date precedes the option expiration period (t).

Despite the limitations considering its under-
lying unrealistic assumptions particularly the
Black-Scholes model is generally known to be
the most optimal approach to option valuation
mostly due to its relative simplicity and generality
enabling to undertake rather complicated valua-
tions without turning them into a time-consuming,
exhausting process, just like in case of binomial
decision tree construction, since all you need is
to obtain the data on the model inputs and then
substitute it into the corresponding formula to
obtain the immediate result.

For this reason, the modified version of the
Black-Scholes model is also frequently applied
in real options valuation and hence will be used
in our analysis.

Application of Black and Scholes Model
in Real Option Valuation

Real Options on the Asset Side
Valuing product patent as a real option to delay
Application of Black and Scholes model in real
options valuation we based on the book by Da-
modaran (2012). A firm with exclusive rights to
a project or product for a specific period may
decide to postpone the investment in a project
or product development which is also known as
exercising of the option to delay.

A product patent provides a firm with an exclusive
right to develop and market a specific product and
hence can be defined as a real call option to delay.
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The underlying asset, in this case, is the pro-
ject or product on which development a firm has
a patent, and so the present value (PV) of the
expected cash flows from developing the product
today may be treated as its current value (S) while
the option’s exercise price (X) is equivalent to the
cost of the product development. The volatility
of cash flows or revenues received from current
products can be used as a proxy to estimate the
volatility of the underlying asset value (o).

The patent expires when the exclusive rights
to the product end. When the patent rights expire,
excess cash flows associated with the holding of
these rights vanish as other competitors will also
be empowered to manufacture this product and
reap the possible gains.

As highlighted by Donald DePamphilis in his
book (2017, p. 299) on mergers and acquisitions,
the opportunity cost of product development de-
lay is equivalent to an adjustment of the initial
Black-Scholes model that made it possible to ex-
pand its application in situations considering
underlying assets with regular dividend payments.
The payment of a dividend is referred to as a re-
duction in the stock value since such funds are
not reinvested in the company to provide future
growth. Hence, if the projected cash flows from
the product arise evenly throughout the patent
life (t) then with each year of the product devel-
opment delay, the firm will sacrifice the potential
cash flow for this year that could have been re-
ceived. So, the annual cost of delay(y) in this case

1
may be calculated as 7

If cash flows are not anticipated to rise evenly,
the cost of delay may be approximated as the ratio
of the expected cash flow for the next period to
the current value of the underlying asset(S).

The firm will exercise its patent rights only if
the present value of the potential cash flows from
the product development exceeds the present
value of the associated costs. (i.e. if S > X) or else
it can set the patent aside, thus escaping any as-
sociated future costs. Thus, the patent-holding
may yield the following payoffs:

P =S—XifS>X

P,=0ifS<X

Given all these remarks, one can apply the
Modified Black-Scholes option pricing model to
value the product patent (see formula 2.6).
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Let us consider the following example. Suppose

a company A holds a patent on product B for the
next 25 years (i.e. t = 25) and plans to manufac-
ture and realise it by itself. PV of cash flows from
introducing product B now (S) = $5m and cash
flows are assumed to arise evenly throughout the
patent life; PV of development costs (X) = $3m.
Risk-free rate (r) = 6 per cent and the volatility
in S (o) = 0.5. What is the value of the patent?
Finding the value of the patent is equivalent to
the valuation of a real call option to delay.

1 1

The annual cost of delay( )=;=E—O.O4
In| — S +| r— G—
X Y1
d =
2
1@2’"j (006 0.04+ 025 jzs
= e ~1.65

0.5v25
d, =d, —o1 ~1.65-0.5v25 ~—0.85

N(d,) = A= Probability (Pr) (Z<d,),Z~N (0;1) =
=Pr (Z < 1.65) = 0.9505

N(d,)=Pr(Z<d,)=Pr(Z<-0.85)=1—Pr(Z<
0.85) ~ 1-0.8023 ~ 0.1977.

Having obtained all the necessary inputs, we
can apply the Modified Black-Scholes model to
get the answer:

c=8e”"N(d,)-Xe"N(d,)~$1.62m

Hence the patent on product B is approximately
worth $1.62m.

It should be noted that NPV of product B if in-
troduced now equals S —X = $2m > ¢ = $1.62m (es-
timated value of a patent on product B), thus for
company A it is better to introduce B now than wait
till later times holding patent rights on it unexercised.

The real-option approach to patent valuation
is best suited for firms of the following types:

New firms or start-ups having only one or two
promising products in the corresponding niche,
and at the same time earning little or no revenue
or cash flow

Firms where product patents comprise the
substantial part of their value and thus cannot
be assessed using the traditional DCF technique.
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Table 1

Black-Scholes model inputs for resources’ undeveloped reserves valuation

Notation Model input characteristics Estimation hints and possible proxies
sum of the projected future cash flows from the same
or similar resources’ exploitation discounted back at the
the current value of
. _ development lag length.
underlying asset = PV of . . .
S . could be approximated using the past average data on
estimated reserves of natural ,
growth rates of cash flows from the analogous resources
resources - . . .
reserves if the general trend is expected to remain relatively
stable
X PV of development costs past data on the development costs of the same or similar

resources

option life = expiration period
t of firm’s right to exploit the
resources’ reserves

r risk-free rate
y the annual cost of delay
c volatility in S

Treasury bond rate corresponding to t

could be approximated as the ratio of average annual cash
flow (or net sales) from the reserve to its current value (S)

could be approximated by volatility in the same or similar
resource prices

Source: The author.

The described model may also be extended
to estimate the value of the firm, particularly of
these types that could be obtained by summing
its following three components:

PV of net cash flows from the firm’s commercial
products, discounted at the firm’s corresponding
WACC (estimated with DCF model)

Value of the firm’s existing patents, obtained
via application of the real-option approach

The expected value of commercial products
that the company plans to generate in future from
new patents that may be obtained because of its
research and development (R&D) activities. (i.e.
Value of new patents that will be obtained in fu-
ture — R&D cost to be incurred to obtain these
patents).

As argued by Damodaran (2006, p. 790), the
value of the third element will depend on the
expectations of a firm’s R&D capabilities. Thus,
given a firm earning its cost of capital from R&D,
this component will turn to zero.

Valuing natural resources as real options

The same technique may also be applied in
the valuation of the undeveloped reserves of
natural resources. However, the notion of the
modified Black-Scholes model inputs will be
slightly different in this case (see table 2.1 for
details).

In this case, the examined resource takes the
role of the underlying asset which value is de-
termined by two factors — the resource amount
available for development and the price of the re-
source. A firm owning some undeveloped reserves
is consequently provided with a right either to
develop them and yield cash flows from generated
resources (i.e. the value of the underlying asset
(S)) or not if costs are equal or exceed the potential
benefits. If we define resource development costs
as X then the undeveloped reserves of resources
may be presented as a real call-option with the
following payoffs:

P =S—XifS>X

P,=0ifS<X

Once developed, the reserve may provide its
owner with resources for sale only after some time
which is defined as development lag. The cost of
such delay is the lost potential cash flows that
could have been received during the lag period.
Hence the value of the reserves is discounted back
at the development lag length using an annual
cost of delay as a discounting rate.

