
Ôåäåðàëüíîå ãîñóäàðñòâåííîå îáðàçîâàòåëüíîå áþäæåòíîå
ó÷ðåæäåíèå âûñøåãî ïðîôåññèîíàëüíîãî îáðàçîâàíèÿ

¾Ôèíàíñîâûé óíèâåðñèòåò

ïðè Ïðàâèòåëüñòâå Ðîññèéñêîé Ôåäåðàöèè¿

Êàôåäðà ¾Ìàòåìàòèêà 1¿

Å.Â. Ìàåâñêèé, Ï.Â. ßãîäîâñêèé

ÊÎÌÏÜÞÒÅÐÍÀß ÌÀÒÅÌÀÒÈÊÀ

Âûñøàÿ ìàòåìàòèêà â ÑÊÌ Maxima

×àñòü I. Ââåäåíèå

Ó÷åáíîå ïîñîáèå

Ìîñêâà • 2014



ÓÄÊ 004.432.42
ÁÁÊ 22.1, 32.973.26-018

Ì 13

Ðåöåíçåíòû:

Ä.Â. Áåðçèí, ê.ô.-ì.í., äîö.
(Ôèíàíñîâûé óíèâåðñèòåò)

Ï.Ê. Ñèëàåâ, ä.ô.-ì.í., ïðîô.
(ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà)

Í.À. Ñòàõèí, ê.ô.-ì.í., äîö.
(Òîìñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò)

Ìàåâñêèé Å.Â., ßãîäîâñêèé Ï.Â.

Ì 13 Êîìïüþòåðíàÿ ìàòåìàòèêà. Âûñøàÿ ìàòåìàòèêà â ÑÊÌ
Maxima: ó÷åáíîå ïîñîáèå. � Ì.: Ôèíàíñîâûé óíèâåðñèòåò, 2014.
� 196 ñ.

ISBN 978-5-7942-1137-5
×. 1: Ââåäåíèå. � 196 ñ.
ISBN 978-5-7942-1178-8

Â ïåðâîé ÷àñòè ïîñîáèÿ èçëàãàþòñÿ îñíîâû ðàáîòû â ñèñòåìå
êîìïüþòåðíîé ìàòåìàòèêè Maxima. Îáñóæäàþòñÿ òèïû äàííûõ
îáùåãî õàðàêòåðà: ëîãè÷åñêèé òèï, ÷èñëà, ñòðîêè, ñïèñêè, ìíîæå-
ñòâà è ìàññèâû, à òàêæå äàåòñÿ îïèñàíèå îñíîâíûõ âîçìîæíîñòåé
ÿçûêà Maxima: óñëîâíûå îïåðàòîðû è öèêëû, ïîñòðîåíèå ïîëüçî-
âàòåëüñêèõ ôóíêöèé è îïåðàòîðîâ, ðàáîòà ñ âûðàæåíèÿìè, èí-
ñòðóìåíòàðèé äëÿ ïîñòðîåíèÿ ãðàôèêîâ, ôàéëîâûé ââîä-âûâîä è
âçàèìîäåéñòâèå ñ Lisp.
Ïîñîáèå îðèåíòèðîâàíî íà ñòóäåíòîâ ôàêóëüòåòà ¾Ïðèêëàäíàÿ

ìàòåìàòèêà è èíôîðìàöèîííûå òåõíîëîãèè¿ Ôèíàíñîâîãî óíè-
âåðñèòåòà è ïðåäíàçíà÷åíî äëÿ ïðîâåäåíèÿ çàíÿòèé è îðãàíèçà-
öèè ñàìîñòîÿòåëüíîé ðàáîòû ñòóäåíòîâ, èçó÷àþùèõ êóðñ ïî âû-
áîðó ¾Êîìïüþòåðíàÿ ìàòåìàòèêà¿.
Ïóáëèêóåòñÿ â àâòîðñêîé ðåäàêöèè.

ÓÄÊ 004.432.42
ÁÁÊ 22.1, 32.973.26-018

ISBN 978-5-7942-1178-8 (×. 1)
ISBN 978-5-7942-1137-5

c©Ìàåâñêèé Å.Â., ßãîäîâñêèé Ï.Â., 2014
c©Ôèíàíñîâûé óíèâåðñèòåò, 2014



Federal State � Funded Educational Institution
of Higher Professional Education

¾Financial University

under the Government of the Russian Federation¿

Chair ¾Mathematics-1¿

E.V. Maevskiy, P.V. Jagodowscy

COMPUTER MATHEMATICS

Higher Mathematics in CAS Maxima

Part I. Introduction

Manual

Moscow • 2014



UDC 004.432.42

Reviewers:

D.V. Berzin, c.p.-m.s., doc.
(Financial University)

P.K. Silaev, d.p.-m.s., prof.
(Moscow State University)

N.A. Stakhin, c.p.-m.s., doc.
(Tomsk State Pedagogical University)

Maevskiy E.V., Jagodowscy P.V.

Computer mathematics. Higher mathematics in CAS Maxima:
manual. � M.: Financial University, 2014. � 196 p.

ISBN 978-5-7942-1137-5
P. 1: Introduction. � 196 p.
ISBN 978-5-7942-1178-8

In the �rst part of the book the basics of working in the CAS
Maxima are introduces. Discusses the general data types: boolean,
numbers, strings, lists, sets, and arrays, as well as describes the
main language features of Maxima: conditional statements and
loops, construction of custom functions and operators, working with
expressions, tools for charting, �le input-output and interaction with
Lisp.
The book is aimed at students of the Faculty ¾Applied

Mathematics and Information Technology¿ of Financial University
and is intended for training and self study organization of students
of the elective course ¾Computer Mathematics¿.
Published in author's edition.

UDC 004.432.42

ISBN 978-5-7942-1178-8 (P. 1)
ISBN 978-5-7942-1137-5

c©Maevskiy Å.V., Jagodowscy P.V., 2014
c©Financial University, 2014



5

Ñîäåðæàíèå

Ïðåäèñëîâèå 9

1. Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè 10

1.1. Êîìïüþòåðíàÿ ìàòåìàòèêà . . . . . . . . . . . . . . . . . . . 10
1.2. Îáçîð èçâåñòíûõ ÑÊÌ . . . . . . . . . . . . . . . . . . . . . . 13

1.2.1. Óíèâåðñàëüíûå ÑÊÌ . . . . . . . . . . . . . . . . . . . 13
1.2.2. Àëãåáðà . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.3. Òåîðèÿ âåðîÿòíîñòåé . . . . . . . . . . . . . . . . . . . 16
1.2.4. ×èñëåííûå ìåòîäû . . . . . . . . . . . . . . . . . . . . 17
1.2.5. Áèáëèîòåêè äëÿ C . . . . . . . . . . . . . . . . . . . . . 18

1.3. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû . . . . . . . . . . . . 19

2. Maxima è wxMaxima 22

2.1. Óñòàíîâêà Maxima . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2. Ïåðâûé çàïóñê . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3. Ïîëó÷åíèå ñïðàâî÷íîé èíôîðìàöèè . . . . . . . . . . . . . . 32
2.4. Îäèí ïðèìåð . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.5. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû . . . . . . . . . . . . 39

3. Òèïû äàííûõ 40

3.1. Èäåíòèôèêàòîðû . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.1. Êîíñòàíòû . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.2. Ïåðåìåííûå . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.3. Ôóíêöèè è îïåðàòîðû . . . . . . . . . . . . . . . . . . 44

3.2. Âûðàæåíèÿ è áëîêè . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2.1. Îñíîâíûå îïåðàöèè ñ âûðàæåíèÿìè . . . . . . . . . . 47
3.2.2. Îáúåäèíåíèå âûðàæåíèé â áëîê . . . . . . . . . . . . 51

3.3. Áóëåâ òèï . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.4. ×èñëà . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54

3.4.1. Öåëûå ÷èñëà . . . . . . . . . . . . . . . . . . . . . . . . 64
3.4.2. ×èñëà ñ ïëàâàþùåé òî÷êîé . . . . . . . . . . . . . . . 70

3.5. Ñòðîêè . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.5.1. Ñòðîêà êàê ïîñëåäîâàòåëüíîñòü ñèìâîëîâ . . . . . . . 74
3.5.2. Ñòðîêà â öåëîì . . . . . . . . . . . . . . . . . . . . . . 76

3.6. Ñïèñêè, ìíîæåñòâà è ìàññèâû . . . . . . . . . . . . . . . . . . 81
3.6.1. Ñïèñêè îáùåãî âèäà . . . . . . . . . . . . . . . . . . . 82
3.6.2. ×èñëîâûå ñïèñêè . . . . . . . . . . . . . . . . . . . . . 90



6

3.6.3. Ìíîæåñòâà . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.6.4. Ïðèìåíåíèå ôóíêöèé ê ñïèñêàì è ìíîæåñòâàì . . . . 97
3.6.5. Ìàññèâû . . . . . . . . . . . . . . . . . . . . . . . . . . 100

3.7. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû . . . . . . . . . . . . 110

4. Îïèñàíèå ÿçûêà 117

4.1. Óñëîâíûå îïåðàòîðû è öèêëû . . . . . . . . . . . . . . . . . . 117
4.1.1. Îïåðàòîðû if . . . . . . . . . . . . . . . . . . . . . . . 117
4.1.2. Îïåðàòîðû for . . . . . . . . . . . . . . . . . . . . . . 119
4.1.3. Îïåðàòîðû while / unless . . . . . . . . . . . . . . . . 121
4.1.4. Îïåðàòîð go . . . . . . . . . . . . . . . . . . . . . . . . 122

4.2. Ïîëüçîâàòåëüñêèå ôóíêöèè è îïåðàòîðû . . . . . . . . . . . . 122
4.2.1. Ïîëüçîâàòåëüñêèå ôóíêöèè . . . . . . . . . . . . . . . 122
4.2.2. Àíîíèìíûå ôóíêöèè . . . . . . . . . . . . . . . . . . . 127
4.2.3. Ïîëüçîâàòåëüñêèå îïåðàòîðû . . . . . . . . . . . . . . 130

4.3. Âûðàæåíèÿ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
4.3.1. Òèïû âûðàæåíèé . . . . . . . . . . . . . . . . . . . . . 132
4.3.2. Ïðåîáðàçîâàíèå âûðàæåíèé . . . . . . . . . . . . . . . 135
4.3.3. Óïðîùåíèå è âû÷èñëåíèå . . . . . . . . . . . . . . . . 142

4.4. Ôàéëîâûé ââîä-âûâîä . . . . . . . . . . . . . . . . . . . . . . . 149
4.4.1. Òåêñòîâûé ââîä-âûâîä . . . . . . . . . . . . . . . . . . 149
4.4.2. Áèíàðíûé ââîä-âûâîä . . . . . . . . . . . . . . . . . . 154

4.5. Maxima è Lisp . . . . . . . . . . . . . . . . . . . . . . . . . . . 156
4.6. Ðèñîâàíèå â Maxima . . . . . . . . . . . . . . . . . . . . . . . 157

4.6.1. Äâóìåðíûå îáúåêòû . . . . . . . . . . . . . . . . . . . 158
4.6.2. Òðåõìåðíûå îáúåêòû . . . . . . . . . . . . . . . . . . . 166
4.6.3. Àíèìàöèÿ . . . . . . . . . . . . . . . . . . . . . . . . . 169

4.7. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû . . . . . . . . . . . . 176

Ñïèñîê ëèòåðàòóðû 180

Óêàçàòåëü ñëóæåáíûõ èìåí Maxima 181

Ïåðå÷åíü ëèñòèíãîâ 185



7

Contents

Preface 9

1. Computer algebra systems 10

1.1. Computer algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10
1.2. Review of known CAS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 13
1.2.1. Universal CAS . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .13
1.2.2. Algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.3. Probability . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.2.4. Numerical methods . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17
1.2.5. Libraries for Ñ . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .18

1.3. Tasks for self study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 19

2. Maxima and wxMaxima 22

2.1. Installation of Maxima . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 23
2.2. The �rst start . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.3. Getting help . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 32
2.4. An example . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 36
2.5. Tasks for self study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

3. Datatypes 40

3.1. Identi�ers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.1. Constants . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.1.2. Variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.1.3. Functions and operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44

3.2. Expressions and blocks . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 46
3.2.1. Basic operations with expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.2.2. Combining expressions in the block . . . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3. Booleans . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.4. Numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
3.4.1. Integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 64
3.4.2. Float point numbers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70

3.5. Strings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 71
3.5.1. String as a sequence of characters . . . . . . . . . . . . . . . . . . . . . . . . . . . . .74
3.5.2. String as a whole . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76

3.6. Lists, sets and arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
3.6.1. General lists . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 82



8

3.6.2. Numeric lists . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 90
3.6.3. Sets . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
3.6.4. Applying functions to lists and sets . . . . . . . . . . . . . . . . . . . . . . . . . . . 97
3.6.5. Arrays . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 100

3.7. Tasks for self study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 110

4. Description of language 117

4.1. Conditional statements and loops . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4.1.1. Operator if . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 117
4.1.2. Operator for . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
4.1.3. Operator while / unless . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .121
4.1.4. Operator go . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122

4.2. Custom functions and operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 122
4.2.1. Custom functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .122
4.2.2. Anonymous functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .127
4.2.3. Custom operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 130

4.3. Expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 132
4.3.1. Types of expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .132
4.3.2. Transformation of expressions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135
4.3.3. Simpli�cation and evaluation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 142

4.4. File input-output . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
4.4.1. Text �le input-output . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 149
4.4.2. Binary �le input-output . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 154

4.5. Maxima and Lisp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .156
4.6. Drawing in Maxima . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 157
4.6.1. Two-dimensional objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .158
4.6.2. Three-dimensional objects . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 166
4.6.3. Animation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .169

4.7. Tasks for self study . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 176

Bibliography 180

Index of Maxima keywords 181

List of listings 185



9

Ïðåäèñëîâèå

Ïîñîáèå ñîñòîèò èç íåñêîëüêèõ ÷àñòåé. Ïåðâàÿ ÷àñòü ñîäåðæèò îïèñàíèå
îñíîâíûõ êîìàíä è ñèíòàêñè÷åñêèõ êîíñòðóêöèé ñèñòåìû êîìïüþòåðíîé
ìàòåìàòèêè Maxima. Âòîðàÿ ÷àñòü áóäåò ïîñâÿùåíà ïðèìåðàì ïðèìåíå-
íèÿ Maxima â ðåøåíèè çàäà÷ ýëåìåíòàðíîé è ëèíåéíîé àëãåáðû, à òàê-
æå àíàëèòè÷åñêîé ãåîìåòðèè. Â òðåòüåé ÷àñòè áóäóò ðàññìîòðåíû çàäà-
÷è ìàòåìàòè÷åñêîãî àíàëèçà, âêëþ÷àÿ îáûêíîâåííûå äèôôåðåíöèàëüíûå
óðàâíåíèÿ.

Ïîñîáèå îðèåíòèðîâàíî íà ñòóäåíòîâ ôàêóëüòåòà ¾Ïðèêëàäíàÿ ìàòå-
ìàòèêà è èíôîðìàöèîííûå òåõíîëîãèè¿ è ïðåäïîëàãàåò ñîîòâåòñòâóþùèé
óðîâåíü ïîäãîòîâêè ïî ìàòåìàòèêå è ïðîãðàììèðîâàíèþ. Â îáëàñòè ìàòå-
ìàòèêè íåîáõîäèìî ñâîáîäíîå âëàäåíèå ìàòåðèàëîì äèñöèïëèí ¾Ëèíåé-
íàÿ àëãåáðà¿ è ¾Ìàòåìàòè÷åñêèé àíàëèç¿. Â îáëàñòè èíôîðìàöèîííûõ
òåõíîëîãèé íåîáõîäèìû îáùèå ïðåäñòàâëåíèÿ î ïðîãðàììíîì êîäå è ðà-
áîòå èíòåðïðåòàòîðà.

Èçâåñòíî, ÷òî íàó÷èòüñÿ ðåøàòü ìàòåìàòè÷åñêèå çàäà÷è ìîæíî òîëü-
êî ðåøàÿ èõ. Ñ äðóãîé ñòîðîíû, äëÿ èçó÷åíèÿ ÿçûêà ïðîãðàììèðîâàíèÿ
íåîáõîäèìî ñàìîñòîÿòåëüíî ïèñàòü ïðîãðàììû. Maxima ñîâìåùàåò â ñåáå
ñðåäñòâî äëÿ ðåøåíèÿ ìàòåìàòè÷åñêèõ çàäà÷ è ÿçûê ïðîãðàììèðîâàíèÿ,
ïîýòîìó ñêàçàííîå âûøå ïðèìåíèìî çäåñü âäâîéíå. Äëÿ ëó÷øåãî ïîíèìà-
íèÿ è óñâîåíèÿ ìàòåðèàëà ïîñîáèÿ ðåêîìåíäóåòñÿ êàê ìèíèìóì ñàìîñòî-
ÿòåëüíî íàáèðàòü è çàïóñêàòü ïðèìåðû èç ëèñòèíãîâ.

Ýëåêòðîííàÿ âåðñèÿ ïîñîáèÿ ñíàáæåíà ãèïåðññûëêàìè è ïðèìåðàìè
àíèìàöèè. Ãèïåðññûëêè âûäåëåíû öâåòîì, íàïðèìåð: îïðåäåëåíèå ôóíê-
öèè sum äàíî íà ñòð. 61, èñïîëüçîâàíèå ôóíêöèè sum ïîêàçàíî â ëèñòè-
ãå 40. Ññûëêè íà ðåñóðñû â Èíòåðíåòå òàêæå àêòèâíû. Äëÿ âîñïðîèçâå-
äåíèÿ àíèìàöèè ðåêîìåíäóåòñÿ èñïîëüçîâàòü Adobe Acrobat Reader.
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1. Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè

Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè (ÑÊÌ) ïðåäíàçíà÷åíû äëÿ îáëåã÷å-
íèÿ ðåøåíèÿ òåõíè÷åñêè ñëîæíûõ ìàòåìàòè÷åñêèõ çàäà÷. Îíè ïîçâîëÿþò
èñïîëüçîâàòü êîìïüþòåð äëÿ ïðîâåäåíèÿ ðóòèííûõ îïåðàöèé: ãðîìîçäêèõ
ñèìâîëüíûõ èëè ÷èñëåííûõ ïðåîáðàçîâàíèé, òðóäîåìêèõ âû÷èñëåíèé, ïå-
ðåáîðà âàðèàíòîâ è ò.ï.

Ïîñêîëüêó ïðîöåññ ðåøåíèÿ òàêîé çàäà÷è äîëæåí áûòü ñòðîãî àëãî-
ðèòìèçîâàí è, òåì ñàìûì, çàäà÷à ôàêòè÷åñêè ñâåäåíà ê àëãåáðàè÷åñêîé,
� òî ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè íàçûâàþò òàêæå ñèñòåìàìè êîì-
ïüþòåðíîé àëãåáðû (CAS � Computer Algebra System).

Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè áûâàþò óíèâåðñàëüíûå è ñïåöè-
àëèçèðîâàííûå. Ïåðâûå ïîçâîëÿþò áîëåå èëè ìåíåå óñïåøíî ðåøàòü çà-
äà÷è âî âñåõ îñíîâíûõ ðàçäåëàõ ìàòåìàòèêè: àëãåáðà, àíàëèç, ãåîìåòðèÿ,
òåîðèÿ âåðîÿòíîñòåé, ÷èñëåííûå ìåòîäû. Âòîðûå � èíîãäà î÷åíü ñèëüíûå
â îäíîì-äâóõ ðàçäåëàõ, îêàçûâàþòñÿ âîâñå áåñïîëåçíûìè â äðóãèõ.

Ê ñîæàëåíèþ, âñå ñèñòåìû ïîêà äàëåêè îò ñîâåðøåíñòâà. Íàïðèìåð,
ðåøåíèå óðàâíåíèÿ 5-é ñòåïåíè

(x− 3)5 + 2(x+ 2)5 = 0

î÷åâèäíî õîðîøåìó øêîëüíèêó. Òåì íå ìåíåå, àâòîðàì íå èçâåñòíà ÑÊÌ,
êîòîðàÿ áû ðåøèëà ýòî óðàâíåíèå. Âïðî÷åì, êâàëèôèöèðîâàííûé ïîëüçî-
âàòåëü ìîæåò ¾ïîäñêàçàòü¿ ñèñòåìå ïóòü ðåøåíèÿ çàäà÷è èëè çàïðîãðàì-
ìèðîâàâ íóæíûé àëãîðèòì, èëè ïðîâåäÿ íåîáõîäèìûå äåéñòâèÿ â èíòåð-
àêòèâíîì ðåæèìå.

Ðåøåíèå ïðîñòåéøèõ çàäà÷ ñ ïîìîùüþ ÑÊÌ íå òðåáóåò îò ïîëüçîâàòå-
ëÿ îñîáîé ìàòåìàòè÷åñêîé êâàëèôèêàöèè. Îäíàêî, â ñåðü¼çíûõ ñëó÷àÿõ,
êîãäà íóæíî ïîäîáðàòü àäåêâàòíûé ìåòîä ðåøåíèÿ, êîãäà â õîäå ðåøåíèÿ
ìîæåò âîçíèêíóòü íåîæèäàííûé ðåçóëüòàò, òðåáóþùèé äîëæíîãî èñòîë-
êîâàíèÿ, � áåç ãëóáîêîãî çíàíèÿ ìàòåìàòèêè íå îáîéòèñü.

1.1. Êîìïüþòåðíàÿ ìàòåìàòèêà

Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè ïðåäîñòàâëÿþò èññëåäîâàòåëþ äâå
êàòåãîðèè ìåòîäîâ: ñèìâîëüíûå è ÷èñëåííûå.

Ïîä ñèìâîëüíûìè ìåòîäàìè ïîíèìàåòñÿ óìåíèå ñèñòåìû ðàáîòàòü ñ
ðàçëè÷íûìè ìàòåìàòè÷åñêèìè îáúåêòàìè è âûðàæåíèÿìè, èñïîëüçóÿ èõ
ñâîéñòâà è íå ïîäìåíÿÿ èõ áåç óêàçàíèÿ ïîëüçîâàòåëÿ íà êàêèå-ëèáî óïðî-
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ùåíèÿ. Ïðè ýòîì â ñèñòåìå äîëæíû áûòü ðåàëèçîâàíû íåîáõîäèìûå àë-
ãîðèòìû ïðåîáðàçîâàíèÿ è ïðîâåðêè òîæäåñòâåííîñòè îáúåêòîâ.

Ðàññìîòðèì íåñêîëüêî ïðèìåðîâ òàêèõ ìàòåìàòè÷åñêèõ îáúåêòîâ è
äåéñòâèé, êîòîðûå ìîæíî ïðîâîäèòü â ÑÊÌ.

Öåëûå è ðàöèîíàëüíûå ÷èñëà. Ìîæíî ïðîâîäèòü àðèôìåòè÷åñêèå äåé-
ñòâèÿ ñ öåëûìè ÷èñëàìè è îáûêíîâåííûìè äðîáÿìè, íå âûïîëíÿÿ íèêà-
êèõ îêðóãëåíèé. Ïðè ýòîì ðåçóëüòàòû âû÷èñëåíèé îêàçûâàþòñÿ àáñîëþò-
íî òî÷íûìè. Âåëè÷èíà öåëûõ ÷èñåë, ñ êîòîðûìè ñèñòåìà ìîæåò ðàáîòàòü,
îãðàíè÷åíà ëèøü âîçìîæíîñòÿìè êîìïüþòåðà è îïåðàöèîííîé ñèñòåìû.

Ðàöèîíàëüíîå âûðàæåíèå. Ìîæíî ïîðó÷èòü ñèñòåìå åãî óïðîñòèòü,
ïðèâåñòè ê îáùåìó çíàìåíàòåëþ, ðàçëîæèòü íà ìíîæèòåëè èëè íà ïðî-
ñòåéøèå äðîáè. Ëþáîå âûðàæåíèå, ñîäåðæàùåå èððàöèîíàëüíîñòè è ïå-
ðåìåííûå, ðàññìàòðèâàåòñÿ ñèñòåìîé â ïåðâóþ î÷åðåäü êàê ðàöèîíàëüíîå
îòíîñèòåëüíî íåêîòîðûõ èñêóññòâåííûõ ïåðåìåííûõ. Íàïðèìåð, âûðàæå-

íèå y =

√
3 lnx− 5 sin2 x

arctg 2 + ln2 x
ÿâëÿåòñÿ ðàöèîíàëüíûì îòíîñèòåëüíî ïåðåìåí-

íûõ: t1 =
√

3, t2 = sinx, t3 = lnx, t4 = arctg 2; èìååì y =
t1t3 − 5t22
t4 + t23

.

Èððàöèîíàëüíûå ÷èñëà è âûðàæåíèÿ. Ñèñòåìà ðàáîòàåò ñ èððàöèî-
íàëüíûìè ÷èñëàìè

√
2, sin 3, arctg 4, ln 5 è ò.ï. òàêæå êàê ñ ïåðåìåííûìè

a, b, c è ò.ï. Ðàçíèöà ìåæäó a =
√

2 è íåîïðåäåëåííîé ïåðåìåííîé a ñîñòî-
èò â òîì, ÷òî â ïåðâîì ñëó÷àå a2 = 2. Ïðè ýòîì òî÷íàÿ ôîðìà ÷èñëà

√
2

è åãî ïðèáëèæ¼ííîå çíà÷åíèå 1.4142 � íå îäíî è òî æå. Ìîæíî âûïîë-
íÿòü àðèôìåòè÷åñêèå îïåðàöèè è ¾âû÷èñëÿòü¿ ýëåìåíòàðíûå ôóíêöèè
îò âûðàæåíèé, ñîäåðæàùèõ èððàöèîíàëüíîñòè. Ñèñòåìà óìååò ïðåîáðà-
çîâûâàòü âûðàæåíèÿ ñ îñíîâíûìè ýëåìåíòàðíûìè ôóíêöèÿìè è ïîíèìà-
åò, íàïðèìåð, ÷òî 5

√
2
√

6 = 10
√

3 è ln(e5) = 5. Ïðè ýòîì âñåãäà ìîæíî
ïîðó÷èòü ÑÊÌ âû÷èñëèòü ïðèáëèæ¼ííîå çíà÷åíèå âûðàæåíèÿ ñ èððàöè-
îíàëüíîñòÿìè è âûäàòü ðåçóëüòàò â âèäå êîíå÷íîé äåñÿòè÷íîé äðîáè.

Âûðàæåíèÿ è ôóíêöèè. Â ñèñòåìå ìîæíî ðàáîòàòü ñ âûðàæåíèÿìè,
ñîäåðæàùèìè íåîïðåäåëåííóþ ïåðåìåííóþ, à ìîæíî çàäàâàòü ïîëüçîâà-
òåëüñêèå ôóíêöèè. Õîòÿ ñèíòàêñè÷åñêè ýòî íå îäíî è òîæå, íî ïðèíöèï
ðàáîòû îäèíàêîâ: â ëþáîì ñëó÷àå îáðàáàòûâàåòñÿ ñèìâîëüíîå âûðàæåíèå,
à íå ìàññèâ ÷èñëîâûõ çíà÷åíèé. Ðå÷ü ìîæåò èäòè î âñåâîçìîæíûõ ïîä-
ñòàíîâêàõ è çàìåíàõ ïåðåìåííûõ, îá îïåðàöèÿõ ìàòåìàòè÷åñêîãî àíàëèçà
(ïðåäåë, ïðîèçâîäíàÿ, èíòåãðàë), ëèáî î áîëåå ñëîæíûõ è èçîùðåííûõ
ïðîöåäóðàõ.

Ñ ïîìîùüþ ñèìâîëüíûõ ìåòîäîâ ìîæíî èñêàòü òî÷íûå ðåøåíèÿ çàäà-
÷è, à ìîæíî � òî÷íî íàõîäèòü ïðèáëèæåíèÿ ê ðåøåíèþ çàäà÷è. Íàïðè-
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ìåð, ïðèáëèæåííîå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ìîæåò áûòü
ïîëó÷åíî â âèäå ÷àñòè÷íîé ñóììû áåñêîíå÷íîãî ðÿäà, ïðè ýòîì äëÿ êàæ-
äîãî ÷ëåíà ðÿäà ìîæåò áûòü íàéäåíî òî÷íîå âûðàæåíèå.

×èñëåííûå ìåòîäû îïåðèðóþò íå ìàòåìàòè÷åñêèìè âûðàæåíèÿìè è
îáúåêòàìè, à èõ ÷èñëîâûìè çíà÷åíèÿìè. Òàêèì îáðàçîì, äëÿ ïðèìåíåíèÿ
÷èñëåííûõ ìåòîäîâ ê ôóíêöèè f : X → Y íåîáõîäèìî ëèøü çàäàòü ìàññèâ
å¼ çíà÷åíèé yi = f(xi). Çäåñü îòñóòñòâóþò àëãîðèòìû ïðåîáðàçîâàíèÿ
âûðàæåíèé, ïîýòîìó ÷èñëåííûå ìåòîäû ïðîùå ñèìâîëüíûõ.