Let us consider the following example. Suppose
company A owns a natural gas reserve of 30m m3,
and the PV of its development costs is estimated at
$10 per m® of gas with the development lag (dlag)
of 3 years. Assume each m?® of gas sold currently
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yields a marginal profit of $10 on average. The
firm’s rights to exploit the reserve will expire in
25 years. (i.e. t = 25). Once developed, the reserve
is expected to provide about 6 per cent of its cur-
rent value each year from sales of the generated
resources. (i.e. y = 0.06). The volatility in prices
for gas (o) is 0.2, and the risk-free rate (r) is 8 per
cent. What is the current value of the undeveloped
reserves of gas?

Firstly, we calculate the current value of esti-
mated gas reserves (S) and PV of total develop-
ment costs (X):

*
S:$10 30m =$300m ~$251.88/m

(1+ y)dlag 1063

X =$10*30m = $300m

Now we can estimate d, and d,:

S c’
In| — [+ r—y+? t
~0.82

oVt

d, =d, —o\t ~=0.17

d =

N(d,)=A=Pr(Z<d),Z~N (0;1) = 0.7954

N(d,) =Pr (Z < d,) = 0.4306

Having obtained all the necessary inputs, we
can apply the Modified Black-Scholes model to
get the answer.

c=Se"N(d,)-Xe"N(d,)~$27.22m

Hence the undeveloped natural gas reserves
are approximately worth $27.22m.

The real-option approach to undeveloped re-
sources reserves valuation is best suited for firms
of the following types:

Firms where rights on natural resources re-
serves comprise the substantial part of their
value

Firms which natural resources reserves are
rather homogeneous so that the Black-Scholes
model’s corresponding inputs may be estimated
with adequate accuracy.

The described model may also be extended
to estimate the value of the firm, particularly of
these types that could be obtained by summing
its following two components:
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PV of net cash flows from developed reserves
of natural resources, discounted at the firm’s cor-
responding WACC (estimated with DCF model)

We obtained the value of existing undeveloped
firm’s reserves via application of the real-option
approach.

Thus, moving back to our example and, if PV
of company’s A net cash flows from the already
developed reserves equals $70m, its firm’s value
may be calculated using the following formula:

Valueof firmA=$70m+c ~
~$70m+$27.22m~$97.22m

In the event when firm’s every single unde-
veloped reserve cannot be valued by real-option
technique due to lack of data on the model’s
corresponding inputs the firm itself can be esti-
mated as one call-option on its assets. However,
as highlighted by Damodaran (2006, p. 797), the
firm’s value, in this case, is likely to be underes-
timated since the option on a portfolio on assets
(i.e. a firm estimated as one call-option) generally
worthies less than a portfolio of call-options on
each firm’s single asset (each firm’s undeveloped
reserves’ resources).

Valuing Other Options Embedded

in Investment Projects

Option to engage in other projects (expand)

As noted above the real options approach is also
widely applied in investment project appraisal
since it allows us to consider the possible options
embedded in the project, that are neglected in
the classical approaches. These lurking options
add-up to the project’s value, so there could be
the case that a project initially assessed with
traditional techniques yields negative NPV and
hence is considered as bad one that shouldn’t be
worth taking but in fact, the true NPV adjusted to
the effects of the corresponding options may be
positive turning the bad investment into a good
one increasing the investor’s wealth.

One of the options adding-up to the project’s
value is the option to expand, since engaging in
a project today may enable a firm to undertake
other additional projects, so the resulting total
NPV may be improved as compared to one of the
initial projects.

Let us consider the following example. Sup-
pose company A plans to introduce new product
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Table 2

Black-Scholes model inputs for expansion option valuation

Notation Model input characteristics Estimation hints and possible proxies
the current value of underlying could be approximated using the past average data on
- growth rates of cash flows from the analogous products
asset = PV of expected cash flows L .
S L n being introduced to the regional market (or the one of the
from expansion if undertaken - o :
relatively same size) if the general trend is expected to
now . .
remain relatively stable
X PV of expansion costs (additional  past data on the expansion costs of the same or similar
investment) projects
t the expiration period of
expansion possibility
r risk-free rate Treasury bond rate corresponding to t
, the annual cost of expansion assuming that cash flows will arise evenly throughouic
delay the expansion period this cost may be calculated as ;
could be approximated by volatility in the same or similar
o volatility in S products’ prices or using the volatility in the free cash flows

or an enterprise value of the firm, its analogues or the whole

industry on average

Source: The author.

B. A believes that its competitors won’t be able to
copy the product B due to the patent protection
for at least 7 years, so A will enjoy a monopolistic
position in B production and expects to receive
cash flows from this product’s realisation during
the patent life period (i.e. t = 7 years).

Company A may introduce its product B only for
local (city) market by spending $300m. It has been
estimated that the PV of potential cash flows from
the local introduction will amount only $200m
and hence the project will yield negative NPV
(NPVB') of $100m and thus should be rejected.

However, if the local introduction goes well
the company A will be provided with an option
to enter a regional market with its new product
B by investing additional $700m anytime dur-
ing the next 7 years (until the expiration of the
patent rights on product B) that is expected to
generate the total PV of $1,050m from the cash
flows received.

The risk-free rate (r) is assumed to be 8 per
cent, and the volatility in the similar product’s
prices (o) is estimated as 0.3. This expansion op-
tion will add some value to the project that can
be estimated using the modified version of the
Black-Scholes model with the following inputs,
as presented in Table 2.

From the information given we have:
S=%$1050m

X =$700m.

Now we can estimate d, and d,:

S o’
Inf — |+ r—y+7 t
~0.35

oVt

d, = d, —ot ~0.44

d =

N(d,)=A=Pr(Z<d),Z~N(0;1) = 0.6381

N(d,) =Pr (Z <d,) = 0.3298.

Finally, we can obtain the following call-option
value:

c=S8e”"N(d,)-Xe"N(d,)~$114.59m.
Hence the expansion option adds-up approxi-

mately $114.59m to the projects value making its
total NPV (NPVBT) positive:

(NPV))=(NPV,)+c~
~$-100m+$114.59m ~$14.59m > 0.
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Table 3

Black-Scholes model inputs for project abandonment option valuation

Notation Model input characteristics

Estimation hints and possible proxies

the current value of underlying
S asset = PV of expected cash flows
from the project

the residual value of the project
X abandonment (value of Alpha’s
share at its disposal to Beta)

the expiration period of the project
abandonment possibility

r risk-free rate

the annual cost of abandonment
delay

c volatility in S

*could be approximated using the past average data on
growth rates of cash flows from the analogous projects
being if the general trend is expected to remain relatively
stable

past data on the same or similar projects

Treasury bond rate corresponding to t

assuming, that cash flows will arise evenly throughout

1
the project life this cost may be calculated as —

n

could be approximated by volatility in the cash flow from
similar projects

Source: The author.

Given the expansion option, the project in-
creases the company’s wealth by approximately
$14.59m, and hence it should be definitely un-
dertaken.

Option to abandon a project

The value of continuing a project given the re-
maining n years of its life should be compared to
the value at its liquidation or disposal. If the for-
mer exceeds the latter, then the project should
be continued — otherwise, it is better to be
abandoned to save on its costs. It is the key no-
tion of firm’s another possible option that may
be embedded in a concrete project and affect the
decision on making the corresponding project’s
investment. A company can choose to shut down
a project if its generated cash flows are far away
from the expected amounts in order not to in-
cur further losses which may consequently add
value to the project.