Â ÷èñëåííûõ àëãîðèòìàõ èñïîëüçóþòñÿ ÷èñëà ñ ïëàâàþùåé òî÷êîé,
ïîýòîìó òî÷íî ìîãóò áûòü ïðåäñòàâëåíû ëèøü ðàöèîíàëüíûå ÷èñëà, ñâî-
äÿùèåñÿ ê êîíå÷íûì äâîè÷íûì äðîáÿì. Íàïðèìåð, îïåðàöèÿ ïðèñâîåíèÿ
0.2→ x áóäåò âûïîëíåíà ïðèáëèæåííî, âåäü ÷èñëî 0.2 íå ïðåäñòàâèìî êî-
íå÷íîé äâîè÷íîé äðîáüþ. ×èñëåííûå ìåòîäû âñåãäà ïðèáëèæåííûå, ïî-
ñêîëüêó äàæå ïðè èñïîëüçîâàíèè àëãîðèòìà, äàþùåãî òî÷íîå ðåøåíèå, â
ïðîöåññå åãî ïðèìåíåíèÿ ïîÿâÿòñÿ îøèáêè îêðóãëåíèÿ. Ïîýòîìó èõ öåëå-
ñîîáðàçíî èñïîëüçîâàòü òîëüêî ïðè ðåøåíèè çàäà÷, äëÿ êîòîðûõ èëè íå
ñóùåñòâóåò ñèìâîëüíûõ ìåòîäîâ âîîáùå èëè òàêîâûå â íàñòîÿùåå âðåìÿ
íå èçâåñòíû èëè èçâåñòíûå àëãîðèòìû íåäîïóñòèìî òðóäî¼ìêèå. Ëèøü â
ýòèõ ñëó÷àÿõ ìîæíî ìèðèòüñÿ ñ íåäîñòàòêàìè ÷èñëåííûõ ìåòîäîâ.

Ìîæíî ïðåäëîæèòü ñëåäóþùóþ êëàññèôèêàöèþ çàäà÷, êîòîðûå ìîãóò
áûòü ïîñòàâëåíû ïåðåä ÑÊÌ.

1. Çàäà÷à, ðåøàåìàÿ ôîðìàëüíî ïî èçâåñòíîìó àëãîðèòìó. Íàïðèìåð:

• ðåøåíèå êâàäðàòíîãî óðàâíåíèÿ,
• ðåøåíèå ñèñòåìû ëèíåéíûõ óðàâíåíèé ìåòîäîì Ãàóññà,

• âû÷èñëåíèå ïðîèçâîäíîé ýëåìåíòàðíîé ôóíêöèè,
• ñòàòèñòè÷åñêèå âû÷èñëåíèÿ.

2. Çàäà÷à, äëÿ ðåøåíèÿ êîòîðîé íå èçâåñòíî àëãîðèòìà, ëèáî îí ñèëüíî
ðàçâåòâëåí. Íàïðèìåð:

• ðåøåíèå óðàâíåíèÿ 5-é ñòåïåíè,
• ðåøåíèå èððàöèîíàëüíîãî óðàâíåíèÿ,
• âû÷èñëåíèå ïðåäåëà,
• âû÷èñëåíèå èíòåãðàëà îò ýëåìåíòàðíîé ôóíêöèè,
• ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ I-ãî ïîðÿäêà.

3. Çàäà÷à, íå èìåþùàÿ ñèìâîëüíîãî ðåøåíèÿ. Íàïðèìåð:



1. Ñèñòåìû êîìïüþòåðíîé ìàòåìàòèêè 13

• êîðíè óðàâíåíèÿ x5−9x−3 = 0 íå âûðàæàþòñÿ ÷åðåç ðàäèêàëû,

• èíòåãðàë
∫
e−x

2

dx íå âû÷èñëÿåòñÿ â ýëåìåíòàðíûõ ôóíêöèÿõ,

• äèôôåðåíöèàëüíîå óðàâíåíèå y′ = y2 + x2 íå ðåøàåòñÿ â êâàä-
ðàòóðàõ.

Â 1-ì èëè 2-ì ñëó÷àå ÑÊÌ ðåøèò çàäà÷ó, åñëè â íåé çàïðîãðàììèðîâàí
ñîîòâåòñòâóþùèé àëãîðèòì èëè íåîáõîäèìàÿ âåòêà îáùåãî àëãîðèòìà. Â
õîðîøèõ ÑÊÌ ðåàëèçîâàíû àëãîðèòìû äëÿ ðåøåíèÿ áîëüøèíñòâà ñàìûõ
ðàñïðîñòðàíåííûõ çàäà÷.

Â 3-ì ñëó÷àå ÑÊÌ ñìîæåò ðåøèòü çàäà÷ó äîñòóïíûìè åé ïðèáëè-
æåííûìè ìåòîäàìè (àñèìïòîòè÷åñêèìè èëè ÷èñëåííûìè). Âûáîð ìåòî-
äà, ñêîðåå âñåãî, îñòàíåòñÿ çà ïîëüçîâàòåëåì, äëÿ ýòîãî åìó ïîíàäîáèòñÿ
ìàòåìàòè÷åñêàÿ ïîäãîòîâêà.

1.2. Îáçîð èçâåñòíûõ ÑÊÌ

Íèæå ïåðå÷èñëåíû â îñíîâíîì ñàìûå èçâåñòíûå è ìíîãîôóíêöèîíàëüíûå
ÑÊÌ. Âìåñòå ñ ýòèì äëÿ ðåøåíèÿ áîëåå óçêèõ çàäà÷ ñóùåñòâóåò íåîáî-
çðèìîå ÷èñëî ñïåöèàëüíûõ ïðîãðàìì. Ññûëêè, à òàêæå èíôîðìàöèþ î
ðàçíîîáðàçíûõ ÑÊÌ ìîæíî íàéòè íà ñòðàíèöàõ ñàéòà
http://www.computeralgebra.nl/.

Äàííàÿ íèæå èíôîðìàöèÿ â îñíîâíîì çàèìñòâîâàíà èç Âèêèïåäèè è
ñ îôèöèàëüíûõ ñàéòîâ ñîîòâåòñòâóþùèõ ïðîãðàìì.

1.2.1. Óíèâåðñàëüíûå ÑÊÌ

Maxima

http://maxima.sourceforge.net/
http://maxima-online.org/

Maxima � ïîòîìîê ñèñòåìû Macsyma, ðàçðàáîòàííîé â íà÷àëå 60-õ â
Ìàññà÷óñåòñêîì òåõíîëîãè÷åñêîì èíñòèòóòå (MIT). Ñ 1982 ïî 2001 ãîä
ðàáîòó íàä Macsyma âåë Óèëüÿì Øåëòåð. Â 1998 ãîäó îí ïîëó÷èë ðàç-
ðåøåíèå íà ïðåîáðàçîâàíèå êîììåð÷åñêîãî ïðîäóêòà Macsyma â ñâîáîä-
íîå ïðîãðàììíîå îáåñïå÷åíèå Maxima (ñóùåñòâóþùåå ïîä ëèöåíçèåé GNU
GPL). Ïîñëå åãî óõîäà â 2001 ãîäó áûëà ñôîðìèðîâàíà ãðóïïà ïîëüçîâàòå-
ëåé è ðàçðàáîò÷èêîâ, ñòàâÿùàÿ ñâîåé öåëüþ äîíåñòè Maxima äî øèðîêîé
àóäèòîðèè.

Axiom

http://axiom-developer.org/

http://www.computeralgebra.nl/
http://maxima.sourceforge.net/
http://maxima-online.org/
http://axiom-developer.org/
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http://www.open-axiom.org/
http://fricas.sourceforge.net/

Axiom � ñâîáîäíàÿ ñèñòåìà êîìïüþòåðíîé àëãåáðû îáùåãî íàçíà÷å-
íèÿ. Ðàçðàáîòêà ñèñòåìû áûëà íà÷àòà â 1971 ãîäó ãðóïïîé èññëåäîâàòå-
ëåé IBM ïîä ðóêîâîäñòâîì Ðè÷àðäà Äæåíêñà. Èçíà÷àëüíî ñèñòåìà íàçû-
âàëàñü Scratchpad. Ïðîåêò ðàçâèâàëñÿ ìåäëåííî è â îñíîâíîì ðàññìàò-
ðèâàëñÿ êàê èññëåäîâàòåëüñêàÿ ïëàòôîðìà äëÿ ðàçðàáîòêè íîâûõ èäåé
â âû÷èñëèòåëüíîé ìàòåìàòèêå. Â 90-õ ñèñòåìà áûëà ïðîäàíà êîìïàíèè
Numerical Algorithms Group (NAG), ïîëó÷èëà íàçâàíèå Axiom è ñòàëà
êîììåð÷åñêèì ïðîäóêòîì. Íî ïî ðÿäó ïðè÷èí ñèñòåìà íå ïîëó÷èëà êîì-
ìåð÷åñêîãî óñïåõà è áûëà îòîçâàíà ñ ðûíêà â îêòÿáðå 2001. NAG ðåøèëà
ñäåëàòü Axiom ñâîáîäíûì ïðîãðàììíûì îáåñïå÷åíèåì è îòêðûëà èñõîä-
íûå êîäû ïîä ìîäèôèöèðîâàííîé ëèöåíçèåé BSD. Â 2007 ó Axiom ïîÿâè-
ëèñü äâà îòâåòâëåíèÿ ñ îòêðûòûì èñõîäíûì êîäîì: OpenAxiom è FriCAS.

Reduce

http://reduce-algebra.com/
Reduce � ñâîáîäíàÿ ñèñòåìà äëÿ èíæåíåðíûõ è íàó÷íûõ àëãåáðàè-

÷åñêèõ âû÷èñëåíèé. Îíà áûëà ñîçäàíà ñîâìåñòíûìè óñèëèÿìè ìíîãèõ
ó÷àñòíèêîâ. Ê îñíîâíûì âîçìîæíîñòÿì ñèñòåìû îòíîñÿòñÿ: ïðåîáðàçî-
âàíèÿ ìíîãî÷ëåíîâ è ðàöèîíàëüíûõ ôóíêöèé, ïîèñê è çàìåíà â âûðàæå-
íèÿõ, àâòîìàòè÷åñêîå è íàñòðàèâàåìîå óïðîùåíèå âûðàæåíèé, ìàòðè÷-
íûå âû÷èñëåíèÿ, öåëûå ÷èñëà è ÷èñëà ñ ïëàâàþùåé òî÷êîé ïðîèçâîëüíîé
òî÷íîñòè, îïåðàöèè ñ ïîëüçîâàòåëüñêèìè ôóíêöèÿìè, ñèìâîëüíîå äèô-
ôåðåíöèðîâàíèå è èíòåãðèðîâàíèå, ðåøåíèå àëãåáðàè÷åñêèõ óðàâíåíèé.

Yacas

http://yacas.sourceforge.net/
Yacas (Yet Another Computer Algebra System) � ñâîáîäíàÿ ñèñòåìà

êîìïüþòåðíîé àëãåáðû îáùåãî íàçíà÷åíèÿ. Íàñêîëüêî èçâåñòíî àâòîðàì
äàííîãî ïîñîáèÿ, ýòî åäèíñòâåííàÿ ñåðüåçíàÿ ÑÊÌ, ðåàëèçîâàííàÿ â âè-
äå java-àïïëåòà è ïîýòîìó äîïóñêàþùàÿ âñòðàèâàíèå â web-ñòðàíèöó. Ê
ñîæàëåíèþ, ïðîåêò íå ïîääåðæèâàåòñÿ ñ íîÿáðÿ 2009.

Maple

http://www.maplesoft.com/products/Maple/
Maple � ïëàòíàÿ ñèñòåìà. ßâëÿåòñÿ ïðîäóêòîì êîìïàíèè Waterloo

Maple Inc., êîòîðàÿ ñ 1984 ãîäà âûïóñêàåò ïðîãðàììíûå ïðîäóêòû, îðè-
åíòèðîâàííûå íà ñëîæíûå ìàòåìàòè÷åñêèå âû÷èñëåíèÿ, âèçóàëèçàöèþ
äàííûõ è ìîäåëèðîâàíèå. Ñèñòåìà Maple ïðåäíàçíà÷åíà äëÿ ñèìâîëüíûõ

http://www.open-axiom.org/
http://fricas.sourceforge.net/
http://reduce-algebra.com/
http://yacas.sourceforge.net/
http://www.maplesoft.com/products/Maple/
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âû÷èñëåíèé, õîòÿ èìååò ðÿä ñðåäñòâ è äëÿ ÷èñëåííîãî ðåøåíèÿ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé è íàõîæäåíèÿ èíòåãðàëîâ. Îáëàäàåò ðàçâèòûìè
ãðàôè÷åñêèìè ñðåäñòâàìè.

Mathematica

http://www.wolfram.com/mathematica/
Mathematica � ïëàòíàÿ ñèñòåìà êîìïüþòåðíîé àëãåáðû êîìïàíèèWol-

fram Research. Ñîäåðæèò ìíîæåñòâî ôóíêöèé êàê äëÿ ñèìâîëüíûõ ïðå-
îáðàçîâàíèé, òàê è äëÿ ÷èñëåííûõ ðàñ÷¼òîâ. Êðîìå ýòîãî, ïðîãðàììà
ïîääåðæèâàåò ðàáîòó ñ ãðàôèêîé è çâóêîì, âêëþ÷àÿ ïîñòðîåíèå äâóõ-
è òð¼õìåðíûõ ãðàôèêîâ ôóíêöèé, ðèñîâàíèå ïðîèçâîëüíûõ ãåîìåòðè÷å-
ñêèõ ôèãóð, èìïîðò è ýêñïîðò èçîáðàæåíèé è çâóêà.

Scienti�c WorkPlace

http://www.mackichan.com/
Scienti�c WorkPlace � ïëàòíûé ïàêåò äëÿ íàáîðà íàó÷íûõ òåêñòîâ.

Ïðåäñòàâëÿåò ñîáîé âèçóàëüíûé òåêñòîâûé ïðîöåññîð, áàçèðóþùèéñÿ íà
ñèñòåìå LATEX, ñî âñòðîåííîé ñèñòåìîé êîìïüþòåðíîé àëãåáðû (èñïîëüçó-
åò ñèìâîëüíîå ÿäðî Maple èëè MuPad). Ïîçâîëÿåò íàáèðàòü â âèçóàëüíîì
ðåæèìå ìàòåìàòè÷åñêèå òåêñòû ñ ôîðìóëàìè, ïðîâîäèòü íåñëîæíûå ñèì-
âîëüíûå ïðåîáðàçîâàíèÿ è ñòðîèòü ãðàôèêè â åäèíîé ðàáî÷åé îáëàñòè.
Èñïîëüçîâàëñÿ â ó÷åáíîì ïðîöåññå íåêîòîðûìè ïðåïîäàâàòåëÿìè êàôåä-
ðû ¾Ìàòåìàòèêà¿ Ôèíàíñîâîãî óíèâåðñèòåòà1.

Ñâîáîäíî-ðàñïðîñòðàíÿåìûé àíàëîã: LyX (http://www.lyx.org/)

1.2.2. Àëãåáðà

GAP

http://www.gap-system.org/
GAP (Groups, Algorithms, Programming) � ñâîáîäíî ðàñïðîñòðàíÿå-

ìàÿ íà óñëîâèÿõ ëèöåíçèè GNU GPL êðîññïëàòôîðìåííàÿ ñèñòåìà êîì-
ïüþòåðíîé àëãåáðû äëÿ âû÷èñëèòåëüíîé äèñêðåòíîé àëãåáðû ñ îñîáûì
âíèìàíèåì ê âû÷èñëèòåëüíîé òåîðèè ãðóïï. Ñîâìåñòíàÿ ðàçðàáîòêà óíè-
âåðñèòåòîâ Ñåíò-Ýíäðþñ (Øîòëàíäèÿ), Àõåí (ñ 1986), Áðàóíøâåéã (Ãåð-
ìàíèÿ) è óíèâåðñèòåòà øòàòà Êîëîðàäî (ÑØÀ).

Magma

http://magma.maths.usyd.edu.au/magma/

1Áàáàéöåâ Â.À.Ìàòåðèàëû ê ñïåöêóðñó ¾Êîìïüþòåðíàÿ ìàòåìàòèêà¿, Ìîñêâà, ÔÀ,

2001.

http://www.wolfram.com/mathematica/
http://www.mackichan.com/
http://www.lyx.org/
http://www.gap-system.org/
http://magma.maths.usyd.edu.au/magma/
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Magma � ïëàòíûé ïðîãðàììíûé ïðîäóêò, ðàçðàáîòàííûé äëÿ âû÷èñ-
ëåíèé â àëãåáðå, òåîðèè ÷èñåë, àëãåáðàè÷åñêîé ãåîìåòðèè è àëãåáðàè÷å-
ñêîé êîìáèíàòîðèêå. Magma ïðåäîñòàâëÿåò ìàòåìàòè÷åñêè ñòðîãóþ ñðå-
äó äëÿ ðàáîòû ñ òàêèìè ñòðóêòóðàìè êàê ãðóïïû, êîëüöà, ïîëÿ, ìîäóëè,
àëãåáðû, ñõåìû, êðèâûå, ãðàôû è ìíîãèìè äðóãèìè. Magma ðàçðàáàòû-
âàåòñÿ Computational Algebra Group Óíèâåðñèòåòà Ñèäíåÿ.

1.2.3. Òåîðèÿ âåðîÿòíîñòåé

R

http://www.r-project.org/
R � ÿçûê ïðîãðàììèðîâàíèÿ äëÿ ñòàòèñòè÷åñêîé îáðàáîòêè äàííûõ

è ðàáîòû ñ ãðàôèêîé, à òàêæå ñâîáîäíàÿ ïðîãðàììíàÿ ñðåäà âû÷èñëåíèé
ñ îòêðûòûì èñõîäíûì êîäîì â ðàìêàõ ïðîåêòà GNU. ßçûê ñîçäàâàëñÿ
êàê àíàëîãè÷íûé ÿçûêó S, ðàçðàáîòàííîìó â Bell Labs è ÿâëÿåòñÿ åãî
àëüòåðíàòèâíîé ðåàëèçàöèåé. Èçíà÷àëüíî R áûë ðàçðàáîòàí ñîòðóäíèêà-
ìè ñòàòèñòè÷åñêîãî ôàêóëüòåòà Îêëåíäñêîãî óíèâåðñèòåòà Ðîññîì Àéõ-
ýêîé è Ðîáåðòîì Äæåíòëìåíîì (ïåðâàÿ áóêâà èõ èì¼í � R), íà ìîìåíò
2011 ãîäà ÿçûê è ñðåäà ïîääåðæèâàþòñÿ è ðàçâèâàþòñÿ îðãàíèçàöèåé R
Foundation.

Statistica

http://www.statsoft.com/
Statistica � ïëàòíûé ïàêåò äëÿ âñåñòîðîííåãî ñòàòèñòè÷åñêîãî àíàëè-

çà, ðàçðàáîòàííûé êîìïàíèåé StatSoft. Â ïàêåòå Statistica ðåàëèçîâàíû
ïðîöåäóðû äëÿ àíàëèçà äàííûõ, óïðàâëåíèÿ äàííûìè, ïîëó÷åíèÿ äàí-
íûõ è âèçóàëèçàöèè äàííûõ. Ïàêåò Statistica èìååò ìîäóëüíóþ ñòðóêòóðó.
Êàæäûé ìîäóëü ñîäåðæèò óíèêàëüíûå ïðîöåäóðû è ìåòîäû.

MatCalc

http://www.matcalc.ru/
MatCalc � ðàçðàáîòàííûé ñîòðóäíèêîì êàôåäðû òåîðèè âåðîÿòíîñòåé

Ôèíàíñîâîãî óíèâåðñèòåòà ïðîôåññîðîì À.Â. Áðàèëîâûì èíòåðïðåòàòîð
ÿçûêà ìàòðè÷íûõ âû÷èñëåíèé, ñîäåðæàùèé âñòðîåííóþ áèáëèîòåêó ñòà-
òèñòè÷åñêèõ ôóíêöèé. Ïðèìåíÿåòñÿ â ó÷åáíîì ïðîöåññå2 ïðè âûïîëíåíèè
ëàáîðàòîðíûõ è êóðñîâûõ ðàáîò. Ðàñïðîñòðàíÿåòñÿ ñâîáîäíî.

2Áðàèëîâ À.Â. Îïûò ïðèìåíåíèÿ ¾Ìàòðè÷íîãî êàëüêóëÿòîðà¿ íà ïðàêòè÷åñêèõ çà-

íÿòèÿõ ïî ìàòåìàòè÷åñêîé ñòàòèñòèêå. Â ñá. Êîìïåòåíòíîñòíûé ïîäõîä â âûñøåì îáðà-

çîâàíèè: ìàòåðèàëû ìåæâóçîâñêîé ìåòîäè÷åñêîé êîíôåðåíöèè (Ìîñêâà, äåêàáðü 2009

ã.).� Ì.: Àëüôà-Ì, 2010. ñ. 81-85.

http://www.r-project.org/
http://www.statsoft.com/
http://www.matcalc.ru/
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1.2.4. ×èñëåííûå ìåòîäû

Octave

http://www.gnu.org/software/octave/
Octave � ñâîáîäíàÿ ñèñòåìà äëÿ ìàòåìàòè÷åñêèõ âû÷èñëåíèé, èñïîëü-

çóþùàÿ ñîâìåñòèìûé ñ MatLab ÿçûê âûñîêîãî óðîâíÿ. Octave ïðåäñòàâ-
ëÿåò èíòåðàêòèâíûé êîìàíäíûé èíòåðôåéñ äëÿ ðåøåíèÿ ëèíåéíûõ è íåëè-
íåéíûõ ìàòåìàòè÷åñêèõ çàäà÷, à òàêæå ïðîâåäåíèÿ äðóãèõ ÷èñëåííûõ
ýêñïåðèìåíòîâ. ßçûê Octave îïåðèðóåò àðèôìåòèêîé âåùåñòâåííûõ è êîì-
ïëåêñíûõ ÷èñåë è ìàòðèö, èìååò ðàñøèðåíèÿ äëÿ ðåøåíèÿ çàäà÷ ëèíåéíîé
àëãåáðû, íàõîæäåíèÿ êîðíåé ñèñòåì íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíå-
íèé, ðàáîòû ñ ïîëèíîìàìè, ðåøåíèÿ ðàçëè÷íûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, èíòåãðèðîâàíèÿ ñèñòåì äèôôåðåíöèàëüíûõ è äèôôåðåíöèàëüíî-
àëãåáðàè÷åñêèõ óðàâíåíèé ïåðâîãî ïîðÿäêà, èíòåãðèðîâàíèÿ ôóíêöèé íà
êîíå÷íûõ è áåñêîíå÷íûõ èíòåðâàëàõ.

SciLab

http://www.scilab.org/
Scilab � ñâîáîäíûé ïàêåò ïðèêëàäíûõ ìàòåìàòè÷åñêèõ ïðîãðàìì, ïðå-

äîñòàâëÿþùèé ìîùíîå îòêðûòîå îêðóæåíèå äëÿ èíæåíåðíûõ è íàó÷íûõ
ðàñ÷¼òîâ. Ñ 1994 ãîäà ðàñïðîñòðàíÿåòñÿ âìåñòå ñ èñõîäíûì êîäîì ÷åðåç
Èíòåðíåò. Â 2003 ãîäó äëÿ ïîääåðæêè Scilab áûë ñîçäàí êîíñîðöèóì Scilab
Consortium. Ñåé÷àñ â íåãî âõîäÿò 25 ó÷àñòíèêîâ, â òîì ÷èñëå Mandriva,
INRIA è ENPC (Ôðàíöèÿ). Scilab ñîäåðæèò ñîòíè ìàòåìàòè÷åñêèõ ôóíê-
öèé, è åñòü âîçìîæíîñòü äîáàâëåíèÿ íîâûõ, íàïèñàííûõ íà ðàçëè÷íûõ
ÿçûêàõ (C, C++, Fortran è ò.ä.). Òàêæå èìåþòñÿ ðàçíîîáðàçíûå ñòðóêòó-
ðû äàííûõ (ñïèñêè, ïîëèíîìû, ðàöèîíàëüíûå ôóíêöèè, ëèíåéíûå ñèñòå-
ìû), èíòåðïðåòàòîð è ÿçûê âûñîêîãî óðîâíÿ.

Matlab

http://www.mathworks.com/products/matlab/
MatLab (Matrix Laboratory) � ïëàòíûé ïàêåò ïðèêëàäíûõ ïðîãðàìì

äëÿ ðåøåíèÿ çàäà÷ òåõíè÷åñêèõ âû÷èñëåíèé è îäíîèì¼ííûé ÿçûê ïðî-
ãðàììèðîâàíèÿ, èñïîëüçóåìûé â ýòîì ïàêåòå. MatLab êàê ÿçûê ïðîãðàì-
ìèðîâàíèÿ áûë ðàçðàáîòàí Êëèâîì Ìîóëåðîì â êîíöå 1970-õ ãîäîâ. Èí-
æåíåð Äæîí Ëèòòë ïîçíàêîìèëñÿ ñ ýòèì ÿçûêîì âî âðåìÿ âèçèòà Êëèâà
Ìîóëåðà â Ñòýíôîðäñêèé óíèâåðñèòåò â 1983 ãîäó. Ïîíÿâ, ÷òî íîâûé ÿçûê
îáëàäàåò áîëüøèì êîììåð÷åñêèì ïîòåíöèàëîì, îí îáúåäèíèëñÿ ñ Êëèâîì
Ìîóëåðîì è Ñòèâîì Áàíãåðòîì. Ñîâìåñòíûìè óñèëèÿìè îíè ïåðåïèñàëè
MatLab íà C (èçíà÷àëüíî êîä áûë íà Ôîðòðàíå) è îñíîâàëè â 1984 êîìïà-

http://www.gnu.org/software/octave/
http://www.scilab.org/
http://www.mathworks.com/products/matlab/
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íèþ The MathWorks äëÿ äàëüíåéøåãî ðàçâèòèÿ. Ïåðâîíà÷àëüíî MatLab
ïðåäíàçíà÷àëñÿ äëÿ ïðîåêòèðîâàíèÿ ñèñòåì óïðàâëåíèÿ (îñíîâíàÿ ñïå-
öèàëüíîñòü Äæîíà Ëèòòëà), íî áûñòðî çàâîåâàë ïîïóëÿðíîñòü âî ìíîãèõ
äðóãèõ íàó÷íûõ è èíæåíåðíûõ îáëàñòÿõ.

MathCad

http://www.ptc.com/product/mathcad/
MathCad � ïëàòíàÿ ñèñòåìà êîìïüþòåðíîé àëãåáðû èç êëàññà ñèñòåì

àâòîìàòèçèðîâàííîãî ïðîåêòèðîâàíèÿ, îðèåíòèðîâàííàÿ íà ïîäãîòîâêó
èíòåðàêòèâíûõ äîêóìåíòîâ ñ âû÷èñëåíèÿìè è âèçóàëüíûì ñîïðîâîæäå-
íèåì. Mathcad áûë çàäóìàí è ïåðâîíà÷àëüíî íàïèñàí Àëëåíîì Ðàçäîâîì
èç Ìàññà÷óñåòñêîãî òåõíîëîãè÷åñêîãî èíñòèòóòà. Mathcad èìååò ïðîñòîé
è èíòóèòèâíûé äëÿ èñïîëüçîâàíèÿ èíòåðôåéñ ïîëüçîâàòåëÿ. Äëÿ ââîäà
ôîðìóë è äàííûõ ìîæíî èñïîëüçîâàòü êàê êëàâèàòóðó, òàê è ñïåöèàëü-
íûå ïàíåëè èíñòðóìåíòîâ. Ðàáîòà îñóùåñòâëÿåòñÿ â ïðåäåëàõ ðàáî÷åãî
ëèñòà, íà êîòîðîì óðàâíåíèÿ è âûðàæåíèÿ îòîáðàæàþòñÿ ãðàôè÷åñêè, â
ïðîòèâîâåñ òåêñòîâîé çàïèñè â ÿçûêàõ ïðîãðàììèðîâàíèÿ. Ñèìâîëüíûå
âû÷èñëåíèÿ â Mathcad îñíîâàíû íà ïîäìíîæåñòâå ñèñòåìû êîìïüþòåð-
íîé àëãåáðû Maple.