Let us consider the following situation to get
the idea. Suppose company Alpha considers un-
dertaking a co-project with company Beta to pro-
duce product A. The project will last 20 years (i.e.
n = 10). Alpha shares 40 per cent of the project’s
costs and potential gains and hence is required
to invest $300m with the PV of anticipated cash
flows estimated as $270m which yields a negative
project’s NPV of S30m ( V. PV;) thus turning the
project in a total loss for Alpha.

60

However, Alpha is also given an option to sell
its share of the investment to Beta anytime dur-
ing the next 7 years for $200m if it decides to exit
the project.

This option adds some value to the initially
unprofitable project that is equivalent to the price
of the corresponding put-option and hence can be
estimated using the modified Black-Scholes ap-
proach. The model inputs for this case are shown
in Table 3.

The Alpha’s cash flows from the project are
assumed to arise evenly throughout its life, and
the volatility in their PV-s (c) was estimated as
0.4. The corresponding 7-year risk-free rate (r)
is 7 per cent.

Obtaining the inputs for the model:

S=$270m

X =%$200m

1
y=—=0.05
n

S o’
MM URAFY;
~0.94

oVt

d, =d, —o~1 ~—0.11

d, =

N(d,)=A=Pr(z<d),Z~N 0;1) = 0.8277
N(d,) = Pr (Z < d,) = 0.4549.
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Table 4
Black-Scholes model inputs for equity valuation

Notation Model input characteristics

the current value of underlying

S ,
asset = current firm’s value

the nominal value of outstanding
financial claims (zero-coupon bonds)

life of the option = maturity period of
zero-coupon debt

risk-free rate = Treasury bond rate
corresponding to t

c volatility in S

Source: The author.

Finally, we can obtain the corresponding put-
option value:

p=2Xe"(1-N(d,))-Se™ (1- N(d,))~$34m.

Hence the abandonment option adds-up ap-
proximately $34m to the projects value making

its total NPV (NPVAT) positive:
(NPV])=(NPV})+p~
~$-30m+$34m~$4m> 0.

Given the abandonment option, the project
increases the Alpha’s wealth by approximately
$4m and hence should be undertaken.

Valuing equity at firm liquidation as a real option
Equity may be referred to as a residual claim
on the firm’s value left after all other financial
claims have been satisfied.

Hence in case of firm liquidation, equity-
holders receive the entire firm’s residual value
left after discharging of debts and settlement of
other liabilities. At the same time, the principle
of corporate veil protects the equity holders by
limiting their liability to the amount of their eq-
uity investments in case of the company’s total
financial claims’ amount exceeding the firm value,
so they risk to lose no more than the total nominal
value of shares they hold.

Thus equity may be presented as a call option
on the current value of the firm (i.e. the PV of
firm’s future free cash flows) being in the role
of the underlying asset in this case (i.e. S) that

may be exercised only at firm’s liquidation after
redemption of the nominal value of its outstand-
ing debt being the option’s exercise price (X). This
option thus may yield the following payoffs:

P,=S—XifS>X
P,=0if S<X

Assuming a firm has only outstanding zero-
coupon bonds with a fixed maturity date in its
debt structure and can be liquidated any time
before this date then the option’s life will coincide
with the bonds’ time to maturity and thus the
value of firm’s equity may be calculated using the
classical Black-Scholes model with the following
parameters as depicted in Table 4.

Let us consider the following example. Sup-
pose, Company A is currently worth $150m with
the volatility in its value (o) estimated as 0.3 and
has only outstanding zero-coupon bonds on its
debit account with a nominal value of $130m and
maturing in 12 years. Assuming the corresponding
risk-free rate (r) equal to 12 per cent —what is the
value of the company’s equity and debt outstand-
ing? From the information given we have:

S=$150m

X =$130m
2
ln(;j+[r+62]t
d = ~2.04
oaVi
d2 =a’l —(S\/;zl

N(d)=A=Pr(Z<d),Z~N (0;1) = 0.9795

N(d,) =Pr(Z<d,) ~ 0.8422.

Substituting the obtained results in the Black-
Scholes formula we get:

c=SN(d)-Xe"N(d,)~$120.979m.

Hence the value of the company’s A equity
approximately equals to $120.979m and thus the
value of debt outstanding amounts to $29.021m
(i.e.S—o0).

Now we assume that part of the company’s
assets was destroyed by a natural disaster so
that its value plummeted to $100m ceteris
paribus. In this case, given the debt face value
of $130m exceeding the new firm’s value, the
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Table 5

Firm’s A debt structure

Deb(ti)ty pe Debt maturity Face |\r,| :Ll:zs(tl;\c,:;)ugg;l:it‘rg:r:(t';()xted Duration (Di) (in years)
1 Short-term $10m 0.3
2 10 years $50m 7
3 20 years $70m 15
4 Long-term $100m 19
Y FV, $230m

Source: The author.

company is considered a troubled firm since
it is likely to go bankrupt due to insolvency.
What will be the new value of A’s equity? Since
all other factors except the firm’s value stayed
unaltered, our model parameters will take the
following values:

S=%$100m

X =$130m

2
ln[i] + (r + C;Jt
~1.65

oVt

d,=d —o\1~0.61

d =

N(d,)=A=Pr(Z<d),Z~N (0;1) = 0.9508
N(d,) = Pr (Z <d,) = 0.7302.
Hence the new value of equity will be:

¢=SN(d)-Xe"N(d,)~$72.589m.

The result indicates the fact that stock of
troubled firms which is generally treated as
worthless when accessed by traditional DCF
technique, since the discounted nominal
amount of firm’s financial obligations exceeds
its current value, still has some value due to the
time premium on the option (i.e. firm’s equity),
suggesting that the underlying asset’s value
(i.e. the firm’s value) may exceed the option’s
strike price (i.e. the face value (FV) of firm’s
debt) at some point in time until the end of the
option’s life, thus making real-option approach
particularly worth applying in equity valuation
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of essentially bankrupt firms. Although the
model assumes that a firm has only one debt-
issue of a zero-coupon bond, it could also be
adjusted to value equity in firms with relatively
complex debt structure by converting them into
one equivalent zero-coupon bond.

The best way to do it is to estimate a face-val-
ue-weighted average of the durations correspond-
ing to each of debt types and use it as a maturity
period of zero-coupon debt (i.e. a life of the option
considered (t)) in the Black-Scholes model.

Let us consider the following example. Sup-
pose firm A has a complex debt-structure that is
described in the table below.

What will be the corresponding face value of
the zero-coupon bond equivalent to firm’s aggre-
gate debt (i.e. X parameter in the Black-Scholes
option pricing model) and what will be this bond’s
maturity period (t)? The first part of the question
requires to sum the interest and coupon adjusted
face values corresponding to each of debt types
(FV) to get the answer. Thus, the face value of the
simulated equivalent zero-coupon bond (X) will
be equal to ) FV, =$230m.

As noted above, this bond’s maturity period (t)
may be approximated by a face-value-weighted
average of these bonds’ durations given the fol-
lowing formula:

2D,
2o,
where n = number of debt types in the firm’s

debt structure.
Hence, in this case, we have:

t= R (2.8)



The Appraisal of Assets’ Fair Value Using the Real Options Technique

$10m*0.3+$50m*7 +
2 VD 4$70m*15+$100m*19
> FY, $230m
=1

where t ~ 14,36 years.

At the same time, we can note that the
Black-Scholes model may overestimate the
equity value when applied for companies fi-
nanced by various debt instruments with dif-
ferent coupon/interest payments and terms to
maturity (e.g. like firm A in the above given
an example).

Since the option pricing model allows for
only one input for the time to expiration, we
must convert these multiple bonds issues and
coupon payments into one equivalent zero-
coupon bond. However, it is reasonable to add
that results on firm’s equity values provided by
real options valuation technique will be more
precise in cases when the variance in the firm’s
value may be estimated with adequate accu-
racy since the model is rather sensitive to this
parameter.

When considering equity to be an option one
may provide insights to the potential reason un-
derlying the conflicts of interest between equity
holders and bondholders. As suggested by Da-
modaran (2012, p. 1169) in his book on valuation
since equity being treated as an option increases
in value with volatility in firms value, then it may
be the case that stockholders may prompt the
company to invest in risky negative NPV projects
to increase their wealth at the expense of the
bondholders.

Let us consider the following situation. Suppose
company A (from the previous example) is in the
state before the disaster. Hence the firm’s cur-
rent value (S) is $150m with the following capital
structure, as calculated before:

I~

b

Value of equity: $120.979m

) S=$150m
Value of outstanding debt: $29.021m

Now imagine that shareholders invest in
the project with negative NPV of $-10m that is
rather risky thrusting the volatility in A’s value
(o) to 0.6. What will be the firm’s new capital
structure? Using the initial information on the
task from the previous example we have:

S=%$150m — $10m = S140m (since the initial
firm’s value will be reduced by the project’s nega-
tive NPV amount)

X = nominal value of zero-coupon debt out-
standing = $130m

t = time to maturity of zero-coupon bonds =

12 years
2
ln(;j+(r+2jt
~1.77

r=0.12
NG

d, = d, —o\Jt~—0.31

d =

N(d,)=A=Pr(Z<d),Z~N(0;1) ~ 0.9614

N(d,) =Pr(Z<d,) = 0.378.

Thus, the post-project value of A’s equity will
be:

c=SN(d))-Xe"N(d,)~$122.96.

And the value of the firm’s outstanding debt
after its unprofitable investment will amount
to $17.04m (i.e. S — c). Hence the firm’s result-
ing capital structure will be (initial amounts are
placed in brackets for ease of comparison):

Value of equity:
$122.96m
($120.979m)
Value of outstanding debt:
$17.04m
($29.021m)

S = $140m ($150m)

The obtained results indicate that the compa-
ny’s equity value has improved by approximately
$2m at the expense of bondholders’ wealth that
has dropped by a substantial amount of nearly
$12m.

As also argued by Damodaran such conflict of
company’s primary stakeholders’ interests given
the option nature of equity may also be illustrated
when concerning the situation of conglomerate
mergers of firms with volatilities in their free cash
flows (and thus in their value) being negatively or at
least not highly positively correlated that generally
is the case when merging firms operate in different
economic sectors. As a result of such merger given
the relatively small correlation between merging
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firms the resulting volatility in a merged firm will
be reduced as compared to an initial state before
the merger — this could be derived from the vari-
ance property. Hence the equity holders will realize
the substantial post-merger drop in their wealth
while the bondholders will, in contrast, be better off.
However, the adverse effect on shareholders’ wealth
may be partly offset by an additional bond issue.

Let us consider the following example. Suppose
company A and company B operating in differ-
ent industries and thus having the correlation
coefficient between their free cash flows (p,;)
estimated as 0.3 (i.e. firms’ values are negatively
correlated) decide to merge.

The information on A and B is given below.

A B
$200m  $250m

Value of the firm (S)

FV of debt (zero-coupon bonds)

$130m  $70m
X)
Debt maturity period (t) 12 12
years years
Volatility in S (o) 0.3 0.4

The corresponding risk-free rate (r) is 12 per
cent. What will be the value of equity and out-
standing debt in the merged firm? First, let us
calculate the equity and outstanding debt value
of each firm before the merger. From the informa-
tion given we have:

S, =$200m

X, =$130m

2
1n(f(’*}+(r+2‘}t
d* = 4 ~2.32

1 GA\/;

dif =d’ - N1~1,28

N(d'y=A=Pr(Z< d"),Z~N (0;1) = 0.9898
N(d{')=Pr (Z < di') ~ 0.8998,

Substituting the obtained results in the Black-
Scholes formula we get:

¢, =SN(d")-X,e"N(d;")~$170.249m.

Hence company A initially has about $170.249m
of equity and thus the value of its debt outstand-
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ing amounts to $29.751m (i.e. S, —c,). The same
steps will be taken to estimate equity and out-
standing debt levels of company B:

S, =$250m

X, =$70m

2
1n[?}+(r+65jt
df = u ~2.65

| ot
df =d? —c,\1~1.26
N(d’y=A=PrZ< d’),Z~N(0;1) ~ 0.996
N(d})=Pr(Z< d)~0.8971.

Substituting the obtained results in the Black-
Scholes formula we get:

¢y =S,N(d")-X,e"N(d)')~$234.118m.

Thus, company B initially has approximately
$234.118m of equity and $15.882m of debt out-
standing in its capital structure.

Assume that A’s share in the combined firm’s
value is w, = 30 per cent = 0.3 and the remaining
part comes to B so w, =1 —w, = 0.7. Thus the
value of merged firm C (S_)) =w,S, +w,S,=w,S, +
+(1—w,)S;:

S.=0.3*$200m + 0.7*$250m = $235m.

Given no additional debt-issues prior to the
merger the FV value of the C’s debt (X)) =X, + X, =
$130m +$70m = $200m in zero-coupon bond that
will mature in 12 years (i.e. t in case of firm C = 12).

At our next step, we should estimate the vola-
tility in the value of firm C (). The variance in
the merged firm’s value equals 6% :

op =Var[S] =Var[w,S,+w,S.]. (2.9

Given the variance property we get:

Var[S | = Var[w,S,] + Var[w,S,] + 2Cov[w,S,;
w,S.],

where:

Var[w,S,|=wVar[S,]|=wic’,
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Var[w,S,|=wyVar[S,]=w;o),

Covlw,S,;

w,S;] = w,w,Cov[S,; S,].

Substituting for Cov[S,; S;] (or5,,) = p,;*0,0,
we obtain the following expression for Var[S ] (see
formula 2.10 for the variance of merged firm’s
value):

Var[Sc] = WOy + Wy, +2W, W0 46,5 5. (2.10)

Estimation results yield Var[S.]=o7 = 0.07
and thus the volatility in the value of the com-
bined firm C (o) = /o7 ~ 0.26 = 26 per cent, which
is even lower than volatility in the firm’s A value
(c,) of 0.3. The reason for such a low value is the
negative correlation coefficient (p,;) of 0.3, al-
though relatively small in absolute value.