1.2.5. Áèáëèîòåêè äëÿ C

GiNaC

http://www.ginac.de/
GiNaC (GiNaC is Not a CAS) � ýòî ñâîáîäíàÿ C++ áèáëèîòåêà, ïîçâî-

ëÿþùàÿ ñîçäàâàòü ìàòåìàòè÷åñêèå ïðîãðàììû, èñïîëüçóþùèå ñèìâîëü-
íûå ïðåîáðàçîâàíèÿ. Ðàñïðîñòðàíÿåòñÿ ïî ëèöåíçèè GPL. Â ïàêåò âêëþ-
÷åíà ïðîãðàììà Ginsh, ÿâëÿþùàÿñÿ ïðèìåðîì CAS, ïîñòðîåííîé íà Ginac.
Áèáëèîòåêà áûëà ñïåöèàëüíî ðàçðàáîòàíà, ÷òîáû ñëóæèòü çàìåíîé äâèæ-
êó Xloops, äî ñèõ ïîð ïîääåðæèâàåìîìó Maple. Â îòëè÷èå îò îñòàëüíûõ
CAS, Ginac íå ïðåäîñòàâëÿåò âîçìîæíîñòåé ñèìâîëüíûõ ïðåîáðàçîâàíèé
è ïðîñòîé ÿçûê ïðîãðàììèðîâàíèÿ, à ðàñøèðÿåò èìåþùèéñÿ ÿçûê (C++),
ñíàáæàÿ åãî íîâûìè êëàññàìè è ôóíêöèÿìè äëÿ àëãåáðàè÷åñêèõ âû÷èñ-
ëåíèé.

GMP

http://gmplib.org/
GNUMP � ýòî ñâîáîäíàÿ áèáëèîòåêà, íàïèñàííàÿ íà C, ïðåäíàçíà÷åí-

íàÿ äëÿ ðàáîòû ñ öåëûìè ïðîèçâîëüíîãî ðàçìåðà, òî÷íûìè ðàöèîíàëü-
íûìè ÷èñëàìè è ÷èñëàìè ñ ïëàâàþùåé òî÷êîé ïðîèçâîëüíîé òî÷íîñòè.

http://www.ptc.com/product/mathcad/
http://www.ginac.de/
http://gmplib.org/
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Êîððåêòíî îáðàáàòûâàåò ÷èñëà, ñîäåðæàùèå îò ñîòåí äî ìèëëèîíîâ çíà-
êîâ, âûáèðàåò äëÿ êàæäîãî ñëó÷àÿ ïîäõîäÿùèé àëãîðèòì.

1.3. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

1.1 Èìååòñÿ êâàäðàòíîå óðàâíåíèå ñ öåëûìè êîýôôèöèåíòàìè. Íàïè-
øèòå åãî ñèìâîëüíîå ðåøåíèå. Ïðåäëîæèòå êàêîé-ëèáî ÷èñëåííûé àëãî-
ðèòì äëÿ ïðèáëèæåííîãî ðåøåíèÿ êâàäðàòíîãî óðàâíåíèÿ íà ìàøèíå,
óìåþùåé ïðîèçâîäèòü àðèôìåòè÷åñêèå äåéñòâèÿ, íî íå óìåþùåé èçâëå-
êàòü êîðåíü.

1.2 Ïóñòü f(x) íåïðåðûâíà íà îòðåçêå [a, b]. Íàïèøèòå àëãîðèòì ïðè-
áëèæåííîãî ðåøåíèÿ óðàâíåíèÿ f(x) = 0 íà îòðåçêå [a, b] ìåòîäîì äåëå-
íèÿ îòðåçêà ïîïîëàì.

1.3 Èìååòñÿ ñèñòåìà ëèíåéíûõ óðàâíåíèé ñ öåëûìè êîýôôèöèåíòàìè.
Íàïèøèòå àëãîðèòì òî÷íîãî ðåøåíèÿ ýòîé ñèñòåìû ìåòîäîì Ãàóññà. Îïå-
ðàöèþ äåëåíèÿ ïðè ýòîì èñïîëüçîâàòü íåëüçÿ, ïîñêîëüêó òîãäà âîçíèê-
íóò ÷èñëà ñ ïëàâàþùåé òî÷êîé è òî÷íîãî ðåøåíèÿ íå ïîëó÷èòñÿ. Ìîæíî
èñïîëüçîâàòü ëèøü ñîêðàùåíèå óðàâíåíèÿ íà îáùèé ìíîæèòåëü âñåõ êî-
ýôôèöèåíòîâ. Ðàöèîíàëüíûå ÷èñëà äîëæíû ïîÿâèòñÿ ëèøü íà ïîñëåäíåì
ýòàïå êàê ðåçóëüòàòû ôîðìàëüíîãî äåëåíèÿ êîýôôèöèåíòîâ óðàâíåíèÿ íà
ðàçðåøàþùèé ýëåìåíò.

1.4 Íàïèøèòå àëãîðèòì âû÷èñëåíèÿ îïðåäåëèòåëÿ ìàòðèöû:

• ðàçëîæåíèåì ïî ñòðîêå (ñòîëáöó);

• ìåòîäîì Ãàóññà.

Êàêîé ìåòîä ïîòðåáóåò ìåíüøåãî ÷èñëà îïåðàöèé?

1.5 Íàïèøèòå àëãîðèòì âû÷èñëåíèÿ ðàíãà ìàòðèöû ìåòîäîì Ãàóññà.

1.6 Òî÷íûì ðåøåíèåì ñèñòåìû óðàâíåíèé 1 1
2

1
3 − 2

3
1
2

1
3

1
4 − 1

4
1
3

1
4

1
5 − 2

15


ÿâëÿåòñÿ x = (−1, 0, 1). Ðåøèòå ýòó ñèñòåìó ìåòîäîì Ãàóññà â ÷èñëàõ ñ
ïëàâàþùåé òî÷êîé, íà êàæäîì øàãå îêðóãëÿÿ ÷èñëî äî 3-ãî çíàêà. Ïîëó-
÷èòñÿ ëè îòâåò ñ òî÷íîñòüþ äî 3-ãî çíàêà? Ïðîâåðüòå, ÷òî îïðåäåëèòåëü
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ìàòðèöû ýòîé ñèñòåìû ∆ = 1
2160 . Èñïîëüçóÿ ôîðìóëû Êðàìåðà, îöåíèòå

òî÷íîñòü âû÷èñëåíèÿ x êîãäà êàæäûé ýëåìåíò ìàòðèöû çàäàí ñ òî÷íî-
ñòüþ 10−3.

1.7 Ïóñòü ~a1, . . . ,~an � áàçèñ åâêëèäîâà ïðîñòðàíñòâà. Íàïèøèòå àëãî-
ðèòì îðòîãîíàëèçàöèè áàçèñà ìåòîäîì Ãðàììà-Øìèäòà.

1.8 Èìååòñÿ êâàäðàòè÷íàÿ ôîðìà îò ïðîèçâîëüíîãî ÷èñëà ïåðåìåííûõ.
Íàïèøèòå àëãîðèòì, ïðèâîäÿùèé êâàäðàòè÷íóþ ôîðìó ê íîðìàëüíîìó
âèäó ìåòîäîì Ëàãðàíæà.

1.9 Íàïèøèòå àëãîðèòì, ðåàëèçóþùèé ¾äåëåíèå â ñòîëáèê¿ îäíîãî ìíî-
ãî÷ëåíà íà äðóãîé (ñ îñòàòêîì).

1.10 Íàïèøèòå àëãîðèòì âû÷èñëåíèÿ íàèáîëüøåãî îáùåãî äåëèòåëÿ
(ÍÎÄ) äâóõ ìíîãî÷ëåíîâ.

1.11 Ìàòåìàòè÷åñêîå âûðàæåíèå â ïîëüñêîé íîòàöèè çàïèñûâàåòñÿ ïî
ñëåäóþùåìó ïðàâèëó: ñíà÷àëà èìÿ ôóíêöèè èëè îïåðàòîðà, çàòåì ñïèñîê
àðãóìåíòîâ (îïåðàíäîâ). Íàïðèìåð, âûðàæåíèå

sin(x+ 5)− 2x

x2 + 7
− 5ex

áóäåò çàïèñàíî â âèäå3

["+",
["/",
["+",[sin,["+",x,5]],["*",-2,x]],
["+",["^",x,2],7]

],
["*",-5,["^",e,x]]

]

Ïîëüñêàÿ íîòàöèÿ (ðàâíî êàê è îáðàòíàÿ ïîëüñêàÿ íîòàöèÿ) óäîáíà äëÿ
âíóòðåííåé ìàøèííîé îáðàáîòêè âûðàæåíèé è èñïîëüçóåòñÿ âî âñåõ ÑÊÌ,
ðåàëèçóþùèõ ñèìâîëüíûå âû÷èñëåíèÿ. Ïîòðåíèðóéòåñü çàïèñûâàòü âû-
ðàæåíèÿ â ïîëüñêîé íîòàöèè.

1.12 (Ïðîäîëæåíèå) Íàïèøèòå àëãîðèòì ñèìâîëüíîãî äèôôåðåíöèðî-
âàíèÿ ýëåìåíòàðíîé ôóíêöèè, çàïèñàííîé â ïîëüñêîé íîòàöèè.

1.13 Ìåòîä Îñòðîãðàäñêîãî ïðèìåíÿåòñÿ ïðè ñèìâîëüíîì èíòåãðèðî-
âàíèè ðàöèîíàëüíîé ôóíêöèè. Îí ñîñòîèò â âûäåëåíèè ðàöèîíàëüíîé ÷à-

3Îòñòóïû è ïåðåíîñû ñòðîê äîáàâëåíû äëÿ óäîáî÷èòàåìîñòè.
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ñòè ïåðâîîáðàçíîé:∫
P (x)

Q(x)
dx =

P1(x)

Q1(x)
+

∫
P2(x)

Q2(x)
dx.

Çäåñü âñå ðàöèîíàëüíûå äðîáè ïðåäïîëàãàþòñÿ ïðàâèëüíûìè, Q1(x) åñòü
íàèáîëüøèé îáùèé äåëèòåëü ìíîãî÷ëåíîâQ(x), Q′(x), à ìíîãî÷ëåíQ2(x) =
Q(x)
Q1(x)

íå èìååò êðàòíûõ êîðíåé. Èçó÷èòå4 ìåòîä Îñòðîãðàäñêîãî.

1.14 Èìååòñÿ ïðàâèëüíàÿ ðàöèîíàëüíàÿ äðîáü

amx
m + . . .+ a1x+ a0

(x− x1)(x− x2) . . . (x− xn)
,

ãäå m < n, à ÷èñëà x1 < x2 < . . . < xn ïîïàðíî ðàçëè÷íû. Íàïèøèòå
àëãîðèòì ðàçëîæåíèÿ òàêîé äðîáè â ñóììó ïðîñòåéøèõ äðîáåé.

1.15 Ïóñòü R(u, v) � ðàöèîíàëüíàÿ ôóíêöèÿ. Íàïèøèòå àëãîðèòì ñâå-
äåíèÿ èíòåãðàëà

∫
R(sinx, cosx) dx ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíê-

öèè
∫
Q(t) dt.

1.16 Ïóñòü R(u, v) � ðàöèîíàëüíàÿ ôóíêöèÿ, a, b, c � ÷èñëà. Íàïèøè-
òå àëãîðèòì ñâåäåíèÿ èíòåãðàëà

∫
R(x,

√
ax2 + bx+ c) dx ê èíòåãðàëó îò

ðàöèîíàëüíîé ôóíêöèè
∫
Q(t) dt.

1.17 Ïóñòüm,n, p ∈ Q, ab 6= 0. Íàïèøèòå àëãîðèòì ñâåäåíèÿ èíòåãðàëà∫
xm (axn + b)p dx ê èíòåãðàëó îò ðàöèîíàëüíîé ôóíêöèè

∫
Q(t) dt.

4Ñì., íàïðèìåð, Èëüèí Â.À., Ïîçíÿê Ý.Ã. Îñíîâû ìàòåìàòè÷åñêîãî àíàëèçà, ×àñòü

I. Ì.: Ôèçìàòëèò, 2005
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2. Maxima è wxMaxima

Äàííîå ïîñîáèå ïðåäíàçíà÷åíî íàó÷èòü ñòóäåíòîâ èñïîëüçîâàòü ÑÊÌ äëÿ
ðåøåíèÿ ñâîèõ ó÷åáíûõ, íàó÷íûõ è ïðîôåññèîíàëüíûõ çàäà÷. Äëÿ èëëþ-
ñòðàöèè âîçìîæíîñòåé ñèñòåì êîìïüþòåðíîé ìàòåìàòèêè àâòîðû âûáðà-
ëè ñèñòåìó Maxima. Ýòîò âûáîð îñíîâàí íà ñëåäóþùèõ ñîîáðàæåíèÿõ.

Âî-ïåðâûõ, ýòî áåñïëàòíàÿ ñèñòåìà, ïîýòîìó íå âîçíèêíåò ñèòóàöèè,
êîãäà ÷àñòü ñòóäåíòîâ íå ñìîæåò âûêóïèòü íåîáõîäèìîé äëÿ ðàáîòû ñ
ÑÊÌ ëèöåíçèè.

Âî-âòîðûõ, ýòî äîñòàòî÷íî ìîùíàÿ ñèñòåìà, îáëàäàþùàÿ øèðîêèìè
âîçìîæíîñòÿìè, äîñòàòî÷íûìè â áîëüøèíñòâå ñëó÷àåâ. Êîíå÷íî, ñóùå-
ñòâóþò è áîëåå ìîùíûå ñèñòåìû ñ ãîðàçäî áîëåå áîãàòûìè áèáëèîòåêàìè
ðåàëèçîâàííûõ àëãîðèòìîâ (íàïðèìåð, Maple), íî îíè âåñüìà äîðîãîñòî-
ÿùèå.

Â-òðåòüèõ, îáùèå ïðèíöèïû ðàáîòû ýòîé ñèñòåìû ñõîäíû ñ ðÿäîì äðó-
ãèõ ñèñòåì, òàê ÷òî ïðè íåîáõîäèìîñòè âïîëíå âîçìîæíî ïåðåêëþ÷èòüñÿ
ñ Maxima íà äðóãóþ ÑÊÌ. Âìåñòå ñ òåì, ìîæíî îòìåòèòü, ÷òî Ìàõima
êàê ÿçûê ïðîãðàììèðîâàíèÿ èìååò ðÿä ñâîåîáðàçíûõ îñîáåííîñòåé, äå-
ëàþùèõ åãî êðàéíå ëþáîïûòíûì ñ òî÷êè çðåíèÿ ¾êîìïüþòåðíîé ëèíãâè-
ñòèêè¿.

Íàêîíåö, Maxima � ýòî ñèñòåìà ñ îòêðûòûì êîäîì.
Ïî íåêîòîðûì ñâîèì âîçìîæíîñòÿì Maxima óñòóïàåò êîììåð÷åñêèì

ÑÊÌ, òàêèì êàê Maple è Mathematica. Íàïðèìåð, â Maxima íå ðåàëè-
çîâàí íè îäèí ãåîìåòðè÷åñêèé àëãîðèòì. Íî âîçìîæíîñòè ýòîé ñèñòåìû
ëåãêî ðàñøèðÿþòñÿ ïîëüçîâàòåëüñêèìè áèáëèîòåêàìè ôóíêöèé, ñîçäàíèå
êîòîðûõ ñèëüíî îáëåã÷àåòñÿ îòêðûòîñòüþ êîäà.

Maxima ðàñïðîñòðàíÿåòñÿ ñ èñõîäíûì êîäîì, íàïèñàííîì íà Lisp, ïî-
ýòîìó ïîëüçîâàòåëü ìîæåò îòêðûòü ëþáîé èç áèáëèîòå÷íûõ ôàéëîâ è
èçó÷èòü àëãîðèòì, ïî êîòîðîìó ðàáîòàåò òà èëè èíàÿ ôóíêöèÿ, à â ñëó÷àå
íåîáõîäèìîñòè ñîçäàâàòü ñâîè ôóíêöèè, â òîì ÷èñëå èñïîëüçóÿ èñõîäíûé
êîä ôóíêöèé, âõîäÿùèõ â êîìïëåêò ïîñòàâêè ñèñòåìû.

Àâòîðû ïîä÷åðêèâàþò, ÷òî íå ñòàâèëè ïåðåä ñîáîþ öåëè íàïèñàòü èñ-
÷åðïûâàþùåå ðóêîâîäñòâî ïî Maxima. Ïîýòîìó äàëåêî íå âñå ôóíêöèè è
äàæå íå âñå êîíñòðóêöèè ÿçûêà Maxima áóäóò ðàññìîòðåíû. Íàøà çàäà÷à
áûëà ïîêàçàòü ðàáîòó ñ ÑÊÌ íà ïðèìåðå èñïîëüçîâàíèÿ ñèñòåìû Maxima
äëÿ ðåøåíèÿ ðÿäà çàäà÷ âûñøåé ìàòåìàòèêè.

Ìû áóäåì ðàññìàòðèâàòü âåðñèþ Maxima ïîä Windows. Ðåàëèçàöèè
Maxima êàê ÑÊÌ ïîä ðàçíûå îïåðàöèîííûå ñèñòåìû ïðèíöèïèàëüíî íè-
÷åì äðóã îò äðóãà íå îòëè÷àþòñÿ. Ãðàôè÷åñêàÿ îáîëî÷êà wxMaxima, êîòî-
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ðóþ ìû ðåêîìåíäóåì èñïîëüçîâàòü íàøèì ÷èòàòåëÿì, èìååòñÿ äëÿ îïåðà-
öèîííûõ ñèñòåì: Windows, X11 è Mac OS. Èìååòñÿ òàêæå âåðñèÿ Maxima
äëÿ îïåðàöèîííîé ñèñòåìû Android, îáëàäàþùàÿ ðÿäîì îñîáåííîñòåé.

Â Maxima ìîæíî ðàáîòàòü online íà âåá-ñàéòå http://maxima-online.org/.
Íî ïî óäîáñòâó ðàáîòû âåá-èíòåðôåéñ ñèëüíî óñòóïàåò ãðàôè÷åñêîé îáî-
ëî÷êå wxMaxima. Êðîìå ýòîãî, ñêîðîñòü ðàáîòû ñóùåñòâåííî çàâèñèò îò
ñóììàðíîé íàãðóçêè íà ñåðâåð. Ïîýòîìó ëó÷øå óñòàíîâèòü Maxima íà
ëîêàëüíûé êîìïüþòåð, åñëè åñòü òàêàÿ âîçìîæíîñòü.

2.1. Óñòàíîâêà Maxima

Äèñòðèáóòèâ Maxima ñëåäóåò ñêà÷àòü ñ îôèöèàëüíîãî ñàéòà
http://maxima.sourceforge.net/. Îí ïðåäñòàâëÿåò ñîáîé åäèíñòâåííûé ôàéë
ôîðìàòà exe. Äèñòðèáóòèâ òîé âåðñèè Maxima, êîòîðîé ïîëüçîâàëèñü àâ-
òîðû ïðè íàïèñàíèè ýòîãî ïîñîáèÿ, íàçûâàåòñÿ Maxima-5.26.0.exe.

Óñòàíîâêà ñîñòîèò èç íåñêîëüêèõ ñòàíäàðòíûõ øàãîâ. Â ïóíêòå Âûáîð
êîìïîíåíòîâ ñëåäóåò îáÿçàòåëüíî âûáðàòü ãðàôè÷åñêóþ îáîëî÷êó wxMa-
xima. Îñòàëüíûå ïàðàìåòðû óñòàíîâêè ìîãóò áûòü âûáðàíû ïî óñìîòðå-
íèþ ïîëüçîâàòåëÿ.

http://maxima-online.org/
http://maxima.sourceforge.net/
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Â ðåçóëüòàòå óñòàíîâêè ïîëó÷àåì ïàïêó ñ óñòàíîâëåííîé ïðîãðàììîé
(ïî óìîë÷àíèþ C:\Program Files\Maxima-5.26.0), à òàêæå ÿðëûêè:

êîíñîëüíàÿ âåðñèÿ Maxima;

wxMaxima.

Ïàïêà óñòàíîâêè ñîäåðæèò ñëåäóþùèå ïîäïàïêè: bin, gnuplot, include,
info, lib, libexec, share, uninst, wxMaxima. Îñòàíîâèìñÿ ïîäðîáíåå íà
íåêîòîðûõ èç íèõ:

• bin� ñîäåðæèò ôàéë maxima.bat, çàïóñêàþùèé êîíñîëüíóþ âåðñèþ
Maxima;

• gnuplot � ñîäåðæèò Gnuplot � ìîùíóþ ïðîãðàììó äëÿ âèçóàëèçà-
öèè äàííûõ, ñóùåñòâóþùóþ íåçàâèñèìî îò Maxima
(http://www.gnuplot.info/) è ðàñïðîñòðàíÿþùóþñÿ òàêæå ïîä ëè-
öåíçèåé GNU GPL;

• share� ñîäåðæèò ôàéë ñïðàâêè (maxima\5.26.0\doc\chm\maxima.chm),
âñòðîåííûå è äîïîëíèòåëüíûå ïàêåòû ôóíêöèé (maxima\5.26.0\share,
maxima\5.26.0\src), ôàéëû ñ ïðèìåðàìè (maxima\5.26.0\demo,
maxima\5.26.0\tests);

• wxMaxima � ñîäåðæèò ãðàôè÷åñêóþ îáîëî÷êó wxMaxima. Îôèöè-
àëüíûé ñàéò îáîëî÷êè: http://andrejv.github.com/wxmaxima/.

Ìîæíî ñäåëàòü Maxima ïîðòàáåëüíîé � äëÿ ýòîãî íàäî äîáàâèòü â
òåêñòîâûé ôàéë maxima.bat ñëåäóþùèå ñòðîêè5

Ëèñòèíã 1

cd ..
set maxima_prefix=%cd%

Ïîñëå ýòîãî ìîæíî áóäåò ïðîñòî ñêîïèðîâàòü ïàïêó óñòàíîâêè íà USB-
äèñê èëè âîîáùå íà äèñê äðóãîãî êîìïüþòåðà è çàïóñêàòü ñèñòåìó îòòóäà.

Â ïàïêå share íàõîäÿòñÿ ôàéëû ñëåäóþùèõ òèïîâ:

• .lisp, .lsp � èñïîëíÿåìûå âñòðîåííûì â Maxima èíòåðïðåòàòîðîì
ÿçûêà Lisp;

5Ðåäàêòèðóéòå maxima.bat òîëüêî åñëè ó âàñ åñòü îïûò â íàïèñàíèè bat-ñêðèïòîâ è

âû óâåðåíû â òîì, ÷òî äåëàåòå.

http://www.gnuplot.info/
http://andrejv.github.com/wxmaxima/


2. Maxima è wxMaxima 25

• .mac, .dem � íàïèñàííûå íà ÿçûêå Maxima.

Âñå ôàéëû � òåêñòîâûå, ïîýòîìó èõ ìîæíî îòêðûâàòü è èçó÷àòü â ëþ-
áîì òåêñòîâîì ðåäàêòîðå. Íàçíà÷åíèå ôàéëîâ ðàçíîîáðàçíî: â íåêîòîðûõ
îïèñàíû äîïîëíèòåëüíûå ôóíêöèè Maxima, äðóãèå ïðåäíàçíà÷åíû äëÿ
òåñòèðîâàíèÿ ðàáîòû íîâûõ ôóíêöèé èëè àëãîðèòìîâ. Â ëþáîì ñëó÷àå
ýòè ôàéëû ìîãóò ñëóæèòü èñòî÷íèêîì ïðåêðàñíûõ ïðèìåðîâ, ïîñêîëüêó
íàïèñàíû ïðîôåññèîíàëüíûìè ìàòåìàòèêàìè è ïðîãðàììèñòàìè.

Âñå ôóíêöèè Maxima äåëÿòñÿ íà äâå ãðóïïû: âñòðîåííûå � ïðèíàä-
ëåæàùèå ñîáñòâåííî ñèñòåìå, è äîïîëíèòåëüíûå. Äîïîëíèòåëüíûå ôóíê-
öèè ðàçäåëåíû íà ïàêåòû. Ïîëüçîâàòåëè ìîãóò ïèñàòü è ïðèñîåäèíÿòü ê
ñèñòåìå ñâîè ïàêåòû.

Ïðè çàïóñêå ãðàôè÷åñêîé îáîëî÷êè wxMaxima ÷àñòü ïàêåòîâ çàãðó-
æàåòñÿ àâòîìàòè÷åñêè, ñîäåðæàùèåñÿ â íèõ ôóíêöèè ñðàçó æå äîñòóïíû
ïîëüçîâàòåëþ. Äëÿ èñïîëüçîâàíèÿ äîïîëíèòåëüíûõ ôóíêöèé èç äðóãèõ
ïàêåòîâ, íàäî çàãðóçèòü ñîîòâåòñòâóþùèé ïàêåò êîìàíäîé load(pack), ãäå
pack � íàçâàíèå ïàêåòà.

Â êîíñîëüíîé âåðñèè íåò ïðåäâàðèòåëüíî çàãðóæàåìûõ ïàêåòîâ � âîç-
ìîæíîñòü ðàáîòàòü ñ äîïîëíèòåëüíûìè ôóíêöèÿìè áåç çàãðóçêè ïàêåòà
åñòü òîëüêî â wxMaxima.

Â âåðñèþ Maxima 5.26.0 âõîäèò 67 ïàêåòîâ. Íà ñòðàíèöàõ ýòîãî ïîñî-
áèÿ áóäóò ðàññìîòðåíû íåêîòîðûå èç íèõ.

Ïàêåòû îáùåãî íàçíà÷åíèÿ:

• stringproc � ðàáîòà ñî ñòðîêàìè;

• numericalio � ÷òåíèå è çàïèñü ôàéëîâ;

• functs � íåêîòîðûå ôóíêöèè èç ðàçëè÷íûõ îáëàñòåé ìàòåìàòèêè;

• finance � íåêîòîðûå ôèíàíñîâûå âû÷èñëåíèÿ;

• draw � ðèñîâàíèå â Gnuplot.

Àëãåáðà è ãåîìåòðèÿ:

• to_poly_solve � ðåøåíèå óðàâíåíèé è ñèñòåì óðàâíåíèé;

• mnewton � ðåøåíèå ñèñòåìû óðàâíåíèé ìåòîäîì Íüþòîíà;

• linearalgebra � ìíîãèå ôóíêöèè ëèíåéíîé àëãåáðû;

• lapack � íåêîòîðûå ôóíêöèè èç ëèíåéíîé àëãåáðû;



26 2.2. Ïåðâûé çàïóñê

• eigen � ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìàòðèö;

• diag � æîðäàíîâà ôîðìà ìàòðèöû;

• simplex � ñèìïëåêñ-ìåòîä

• graphs � ðàáîòà ñ ãðàôàìè.

Ìàòåìàòè÷åñêèé àíàëèç:

• impdiff � ïðîèçâîäíûå íåÿâíîé ôóíêöèè;

• simplify_sum � âû÷èñëåíèå ñóìì è ðÿäîâ;

• drawdf, plotdf � ïîëå íàïðàâëåíèé ÎÄÓ 1-ãî ïîðÿäêà.

Òåîðèÿ âåðîÿòíîñòåé è ñòàòèñòèêà:

• distrib� ñòàíäàðòíûå ðàñïðåäåëåíèÿ (äèñêðåòíûå è íåïðåðûâíûå)
è èõ õàðàêòåðèñòèêè;

• stats � ñòàòèñòè÷åñêèå ôóíêöèè.

2.2. Ïåðâûé çàïóñê

Çàïóñòèì êîíñîëüíóþ âåðñèþ Maxima maxima.bat.

Âèäèì îêíî êîíñîëè è 1-þ ìåòêó ââîäà (%i1). Maxima íóìåðóåò ââîäèìûå
ïîëüçîâàòåëåì âûðàæåíèÿ (input) ìåòêàìè ââîäà (%iN) è âîçâðàùàåìûå
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ðåçóëüòàòû (output) � ìåòêàìè âûâîäà (%oN), ãäå N � ïîðÿäêîâûé íîìåð
âûðàæåíèÿ.

Çíàêîìñòâî ñ ÿçûêàìè ïðîãðàììèðîâàíèÿ, ê êàêîâûì ñ íåêîòîðûìè
îãîâîðêàìè ìîæíî îòíåñòè è Maxima, ïðèíÿòî íà÷èíàòü ñ ïðîãðàììû, ïå-
÷àòàþùåé ñòðîêó ¾Hello, world!¿. Äëÿ ýòîãî íàì ïîíàäîáèòñÿ ñëåäóþùàÿ
ôóíêöèÿ:
� print(str) � ïå÷àòàåò ñòðîêó str è åå æå âîçâðàùàåò â êà÷åñòâå çíà-
÷åíèÿ.

Êàæäûé îïåðàòîð è êàæäàÿ ôóíêöèÿ ÿçûêà Maxima, ïîìèìî âûïîë-
íåíèÿ ñâîåãî ïðÿìîãî äåëà, îáÿçàòåëüíî âîçâðàùàåò íåêîòîðîå çíà÷å-
íèå6. Åñëè âûðàæåíèå çàêàí÷èâàåòñÿ òåðìèíàëüíûì ñèìâîëîì ; � òî
ìåòêà âûâîäà è âîçâðàùàåìîå çíà÷åíèå áóäóò ïîêàçàíû, åñëè òåðìèíàëü-
íûì ñèìâîëîì $ � òî ìåòêà âûâîäà è âîçâðàùàåìîå çíà÷åíèå ïîêàçàíû
íå áóäóò.