We can note that in Damodaran’s example, sub-
stantiating his suggestion of mergers’ adverse
effect of on equity, the value of the combined firm
C (S,) was calculated as an aggregate of the ones
of firms A and B, thus S_ =S, + S, so the value of
merged firm incorporates 100 per cent of both S,
and S, (i.e. w, and w, parameters are equal to 1
and thus can’t be treated as corresponding weights
of firms’ A and B values in one of the combined
firms that by definition should be greater than
zero but smaller than one and sum into unity. In
this case, the formulas (2.9) and (2.10) for the
variance and the volatility in the combined firm’s
value (ie. olandoc, correspona’ingly) should be
reduced to the following form:

% = Var[S ] = Var[S, + S,] = Var(S,] + Var[S,] +
+2Cov[S,; S,] 2.11)

2 2 2
G, =06,+0,+2p,;,0,0,

_ 2 2 2
G, =4/0¢ —\/GA+GB+QABGAGB.

However, Damodaran used formula (2.9) for
o thus assuming:

S.=w,S, +w,S,, where w, = 1 —w, that itself
contradicts the fact that merged firm’s value was
initially calculated as S_= S, +S,.

The corresponding weights were also estimated
inappropriately as:

S,

w,=—"2
A
SC

S
W, =S—B=1—WA,since S.=S,*S,.
C

Given such weights’ interpretation we have:

S, =w,S¢
Sy =w,pS,

=w,Sc+(1-w,)S, =S, since w, =1-w,.

}:SC:SA +S5, =
(2.12)

Obviously, the expression (2.12) above is not
equivalent to the following one:

Sc=w,S,+w,S,.

However, it was treated as such in Damodaran’s
example and so the obtained parameters w, and
w,, were used as corresponding weights in formula
(2.9) for GZC, thus leading to an erratic estimate of
volatility in the value of the merged firm C (o).

Given this fact, all the further obtained results
cannot be trusted, so I decided to design my ex-
ample that at least would not be subject to such
contradictions to either prove or instead reject
Damodaran’s suggested hypothesis. From (2.9) it
is clear that Var[.S,] is positively related to p,,
and so is the o being the square root of Var[S, |

. Formally this can be shown, considering the de-

rivative of Var[.S,| with respect to p,

oVar[S,]

0P 4
>0, sincew ,,w;,6,,6, >0

=2w,W,G,G, >

Hence both Var SC] and o will increase with
p.s Thus since p ,, €(=1;1) then if the value of
firms A and B were highly or even perfectly posi-
tively correlated (p,, = 1) the resulting volatility in
combined firm’s value (c.) would be much higher,
and thus the value of its equity would also increase
as compared to the case of p,, = -0.3. Mathemati-
cally we have:

ifp,, =1, then:

2 2 2 2 2
or. = Var[S.]| = wic’, + wyol +

2
+2w,w,6 0, =(w,0, +chB)

2
Gc¢ :\/(WAGA + WBGB) = |WAGA + WBGB|

given w,,w;,6,,6,>0:
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Table 6
Information on firms’ capital structure

A B A+B C(30% A + 70% B)
Equity $170.249m $234.118m $404.367m $188.942m
Debt outstanding $29.751m $15.882m $45.633m $46.058m
Total $200m $250m $450m $235m

Source: The author.

G =W,G,+WyG,~0.37>0.26 (i.e. 5.given
P = —0.3).

Since the debt maturity period (t) stays the
same, the corresponding risk-free rate(r) should
not be changed as well. Having obtained all the
necessary inputs, we can now substitute them
into the Black-Scholes model to find the value
of the merged firm’s equity and outstanding debt.

S.=9$235m

X, =$200m

2
ln(;c}+[r+65}
df = < ~2.23

1 Gc\/;

df =df —c 1~1.33

N(d<)=A=PrZ< df),Z~N(0;1) = 0.987
N(dy)=Pr (Z< dy)=~0.908
Co=ScN(dS)=Xce " N(dy)~$188.942m.

Thus, the combined company C will have nearly
$188.942m of equity and thus about $46.058m of
debt outstanding. Let us summarize the obtained
results on the firms’ capital structure in the table
for the ease of comparison (see Table 6).

Based on the information from the table
above the aggregate value of equity before the
merger (i.e. A + B) is $404.367m and it will
substantially drop by more than a half (i.e. by
$215,425m) up to $188.942m in merged firm
C. At the same time, the level of outstanding
debt, in contrast, will rise as a result of a merger
by nearly $0.425m from the total aggregate
amount of $45.633m to $46.058m. Hence the
wealth of bondholders will improve at the ex-
pense of the stockholders if the merger takes
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place. This occurs partly to a negative correla-
tion between merging firms’ free cash flows that
yields the relatively small volatility in combined
firm’s value and thus implies the lower value
of equity and as a result the higher level of
outstanding debt as compared to the ones of
firms A and B when taken in aggregate. Thus,
conglomerate mergers not followed by increases
in leverage indeed may result in a wealth trans-
fer from equity holders to debt holders.

As we have seen real options could be referred
to as an asset (particularly intangible one that
generally cannot be valued by traditional DCF
approach) or extended investment opportunity
providing its holder with the right to receive ad-
ditional cash flows under certain circumstances,
such as an option to delay, expand or abandon a
particular project.

Real options may be valued using standard op-
tion pricing approaches, including the Binomial
model and the Black-Scholes model. However, the
latter is applied more frequently due to its rela-
tive simplicity and generality, enabling them to
undertake rather complicated valuations without
turning them into a time-consuming, exhausting
process.

Despite some limitations mainly implied by
its underlying assumptions, the real-option tech-
nique provides its user with the extended flex-
ibility and thus has a broad scope of application
in investment, asset or equity valuation and even
may be extended to value the entire firm under
the corresponding assumptions.

Given particular circumstances this approach
may be either applied as a complement to tradi-
tional techniques so as to account for the poten-
tial value-adding factors generally neglected by
standard DCF model or in contrast be the only
possible valuation tool, thus turning it into a pow-
erful practical instrument of value analyses that
definitely should not be ignored.
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Valuing Patent Rights of Amgen Inc.
on “Parsabiv” and Determining
the Optimal Time of its Exercise

Problem Overview

In this part, we will consider the application of
the real-option approach in the determination
of the optimal time of the patent. The object of
our analysis will be the recent patent of Amgen
Inc. on the production and sale of Etelcalcetide
(trade name “Parsabiv”). Amgen Inc. is one of
the leading companies in U.S. biotech-industry
that develops manufactures and implements
innovative drugs based on genetic engineering.
Founded in 1980, Amgen is known as the leader
in its industry sector, as it was among the first
biotech-firms that managed to unleash the po-
tential of a new generation of effective and safe
drugs to provide patients with innovative meth-
ods of serious diseases treatment.

Etelcalcetide is a calcimimetic drug for the
treatment of secondary hyperparathyroidism in
patients undergoing hemodialysis. Initially, the
drug’s formula was developed by another company
KAI Pharmaceuticals that consequently held the
patent on it. However, based on the information
from the company’s official press release? Amgen
Inc. acquired KAI in 2012. Thus, it could be as-
sumed that in 2013 the acquisition process had
been already finished and thus Amgen obtained
the patent rights on Etelcalcetide, expiring at the
end of 2030.

According to the information from the U.S. Na-
tional Library of Medicine’ the drug was synthe-
sized in 2013, meaning that Amgen exercised the
patent on Etelcalcetide in the year just immedi-
ately following its acquisition.

However, although having exercised the patent
and thus having the drug developed, Amgen could
not market its product Parsabiv (trade name for
Etelcalcetide) until its approval by the US Food
and Drug Administration (USFDA) for treatment

2 FDA Approves Amgen’s Parsabiv™ (Etelcalcetide), First New
Treatment in More than a Decade for Secondary Hyperpar-
athyroidism in Adult Patients on Hemodialysis. Available at:
https://www.amgen.com/media/news-releases/2017/02/fda-
approves-amgens-parsabiv-etelcalcetide-first-new-treatment-
in-more-than-a-decade-for-secondary-hyperparathyroidism-
in-adult-patients-on-hemodialysis.

3 U.S. National Library of Medicine National Center for Bio-
technology Information. Etelcalcetide. Available at: https://
pubchem.ncbi.nlm.nih.gov/compound/Velcalcetide.

of secondary hyperparathyroidism (HPT) in adult
patients with chronic kidney disease (CKD) on
hemodialysis in 2017. Thus, Amgen did not re-
ceive any cash flows from its product sales until
that time.

Was it the right decision to exercise a patent
immediately or it would have been better to wait
till later times and if yes what would be the opti-
mal time of converting a patent in a commercial
product? These are the issues considered in this
chapter.

Patent Value Estimation

We will begin our analysis from estimating the
value of Amgen’s patent on Parsabiv using the
technique described in part 2 based on the ap-
plication of the modified Black-Scholes model.
According to this approach, the value of the
patent will be equal to one of the correspond-
ing options to delay the drug development pro-
ject provided by the patent. Thus, we need to
obtain the necessary data on modified Black-
Sholes model’s required inputs to get the an-
swer.

It should be noted that we will estimate the
patent’s present value as at the year of 2013. Thus
in 2013 the corresponding real option to delay had
17 years remained till its expiration since Amgen
owns the patent rights on Parsabiv production and
marketing till the end of 2030 (i.e.t = 17).

Given the information above Amgen exercised
the patent on Parsabiv in 2013 and thus invested
the amount X in its development. The estima-
tion of this investment’s amount is probably the
toughest thing to do in this section since there
is no publicly available information on this vari-
able thus we used the average figure based on the
information on research and development (R&D)
spending statistics for pharmaceutical companies
as at 2013 provided by Astra Zeneca company
(Al-Huniti, 2013, p. 23) and therefore assumed
X =$3,692.14m.

At our next step, we calculated the present
value (as at 2013) of the corresponding cash flows
to be received from the Parsabiv’s sales using the
historical data obtained from the official com-
pany’s financial statements and from Bloomberg
Terminal and also forecasting it for future periods
till the end of 2030 mostly assuming stable aver-
age growth rates of Amgen’s financial indicators
and relevant ratios.
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Each cash-flow from Parsabiv was estimated
as the share of the corresponding year’s net op-
erating profit (i.e. EBIT(1 — tax)) from product
sales — this share was assumed to be equal to
one of Parsabiv’s sales in a total amount of com-
pany’s product sales. Since Parsabiv is a relatively
new product, it will at first lack public trust at the
primary stage of its introduction, which thus re-
sults in its initial share in total sales to be rather
insignificant. This may also be explained by the
company’s intention no to produce large amounts
of new product in order not to incur additional
losses in case of low product demand. Thus, the
initial quantity produced will be limited, and so
will the primary product sales, undertaken at most
to test the market conditions so as to determine
the further sales development strategy.

However, given the innovativeness of Parsabiv
and according to forecasted estimates provided by
Bloomberg the first stage of introduction will take
only several years and then it sales’ share are as-
sumed to grow relatively fast up until the year of
2023, so by that time this share will slightly exceed
the one of Amgen’s another drug — Sansipar which is
a close substitute of Parsabiv being the less advanced
predecessor of the latter. After that, Parsabiv’s share
in total product sales is expected to experience the
normal average growth rate corresponding to the
one of Sensipar. Obviously, this assumption makes
our forecast rather conservative — however, given
the prudence accounting concept, it is better to un-
derstate income rather than expenses.

Effective tax rates were also assumed to be subject
to stable average growth, estimated without consid-
ering the abnormal fluctuations due to accounting
adjustments to recent Tax Act enacted by the US
on December 22, 2017. At the same time, we expect
the tax rate to be no more than the US current cor-
porate income tax of 21 per cent. It is likely that the
Amgen’s effective tax rate will be generally lower
than the corporate one due to tax reliefs provided
by US government to companies involved in R&D.
However, we again chose the conservative approach
on prudency grounds to be on the safe side.

The obtained cash flows were discounted at
Amgen’s WACC using its historic values obtained
from Bloomberg Terminal and assuming it con-
stant in future periods given its insignificant av-
erage growth rate.

As a result of our calculations, we have ob-
tained the following discounted cash flows (DCF)
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for each period of Parsabiv’s sales, as shown in
the tables below.

Thus, the present value of cash flows from the
Parsabiv’s development (PV) amounts to approx-
imately $7627.548m, assuming them to be received
starting from the next year after the investment
in the product’s development was made and thus
the patent was exercised. However, the fact that
Amgen couldn’t market its newly synthesized
drug after its development in 2013 until the ap-
proval of US FDA was received in 2017 allowing
for the first sales to take place creates the devel-
opment lag (dlag) of 3 years, that should also be
taken into account in the estimation of the present
value of cash flows from the Parsabiv’s sales. Giv-
en that the corresponding cash flows are received
evenly throughout the patent expiration period
(t) the annual cost of the product’s development
delay could be calculated as y = % 2% ~ 0.059.

Therefore, PV of cash flows from Parsabiv’s
realisation adjusted to the development lag (S)
was estimated as follows:

PV
-~ $6425.607m

(1+y)

S:

Given the remaining patent life of 17 years, we
take assumed the risk-free rate (r) to be equal to the
one of the 20-year US Treasury bond in 2013 (i.e.T =
0.0312). Due to the lack of historical data on Parsabiv,
being a relatively new product, the volatility in its
cash flows (o) was approximated by the one in cash
flows received from the sales of its close substitute
Sansipar (i.e. ¢ ~ 0.226). Having obtained the key
inputs, we can now estimate the other parameters
of the modified version of Black-Scholes model and
then estimate the value of the patent, which coin-
cides with the one of the corresponding real call
option to delay:

S o’
MM URAFY;
~0.56

oVt

d, =d, —o~t ~=0.38

d, =

N(d,)=A=Pr(z<d),Z~N ;1) ~0.7113
N(d,) =Pr (Z<d,) = 0.3534.
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Table 7
Parsabiv’s DCF calculation output
31.12.2017 31.12.2018 31.12.2019
Year N2 (i) 1 2 3
$ $ $

Product sales 21795000320 22532999168 21881339661
EBIT(adj.)/Sales, % 59 58 59
EBIT (adj.) 12858000640 13116999424 12967750935
Eff. Tax rate (tax) 0.794 0.121 0.206
EBIT (1-tax) 2648748132 11529842494 10302053293
Parsabiv’s share in total sales, % 0.023 1.491 2429
CF (Parsabiv) 607650,3999 171926828,2 250285019,8
WACC, % 10 8 8
DF 0.907 0.852 0.787
DCF 551406.8964 146556990.9 196983200.4

Source: The author.