Âûïîëíåíèå âûðàæåíèÿ âûçûâàåòñÿ íàæàòèåì Enter è ñðàáàòûâàåò
òîëüêî ïîñëå ââîäà òåðìèíàëüíîãî ñèìâîëà, � â ïðîòèâíîì ñëó÷àå Enter
ïåðåâîäèò íà íîâóþ ñòðîêó. Íàïðèìåð òàê:

Â ïðèìåðå êîìàíäà print ïåðâûì äåëîì íàïå÷àòàëà ñîîáùåíèå � ìû âè-
äèì ýòî â ñòðîêå, ñëåäóþùåé çà ñòðîêîé (%i1). À çàòåì, âîçâðàòèëà ñâî¼
çíà÷åíèå, ïðåäñòàâëÿþùåå ñîáîþ òî æå ñàìîå ñîîáùåíèå. Òàê êàê òåðìè-
íàëüíûé ñèìâîë íå îòìåíèë ïå÷àòü ôèíàëüíîãî çíà÷åíèÿ, òî ïîñëåäíåå
áûëî òîæå âûâåäåíî íà ýêðàí ïîä ìåòêîé (%o1). Ñîîáùåíèå, íàïå÷àòàííîå

6Äðóãèìè ñëîâàìè, â Maxima íåò ÷èñòûõ ïðîöåäóð, êîòîðûå íå÷òî äåëàþò è ïðè

ýòîì íè÷åãî íå âîçâðàùàþò. Íàïðèìåð, äàæå â ðåçóëüòàòå âûïîëíåíèÿ öèêëà âîçâðà-

ùàåòñÿ ñòðîêà done.
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äâà ðàçà, âûãëÿäèò íåëåïî, ïîýòîìó ïîïðîáóåì òîæå ñàìîå íî ñ äðóãèì
òåðìèíàëüíûì ñèìâîëîì:

Ðàáîòà â êîíñîëè ñîïðÿæåíà ñ íåêîòîðûìè òðóäíîñòÿìè:

• çàòðóäíåíî êîïèðîâàíèå è âñòàâêà;

• íåëüçÿ âåðíóòüñÿ íàçàä.

Ïîýòîìó çàêîí÷èì íà ýòîì çíàêîìñòâî ñ êîíñîëüíîé âåðñèåé Maxima è
çàïóñòèì ãðàôè÷åñêóþ îáîëî÷êó wxMaxima.

Îáëàñòü ââîäà ïóñòà, íî åñëè íàáðàòü ñ êëàâèàòóðû êàêîé-íèáóäü ñèì-
âîë, òî ïîÿâèòñÿ ïðèãëàøåíèå --> è íàáðàííûé ñèìâîë. Íàáðàâ îäíî âû-
ðàæåíèå (ñ òåðìèíàëüíûì ñèìâîëîì), íàæìåì Enter � ïåðåéäåì íà íîâóþ
ñòðîêó è íàáåðåì åùå îäíî âûðàæåíèå.

Èíòåðïðåòàòîð âûçûâàåòñÿ íàæàòèåì Shift+Enter. Ïîñëå âûçîâà èí-
òåðïðåòàòîðà âñåì ââåäåííûì âûðàæåíèÿì áóäóò ïðèñâîåíû ïîðÿäêîâûå
íîìåðà, íî ìåòêà ââîäà áóäåò ïîêàçàíà òîëüêî ó ïåðâîãî âûðàæåíèÿ. Âû-
ðàæåíèÿ áóäóò âûïîëíÿòüñÿ â òîì ïîðÿäêå, â êîòîðîì îíè çàïèñàíû.

Íàïðèìåð, íàïèøåì òàê:
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Ñòðîêè, îãðàíè÷åííûå êâàäðàòíîé ñêîáêîé ñëåâà, îáðàçóþò áëîê. Áëîê
ðàçäåëåí íà äâå ÷àñòè: áëîê ââîäà è áëîê âûâîäà. Áëîê ââîäà ìîæåò ñî-
äåðæàòü ëþáîå êîëè÷åñòâî âûðàæåíèé. Åñëè áëîê çàíèìàåò íà ýêðàíå
ñëèøêîì ìíîãî ìåñòà, òî åãî ìîæíî ñâåðíóòü, ùåëêíóâ ìûøüþ íà òðå-
óãîëüíèêå â âåðõíåì óãëó êâàäðàòíîé ñêîáêè.

Òåêñò, íàáðàííûé â ñêîáêàõ /* */, íàçûâàåòñÿ êîììåíòàðèåì è èí-
òåðïðåòàòîðîì èãíîðèðóåòñÿ. Ðàñïîëîæåíèå êîììåíòàðèÿ ïðîèçâîëüíî ñ
åäèíñòâåííîé îãîâîðêîé: áëîê ââîäà íå äîëæåí íà íåì çàêàí÷èâàòüñÿ.

Â äàëüíåéøåì ìû íå áóäåì ïðèâîäèòü ïðèìåðû ðàáîòû ñêðèïòîâ íà
ñêðèíøîòàõ, à áóäåì ïîëüçîâàòüñÿ ñëåäóþùèì âèçóàëüíî àíàëîãè÷íûì
ôîðìàòîì çàïèñè:
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Ëèñòèíã 2

(%i1) /* Ýòî êîììåíòàðèé */
print("Çäðàâñòâóé, ìèð!")$
print("Çäðàâñòâóé, Ôèíàíñîâûé óíèâåðñèòåò!");

Çäðàâñòâóé, ìèð!
Çäðàâñòâóé, Ôèíàíñîâûé óíèâåðñèòåò!
(%o2) Çäðàâñòâóé, Ôèíàíñîâûé óíèâåðñèòåò!

Åùå îäèí àëüòåðíàòèâíûé ñïîñîá ðàáîòû ñ Maxima ñîñòîèò â òîì,
÷òîáû íàáèðàòü òåêñò ñêðèïòà â ëþáîì òåêñòîâîì ðåäàêòîðå (íàïðèìåð,
â áëîêíîòå). Íàçîâåì òåêñòîâûé ôàéë script.mac è ñîõðàíèì åãî â ïàïêå
D:/Compmath.

Ïîñëå ýòîãî â êîíñîëè èëè â îêíå wxMaxima ââåäåì êîìàíäó batch(�le),
ãäå �le � ïîëíîå èìÿ ôàéëà ñ ïóòåì.

Ëèñòèíã 3

(%i1) batch("D:/Compmath/script.mac")$

read and interpret �le: #pD:/Compmath/script.mac

(%i2)
√

(y + x)
2

(%o2) |y + x|
(%i3) sin (x+ π)

(%o3) − sin(x)

(%i4) log (%e
x

%e
y
)

(%o4) y + x

Îáîëî÷êà wxMaxima ìîæåò âûâîäèòü ðåçóëüòàò â òðåõ ôîðìàòàõ âû-
âîäà: xml, ascii è none. Ïî óìîë÷àíèþ � xml.
� Ôóíêöèÿ

set_display(type)

çàäàåò ôîðìàò âûâîäà ðåçóëüòàòîâ. Ýòà æå ôóíêöèÿ ïðîäóáëèðîâàíà â
ìåíþ: Maxima → Change 2d Display.



2. Maxima è wxMaxima 31

Ñðàâíèòå ðàçëè÷íûå ôîðìàòû âûâîäà:

Ëèñòèíã 4

(%i1) set_display(none)$
1234^56;
sqrt(2);
(3*x+2)*5^x/(2^x-1);

(%o2) 129911902554871451941032084396235137754657820101273923843790127046242594330550946489256784853624729020106139515647384910944921186523865849056275359066262352911682504769929216
(%o3) sqrt(2)
(%o4) (3*x+2)*5^x/(2^x-1)

(%i5) set_display(ascii)$
1234^56;
sqrt(2);
(3*x+2)*5^x/(2^x-1);

(%o6) 12991190255487145194103208439623513775465782010127392384379\
01270462425943305509464892567848536247290201061395156473849109449\
21186523865849056275359066262352911682504769929216
(%o7) sqrt(2)

x
(3 x + 2) 5

(%o8) ------------
x

2 - 1

(%i9) set_display(xml)$
1234^56;
sqrt(2);
(3*x+2)*5^x/(2^x-1);

(%o10) 12991190255487145194103[128 digits]62352911682504769929216
(%o11)

√
2

(%o12)
(3x+ 2) 5x

2x − 1

Êàæäûé èç ôîðìàòîâ îáëàäàåò ñâîèìè äîñòîèíñòâàìè. Íàïðèìåð, ïðèíÿ-
òûé ïî óìîë÷àíèþ xml óäîáåí äëÿ âûâîäà íå ñëèøêîì ãðîìîçäêèõ ôîð-
ìóë è íå ñëèøêîì áîëüøèõ ÷èñåë, â íåì ôîðìóëû âûãëÿäÿò êðàñèâî.
Íî åñëè ôîðìóëà ãðîìîçäêàÿ, òî ëó÷øå âîñïîëüçîâàòüñÿ ôîðìàòîì none,
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à åñëè ìû õîòèì âèäåòü âñå öèôðû ÷èñëà 123456, òî ôîðìàòîì ascii.
Ïðè âûâîäå áîëüøîãî ÷èñëà â ôîðìàòå none ïðèäåòñÿ âîñïîëüçîâàòüñÿ
ãîðèçîíòàëüíîé ïðîêðóòêîé, ÷òîáû óâèäåòü âñå åãî öèôðû. Ãðîìîçäêàÿ
ôîðìóëà, âûâåäåííàÿ â ôîðìàòå ascii, âûãëÿäèò îòâðàòèòåëüíî.

2.3. Ïîëó÷åíèå ñïðàâî÷íîé èíôîðìàöèè

Ñïðàâî÷íóþ èíôîðìàöèþ ïî ÿçûêó Maxima ìîæíî ïîëó÷èòü èç ñëåäóþ-
ùèõ èñòî÷íèêîâ:

• ôàéë ñïðàâêè;

• ñïåöèàëüíûå êîìàíäû ÿçûêà Maxima;

• òåõíè÷åñêàÿ ïîääåðæêà

http://blog.gmane.org/gmane.comp.mathematics.maxima.general.

Ðàññìîòðèì ïåðâûå äâå âîçìîæíîñòè.
Ôàéë ñïðàâêè ìîæíî âûçâàòü èç ìåíþ ãðàôè÷åñêîé îáîëî÷êè: Ïîìîùü

→ Maxima Help. Îí ñîäåðæèò îïèñàíèå âñåõ äîñòóïíûõ ôóíêöèé è êîí-
ñòðóêöèé ÿçûêà Maxima. Òàì òàêæå èìååòñÿ íåêîòîðîå êîëè÷åñòâî ïðè-
ìåðîâ.

Â ëåâîé ïàíåëè � íàâèãàöèÿ: Ñîäåðæàíèå, Óêàçàòåëü è Ïîèñê. Â ïðà-
âîé ïàíåëè � ïðîñìîòð òåêóùåé ñòðàíèöû ñïðàâêè. Íà ãëàâíóþ ñòðàíè-
öó ñïðàâêè, îçàãëàâëåííóþ Maxima 5.26.0 Manual, âñåãäà ìîæíî ïîïàñòü,
ùåëêíóâ ãèïåðññûëêó Top. Ãèïåðññûëêè íà ãëàâíîé ñòðàíèöå äóáëèðóþò
ïóíêòû Ñîäåðæàíèÿ.

http://blog.gmane.org/gmane.comp.mathematics.maxima.general


2. Maxima è wxMaxima 33

Ñïðàâî÷íûé ìàòåðèàë êëàññèôèöèðîâàí â äâóõ íàïðàâëåíèÿõ: ïî òå-
ìàì è ïî ïàêåòàì. Òåìû èìåþò ïîíÿòíûå ñìûñëîâûå íàçâàíèÿ, ÷åãî, ê ñî-
æàëåíèþ, íå âñåãäà ñêàæåøü ïðî ïàêåòû. Íàïðèìåð: Di�erential Equations,
Numerical, Matrices and Linear Algebra � òåìû, äàëåå: A�ne, itensor, ctensor,
atensor � ïàêåòû. Çàòåì: Sums Products and Series, Number Theory �
îïÿòü òåìû è òàê äàëåå. Âïðî÷åì, îïèñàíèå äîïîëíèòåëüíîé ôóíêöèè,
îòíîñÿùåéñÿ ê îïðåäåëåííîìó ïàêåòó, ïðîäóáëèðîâàíî â îïèñàíèè ïàêåòà
è â òåìå, ê êîòîðîé ýòà ôóíêöèÿ îòíîñèòñÿ.

Äëÿ áûñòðîãî ïîèñêà íóæíîé ôóíêöèè óäîáíî îáðàòèòüñÿ ê ñòðàíè-
öå Documentation Categories, ãäå ôóíêöèè óïîðÿäî÷åíû â ñîîòâåòñòâèè ñ
ïóíêòàìè Ñîäåðæàíèÿ, ëèáî ê âêëàäêå Óêàçàòåëü íà ëåâîé ïàíåëè (ñîäåð-
æèìîå êîòîðîé ïðîäóáëèðîâàíî íà ñòðàíèöå Function and Variable Index)
� òàì ïåðå÷èñëåíû âñå îïåðàòîðû è ôóíêöèè â àëôàâèòíîì ïîðÿäêå, ëè-
áî ñîáñòâåííî êî âêëàäêå Ïîèñê.
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Â Maxima èìååòñÿ íåñêîëüêî âñïîìîãàòåëüíûõ êîìàíä, ïðèçâàííûõ
îáëåã÷èòü ïîèñê íåîáõîäèìîé ôóíêöèè è ïîêàçàòü åå âîçìîæíîñòè.
� Êîìàíäà ? word âûçûâàåò ïîèñê â ñïðàâêå ïî òî÷íîìó êëþ÷åâîìó
ñëîâó word.

Ëèñòèíã 5

(%i1) ? sin$

� Function: sin (<x>)
� Sine.
There are also some inexact matches for `sin'.
Try `?? sin' to see them.
(%o1) true

� Êîìàíäà ?? word âûçûâàåò ïîèñê â ñïðàâêå ïî êëþ÷åâûì ñëîâàì, ñî-
äåðæàùèì word. Â îòâåò ïðåäëàãàåòñÿ ñïèñîê êëþ÷åâûõ ñëîâ, èç êîòîðîãî
ìîæíî âûáðàòü èíòåðåñóþùåå, ââåäÿ åãî ïîðÿäêîâûé íîìåð.
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Ëèñòèíã 6

(%i1) ?? cos$

0: acos (Functions and Variables for Trigonometric)
1: acosh (Functions and Variables for Trigonometric)
2: bene�t_cost (Functions and Variables for �nance)
3: cos (Functions and Variables for Trigonometric)
4: cosh (Functions and Variables for Trigonometric)
5: cosnpi�ag (Functions and Variables for Fourier series)
6: fourcos (Functions and Variables for Fourier series)
7: fourintcos (Functions and Variables for Fourier series)
8: great_rhombicosidodecahedron_graph

(Functions and Variables for graphs)
9: icosahedron_graph (Functions and Variables for graphs)
10: icosidodecahedron_graph (Functions and Variables for graphs)
11: small_rhombicosidodecahedron_graph

(Functions and Variables for graphs)
12: truncated_icosahedron_graph (Functions and Variables for graphs)
Enter space-separated numbers, `all' or `none':

� Ôóíêöèÿ

example("func")

âûâîäèò ïðèìåðû èñïîëüçîâàíèÿ ôóíêöèè func. Âîçâðàùàåò ñòðîêó done.
×òîáû ïðîñìîòðåòü ñïèñîê ôóíêöèé, äëÿ êîòîðûõ åñòü ïðèìåðû, íàäî
âûçâàòü example() ñ ïóñòûì àðãóìåíòîì. Â âåðñèè Maxima 5.26.0 òàêèõ
ôóíêöèé 147.