Table 8

Parsabiv’s DCF calculation output

31.12.2020 31.12.2021 31.12.2022
Year Ne (i) 4 5 6
$ $ $

Product sales 22005103514 22976624931 23991038847
EBIT(adj.)/Sales, % 60 61 63
EBIT (adj.) 13276678018 14113264999 15002566808
Eff. Tax rate (tax) 0.21 0.21 0.21
EBIT (1-tax) 10488575634 11149479350 11852027778
Parsabiv’s share in total sales, % 3.094 4.490 6.517
CF (Parsabiv) 324498464 500640503.6 772394761.9
WACC, % 8 8 8
DF 0.727 0.671 0.619
DCF 235797079.7 335879272.2 478440554.3

Source: The author.

Therefore, the corresponding call value is:
c=S8e”"N(d,)-Xe"N(d,)~$913.525m.

Hence the Amgen’s patent on Parsabiv ap-
proximately worth $913.525m.

Determination of Optimal Time to Exercise
the Patent Rights

Was it the right decision to exercise a patent im-
mediately or Amgen should have waited till later
times? Since the NPV from the Parsabiv’s devel-

opment in 2013 equals S — X = $2733.47m, so
that it exceeds the obtained value of the patent
(c) then for Amgen it’s definitely better to con-
vert Parsabiv into the commercial product as
soon as possible than to hold the patent on it
that will become less valuable with each year of
the development delay that will shrink the pe-
riod of the patents expiration (t) and the same
time will increase annual costs of delay (y) thus
leading to a decrease in the corresponding call’s
value. Hence the Amgen’s decision to develop
the Parsabiv in 2013 was reasonable.
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Table 9
Parsabiv’s DCF calculation output
31.12.2020 31.12.2021 31.12.2022
Year N2 (i) 4 5 6
$ $ $
Product sales 22005103514 22976624931 23991038847
EBIT(adj.)/Sales, % 60 61 63
EBIT (adj.) 13276678018 14113264999 15002566808
Eff. Tax rate (tax) 0.21 0.21 0.21
EBIT (1-tax) 10488575634 11149479350 11852027778
Parsabiv’s share in total sales, % 3.094 4.490 6.517
CF (Parsabiv) 324498464 500640503.6 772394761.9
WACC, % 8 8 8
DF 0.727 0.671 0.619
DCF 235797079.7 335879272.2 478440554.3
Source: The author.
Table 10
Parsabiv’s DCF calculation output
31.12.2023 31.12.2024 31.12.2025
Year N2 (i) 7 8 9
$ $ $
Product sales 25050238956 26156202563 27310994267
EBIT(adj.)/Sales, % 64 65 66
EBIT (adj.) 15947905097 16952810825 18021037441
Eff. Tax rate (tax) 0.21 0.21 0.21
EBIT (1-tax) 12598845026 13392720552 14236619579
Parsabiv’s share in total sales, % 9.458 10.003 10.578
CF (Parsabiv) 1191660810 1339636071 1505986257
WACC, % 8 8 8
DF 0.572 0.528 0.488
DCF 681510837.2 707356561.1 734182462.3

Source: The author.

However, given the conservative assumptions
about the future growth in Parsabiv’s sales share
and tax rates underlying the calculation of the
patent value it could have been the case that the
obtained estimate (c) will instead exceed the cor-
responding project’s NPV if the more optimis-
tic course of action is considered instead. If it is
true than holding Parsabiv as a patent would be
preferable than converting it immediately into a
commercial product. However, in this case, one
will likely to be concerned with a question about
the optimal period of holding it as a patent.
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This issue was considered by Damodaran (2012,
p. 1103) in his book on investment valuation on
the example of a patent on drug Avonex owned by
another the US biotech firm Biogen, which value
(c) estimated by the similar real-option technique
appeared to be higher than the NPV from its im-
mediate conversion into the commercial product
in 1997 (i.e. development of drug Avonex and thus
the exercise of the patent rights on it) with the
corresponding difference being the time premium
for holding a patent on Avonex rather than invest-
ing in its development as a product.
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Table 11
Parsabiv’s DCF calculation output
31.12.2026 31.12.2027 31.12.2028
Year Ne (i) 10 11 12
$ $ $
Product sales 28516769819 29775780148 31090375561
EBIT(adj.)/Sales, % 67 68 70
EBIT (adj.) 19156574908 20363664600 21646815150
Eff. Tax rate (tax) 0.21 0.21 0.21
EBIT (1-tax) 15133694177 16087295034 17100983969
Parsabiv’s share in total sales, % 11,187 11,831 12,511
CF (Parsabiv) 1692993086 1903221610 2139555398
WACC, % 8 8 8
DF 0.450 0.416 0.384
DCF 762025713.2 790924895.9 820920055.7
Source: The author.
Table 12
Parsabiv’s DCF calculation output
31.12.2029 31.12.2030
Year Ne (i) 13 14
$ $
Product sales 32463010127 33896246266
EBIT(adj.)/Sales, % 71 72
EBIT (adj.) 23010819288 24460771741
Eff. Tax rate (tax) 0.21 0.21
EBIT (1-tax) 18178547238 19324009675
Parsabiv’s share in total sales, % 13,231 13,992
CF (Parsabiv) 2405236090 2703907855
WACC, % 8 8
DF 0.354 0.327
DCF 852052756.7 884366139.1
$
PV = ZDCE. 7627547926

Source: The author.

In this case, as argued by Damodaran the op-
timal time of patent exercise is the one at which
this time premium will turn to zero (i.e. when
c=S—X).

This point in time could thus found graphically
by valuing the call assuming that all Black-Scholes
model’s key parameters other than patent life (t)

stay constant and saving the obtained estimates
for each t to plot them further on the graph to-
gether with the current product’s NPV. This can
be treated as a simulation of the patent’s early
exercise at different times till its expiration period
(thus allowing it to be presented as an American
call) with the obtained values being its values
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given the corresponding exercise time since the
traditional Black-Scholes model doesn’t allow
for such flexibility to be taken into account and
thus assumes that patent may be exercised only
at the end of its life (i.e. a patent is assumed to be
a real call option of European type). The optimal
time to exercise is then determined as the one at
which these two curves intersect.

Since with each year of product development
delay, the patent life (t) will become shorter re-
sulting in a higher cost of annual development
delay that will yield lower call (i.e. a patent) val-
ues the curve illustrating the value of the patent
as an option at different times will be therefore
downward sloping.
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Following this logic and using the initial data
from the example in Damodaran’s book we have
obtained the graph of c (i.e. the value of the pat-
ent as an option) with respect to remaining pat-
ent life (t) plotted together with line fixed at the
current level of NPV resulted from the immediate
development of Avonex (the picture of the same
graph was given in Damodaran’s book — however,
we decided to model it ourselves so as to ensure
the understanding of the described methodology).

Moving back to our problem, we can plot the
same graph for the case of Amgen’s Parsabiv, il-
lustrated in Figure 6.

Therefore given that the patent value increases
with its remaining life, likely, the optimal time to
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exercise the patent on Parsabiv (denoted as the
point of intersection of two curves) had passed
long before the time when Amgen Inc. acquired
the KAI Pharmaceuticals and thus consequently
became the owner of the corresponding patents
rights.

Obviously, since the described technique of
patent’s optimal exercise time determination is
based on simulation, it is not expected to yield
precise results as compared to ones based on
models applicable to American option valuation
such as Binomial one or using the Black-Sholes
equation with a non-linear function. However,
these approaches are far more complicated and
time-consuming. Thus, in a world when the time
on decision-making is always limited the accuracy
advantage is vanished, making such simulation
the best tool providing with the general picture
of overall value trends.

Conclusions
Asset valuation plays a significant role in various
economic relationships, being a crucial element
of any investment decision-making process and
corporate valuations in general.

Classical approaches to asset valuation include
several methods concerning different aspects of
this process, each of which has its strengths and
weaknesses.

However, given the availability and predict-
ability of data on the corresponding variables
such as future cash flows and discount rates the
DCF approach is generally considered as the most
accurate and superior traditional asset valuation
technique since it takes into account the potential
income the asset is expected to generate each
future period of its remaining useful life with
regard to the time value of money.

Real options are a response to the disadvan-
tages and limitations of classical methods of asset
valuation and assessment of investment projects
that do not allow considering the decision elas-
ticity inherent in them. Thus, the essence of real
options is not to replace classical methods, but
to supplement and enrich them with additional
elements, often playing the ultimate role in the
investment decision-making process.

Despite some limitations mainly implied by
its underlying assumptions, the real-option tech-
nique provides its user with the extended flex-
ibility and thus has a broad scope of application

in investment, asset or equity valuation and even
may be extended to value the entire firm under
the corresponding assumptions.

Given particular circumstances this approach
may be either applied as a complement to tradi-
tional techniques so as to account for the poten-
tial value-adding factors generally neglected by
classical approaches or in contrast be the only
possible valuation tool, thus turning it into a pow-
erful practical instrument of value analyses that
definitely should not be ignored but instead is to
be adopted by the analysts and other expert deal-
ing with valuation problems so as to ensure the
adequacy and comprehensiveness of the obtained
estimates and thus not to make wrong decisions.

However despite the advantages of the ex-
tended flexibility in asset and investment project
valuation, real options can be costly to obtain (e.g.,
the right to extend a lease or purchase a property),
complex to value, and dependent on problematic
assumptions — these are the main drawbacks
of this approach. In this case, they should not
be pursued unless the firm has the resources to
exploit the option, and they add significantly to
the value of the firm.

This research may be further developed to ana-
lyse the application of American option pricing
models in corporate valuations.

By analogy with equity valuation in troubled
firms, the real-options approach may be extended
to access the fair value of countries where the
amount of internal and external debt obligations
overhang the value of the countries assets since
the traditional methods can’t be used in this case.

Real-option valuation technique may also be
applied in the measurement of megapolises’ po-
tential boundaries. The intuition is as follows.
According to the statistical data, the population
in megacities is growing at a faster rate in com-
parison with general population growth. The main
reason for this paradox is the internal migration
of people from provinces to megapolises in search
of potentially available new opportunities and
better living standards. However, the authori-
ties of megacities are aware of the fact the end-
less extensive growth of cities creates an array of
problems; therefore, the supply of new housing
development intentionally lags the existing de-
mand for it. The amount of supply deficit in the
land market is even more significant. All these
factors lead to an increase in numbers of flours in
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the constructed buildings as well as raise the price
level in the real estate market, given the growth
in construction costs due to rising land prices
and the need to balance demand with limited
construction opportunities.

Given these facts, such migration to megacities
may be defined as a real option of people from
provinces to receive new potential opportunities,
so to attain better living conditions. Hence the
migration to megapolises will continue as long
as its value (as an option) remains positive. From
an economic point of view, this option value will
be positive unless the excess of the price level in
megalopolises over the price level in provinces will
exceed the number of new potential opportunities,
provided by megacities to people migrating from
provinces. Given the option nature of migration,

the government can thus not only predict by also
regulate its flows by altering these parameters.

It should be noted that such migration to meg-
acities a characteristic feature of all megacities all
over the world. However, the time when it reaches
its peak differs. Thus, the megacities in developed
countries have already passed this stage, while
the opposite is true for the ones in developing
countries.

Therefore, this example reflects the extensive
possibilities of real options approach applies not
only in corporate valuations but also in the field
of planning for the development of megapolises
particularly in the context of forecasting the mag-
nitude of internal migration providing room for
estimation and control of the potential level of
extension of city areas.
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OueHka CI'Ip&BG,EU'IVIBOVI CTOMMOCTM aKTUBOB C UCMOJZIb30BAaHWEM METOAA peasibHbIX ONLUMOHOB

AnekcaHgp lynabsH
bakanasp 3KOHOMMKHM PaKynbTeTa MEXAYHAPOLHbIX PUHAHCOB, [lenapTaMeHT MMPOBOW 3KOHOMMUKM
U MeXAYyHapoaHbIX GUHaHcoB, PUHAHCOBLIN yHMBepcuTeT, MockBa, Poccus

AHHOmayus. Llenbto faHHOM paboTbl ABNSETCS aHaNM3 M CUCTEMATU3ALMS BO3MOXKHbIX NOAXOA0B K OLeHKe
peasibHbIX OMLMOHOB, 0COOEHHO NPWU PACCMOTPEHMU MPAKTUYECKMX aCMEKTOB UX MPUMEHEHUS B PEAbHbIX
OLEHOYHbIX 33fia4ax. O6bEKTOM UCCNef0BAHUS ABASIOTCS MOAENN LLeHO0Opa3oBaHMS OMLMOHOB, @ NPeAMETOM —
UX MPUMEHEHME NPU OLLEHKE peabHbIX OMLMOHOB, 33/10)KEHHbIX B KOPNOPATUBHbIE OLLEHKWU, 0COBEHHO C Y4ETOM
nobo4yHbIX 3 dEKTOB.

B cTaTbe penaeTcs nonbiTka:

— copMynMpoBaTb NOHSATME CNPaBeAJIMBOM CTOMMOCTU M NPOAHANN3MPOBATL TPAAMLMOHHBIE MOAXOAbI K ee
pacyeTy B KOHTEKCTE OLLEHKM aKTUBOB;

— ONpefenuTb peanbHblii ONUMOHHBIM NOAXOA, K OLLeHKE CNpaBeLIMBON CTOMMOCTU M NPOAHAIM3NPOBATL €r0
TeopeTMyeckme Npeanocbliku;
— onpenenuTb posib NOAX0AA K PeasbHbIM OMLUMOHAM B TPAAULMOHHOM CUCTEME METOA0B OLLEHKM CTOMMOCTMU.
lpoaHanu3MpoBaHbl NpaKTUYeCkMe acnekTbl UX NPUMEHEHNS B 33[la4aX OLLEHKM C YYeTOM COOTBETCTBYHOLLMX
NPMMEpPOB U NpUBEAEHbI peaibHble MPUMEpPbI NMPUMEHEHUS 3TOM METOAMKM B COBPEMEHHbIX PbIHOYHbIX YCIOBUSX
C UCMOJIb30BaHUEM MOC/IEAHUX AAHHbIX.

Kntodesbie cnosa: ougHKa peanbHbIX OMLMOHOB; OLLEHKA akTUBOB; OLLeHKa CNpaBea/IMBOM CTOMMOCTU; MOAXOS

K peasnbHbIM OMLMOHAM
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