Ëèñòèíã 7

(%i1) example("is")$

(%i2) is(x^2 >= 2*x-1)
(%o2) true
(%i3) assume(a > 1)
(%o3) [a>1]
(%i4) is(log(1+log(1+a)) > 0 and 1+a^2 > 2*a)
(%o4) true
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2.4. Îäèí ïðèìåð

Ïðîäåìîíñòðèðóåì âîçìîæíîñòè ÑÊÌ Maxima íà ïðèìåðå èññëåäîâàíèÿ
èððàöèîíàëüíîãî óðàâíåíèÿ

x2 − x− 1 =
3
√
−x2 + x+ 3.

Ê ñîæàëåíèþ, ÑÊÌ áåç ïîäñêàçîê ïëîõî ðåøàþò èððàöèîíàëüíûå óðàâ-
íåíèÿ. Âîò è â ýòîì ïðèìåðå ïðèìåíåíèå ôóíêöèè solve ¾â ëîá¿ íè÷åãî
íå äà¼ò.

Ëèñòèíã 8

(%i1) /* Ñîõðàíÿåì óðàâíåíèå â ïåðåìåííîé eq */
eq:x^2-x-1=(-x^2+x+3)^(1/3);
/* Ïðîáóåì ñðàçó ðåøèòü eq ñ ïîìîùüþ ôóíêöèè solve */
solve(eq);

(%o1) x2 − x− 1 =
(
−x2 + x+ 3

) 1
3

(%o2) [x = −

√
4 (−x2 + x+ 3)

1
3 + 5− 1

2
, x =

√
4 (−x2 + x+ 3)

1
3 + 5 + 1

2
]

Ðåçóëüòàò ðàáîòû (%o2) ôóíêöèè solve íå óäîâëåòâîðèòåëåí.
Ïîïðîáóåì ïîñòðîèòü ãðàôèêè ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ è

âèçóàëüíî íàéòè òî÷êè ïåðåñå÷åíèÿ.

Ëèñòèíã 9

(%i3) wxdraw2d(
nticks=200,
grid=true,
yrange=[-5,10],
color=blue,
/* Ëåâàÿ ÷àñòü */
explicit(lhs(eq), x,-10,10),
color=red,
/* Ïðàâàÿ ÷àñòü */
explicit(rhs(eq), x,-10,10)

)$
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(%t3)

Íà ðèñóíêå âèäíû äâå òî÷êè ïåðåñå÷åíèÿ è ïîõîæå, ÷òî äðóãèõ íåò.
×òîáû ïðîâåðèòü ýòî èçó÷èì ïðîèçâîäíûå ïðàâîé è ëåâîé ÷àñòåé óðàâíå-
íèÿ.

Ëèñòèíã 10

(%i4) /* Ïðîèçâîäíàÿ ëåâîé ÷àñòè óðàâíåíèÿ */
diff(lhs(eq),x);
solve(%=0);
/* Ïðîèçâîäíàÿ ïðàâîé ÷àñòè óðàâíåíèÿ */
diff(rhs(eq),x);
solve(%=0);

(%o4) 2x− 1

(%o5) [x =
1

2
]

(%o6)
1− 2x

3 (−x2 + x+ 3)
2
3

(%o7) [x =
1

2
]

Íà ïðîìåæóòêå (−∞, 12 ) ëåâàÿ ÷àñòü óáûâàåò, à ïðàâàÿ � âîçðàñòàåò,
çíà÷èò íà ýòîì ïðîìåæóòêå áóäåò åäèíñòâåííûé êîðåíü óðàâíåíèÿ. Äàëåå,
íà ( 1

2 ,+∞) � íàîáîðîò, ïîýòîìó çäåñü òàêæå ïîëó÷èòñÿ åäèíñòâåííûé
êîðåíü óðàâíåíèÿ. Ñàìè êîðíè íåñëîæíî óãàäàòü: x = −1, x = 2.

Äðóãîé ïîäõîä ñîñòîèò â òîì, ÷òîáû çàìåíèòü ïåðåìåííóþ. Ïîñêîëüêó
x ïðèñóòñòâóåò òîëüêî â êîìáèíàöèè x2−x, òî ââåäåì íîâóþ ïåðåìåííóþ
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t3 = −x2 + x + 3 � ÷òîáû èçâëåêñÿ êóáè÷åñêèé êîðåíü. Îòíîñèòåëüíî t
ïîëó÷àåì êóáè÷åñêîå óðàâíåíèå, îíî ëåãêî ðåøàåòñÿ.

Ëèñòèíã 11

(%i8) /* Ñîõðàíÿåì çàìåíó â ïåðåìåííîé cg */
cg:t^3=-x^2+x+3;
/* Ïîäñòàâëÿåì çàìåíó â óðàâíåíèå eq */
ratsubst(lhs(cg),rhs(cg),eq);
/* Ðåøàåì ïîëó÷åííîå êóáè÷åñêîå óðàâíåíèå */
solve(%);

(%o8) t3 = −x2 + x+ 3

(%o9) 2− t3 = t

(%o10) [t = −
√

7 %i+ 1

2
, t =

√
7 %i− 1

2
, t = 1]

Èç 3-õ ïîëó÷åííûõ êîðíåé âûáåðåì äåéñòâèòåëüíûé êîðåíü è íàéäåì
x, ïîäñòàâèâ t = 1 â íàøó çàìåíó.

Ëèñòèíã 12

(%i11) /* Ïîäñòàâëÿåì t=1 â çàìåíó */
subst([t=1],cg);
/* Ðåøàåì óðàâíåíèå cg */
solve(%);

(%o11) 1 = −x2 + x+ 3

(%o12) [x = 2, x = −1]

Åùå îäèí ñïîñîá ðåøåíèÿ íàøåãî èððàöèîíàëüíîãî óðàâíåíèÿ ñîñòîèò
â òîì, ÷òîáû ñðàçó èçáàâèòñÿ îò èððàöèîíàëüíîñòè, âîçâåäÿ â êóá ëåâóþ è
ïðàâóþ ÷àñòè. Ïîëó÷èòñÿ óðàâíåíèå 6-é ñòåïåíè, íî ÑÊÌ ýòî íèñêîëüêî
íå ïóãàåò.

Ëèñòèíã 13

(%i13) /* Âîçâîäèì â êóá îáå ÷àñòè eq */
expand(lhs(eq)^3)=rhs(eq)^3;
/* Ðåøàåì */
solve(%);

(%o13) x6 − 3x5 + 5x3 − 3x− 1 = −x2 + x+ 3
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(%o14) [x = 2, x = −1, x =
1

2
−
√

3− 2
√

7 %i

2
, x =

√
3− 2

√
7 %i

2
+

1

2
,

x =
1

2
−
√

2
√

7 %i+ 3

2
, x =

√
2
√

7 %i+ 3

2
+

1

2
]

2.5. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

2.1 Íàéäèòå ôàéë ñ êîäîì ôóíêöèè solve, ðåøàþùåé óðàâíåíèÿ è ñè-
ñòåìû óðàâíåíèé. Îòêðîéòå ôàéë â áëîêíîòå. Òàê âûãëÿäèò òèïè÷íûé
ïðîãðàììíûé êîä íà ÿçûêå Lisp.

2.2 Íàçâàíèÿ ìíîãèõ ôóíêöèé îáðàçîâàíû èç ñîîòâåòñòâóþùèõ àí-
ãëèéñêèõ ñëîâ. Íàéäèòå â Ñïðàâêå îïèñàíèå ôóíêöèè, âû÷èñëÿþùåé:

• ðàíã ìàòðèöû;

• îïðåäåëèòåëü ìàòðèöû;

• ïðåäåë ôóíêöèè;

• ïðîèçâîäíóþ ôóíêöèè;

• ïåðâîîáðàçíóþ ôóíêöèè.

2.3 Âûÿñíèòå îáùåå ïðåäíàçíà÷åíèå ïàêåòà lsquares. Êàêèå ôóíêöèè
âõîäÿò â ýòîò ïàêåò è êàêîâî ïðåäíàçíà÷åíèå êàæäîé èç íèõ?
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3. Òèïû äàííûõ

3.1. Èäåíòèôèêàòîðû

Èäåíòèôèêàòîð � îñíîâíàÿ ñèíòàêñè÷åñêàÿ åäèíèöà ÿçûêà ïðîãðàììè-
ðîâàíèÿ. Èäåíòèôèêàòîðû � ýòî âñåâîçìîæíûå èìåíà: êîíñòàíò, ïåðå-
ìåííûõ, ôóíêöèé è îïåðàòîðîâ. Çà íåêîòîðûìè èäåíòèôèêàòîðàìè â Ma-
xima çàêðåïëåí îïðåäåëåííûé ñìûñë, íàïðèìåð:

• èäåíòèôèêàòîð %e ïðåäñòàâëÿåò êîíñòàíòó e � ýéëåðîâî ÷èñëî;

• èäåíòèôèêàòîð + � îïåðàòîð ñëîæåíèÿ;

• èäåíòèôèêàòîð sin � ôóíêöèÿ sin;

• èäåíòèôèêàòîð limit � ôóíêöèÿ, âû÷èñëÿþùàÿ ïðåäåë.

Òàêèå èäåíòèôèêàòîðû íàçûâàþòñÿ ñëóæåáíûìè. Ïðè ýòîì äëÿ îäíèõ
ñëóæåáíûõ èäåíòèôèêàòîðîâ ñìûñë ôèêñèðîâàí (%e, +, sin), à äðóãèå
ìîæíî ïåðåîïðåäåëÿòü7 (limit).

Èäåíòèôèêàòîðîì â Maxima ÿâëÿåòñÿ ëþáàÿ ïîñëåäîâàòåëüíîñòü áóêâ
ëàòèíñêîãî àëôàâèòà (áîëüøèå è ìàëûå áóêâû ðàçëè÷àþòñÿ), öèôð, ñèì-
âîëîâ %, _. Åñëè öèôðà ñòîèò íà ïåðâîì ìåñòå, òî ïåðåä íåé äîëæåí áûòü
îáðàòíûé ñëýø \.

Èäåíòèôèêàòîðû %alpha, %beta, %gamma, %delta, . . . , %omega è %Alpha,
%Beta, %Gamma, %Delta, . . . , %Omega èçîáðàæàþòñÿ â wxMaxima ñîîòâåòñâó-
þùèìè áóêâàìè ãðå÷åñêîãî àëôàâèòà.

Ëèñòèíã 14

(%i1) /* Ãðå÷åñêèå áóêâû */
(%zeta+%Zeta)/(%xi+%Xi);

(%o1)
Z + ζ

Ξ + ξ

3.1.1. Êîíñòàíòû

Ê ñëóæåáíûì èäåíòèôèêàòîðàì îòíîñÿòñÿ êîíñòàíòû.
� Êîíñòàíòà %e � ýéëåðîâî ÷èñëî e = 2.718281828459045 . . ., îñíîâàíèå
íàòóðàëüíîãî ëîãàðèôìà.

7Âïðî÷åì, ýòîãî ëó÷øå íå äåëàòü � âî èçáåæàíèå ïóòàíèöû.
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� Êîíñòàíòà %i ïðåäñòàâëÿåò ìíèìóþ åäèíèöó.
� Êîíñòàíòû true, false ïðåäñòàâëÿþò îäíîèìåííûå áóëåâû êîíñòàí-
òû.
� Êîíñòàíòà %pi � îòíîøåíèå äëèíû îêðóæíîñòè ê åå äèàìåòðó
π = 3.141592653589793 . . ..

Èìåþòñÿ òàêæå íåêîòîðûå ñïåöèôè÷åñêèå êîíñòàíòû, îòíîñÿùèåñÿ ê
ìàòåìàòè÷åñêîìó àíàëèçó. Îíè áóäóò ðàññìîòðåíû â ñîîòâåòñòâóþùåì
ðàçäåëå ïîñîáèÿ.

3.1.2. Ïåðåìåííûå

� Èäåíòèôèêàòîðû %i1, %i2, ... è %o1, %o2, ... ññûëàþòñÿ íà ñîîòâåòñòâó-
þùèå áëîêè ââîäà è ðåçóëüòàòû.
� Èäåíòèôèêàòîð % ññûëàåòñÿ íà ïðåäûäóùèé ðåçóëüòàò.

Ëèñòèíã 15

(%i1) 2/3+1/2;

(%o1)
5

6

(%i2) (3/2)^3;

(%o2)
27

8

(%i3) /* Îáúÿñíèòå îòâåò */
%i2+%o2*%;

(%o3)
945

64

Çíà÷åíèå êàæäîãî èäåíòèôèêàòîðà ïî óìîë÷àíèþ ðàâíî ñàìîìó èäåí-
òèôèêàòîðó. Òàêèå èäåíòèôèêàòîðû, êîòîðûì íå ïðèñâîåíî çíà÷åíèå, áó-
äåì íàçûâàòü ñâîáîäíûìè. Ñ ïîìîùüþ îïåðàòîðà ïðèñâîåíèÿ èäåíòèôè-
êàòîðó ìîæíî ïðèñâîèòü çíà÷åíèå íåêîòîðîãî âûðàæåíèÿ.
� Â ðåçóëüòàòå âûïîëíåíèÿ êîìàíäû var:expr ïåðåìåííîé var ïðèñâî-
èòñÿ çíà÷åíèå âûðàæåíèÿ expr. Èìåííî çíà÷åíèå âûðàæåíèÿ, à íå ñàìî
âûðàæåíèå. Îïåðàòîð : âîçâðàùàåò ïðèñâîåííîå çíà÷åíèå.
� Ôóíêöèÿ

print(expr1, expr2, . . . )

ïå÷àòàåò çíà÷åíèÿ âûðàæåíèé expr1, expr2, . . . è âîçâðàùàåò íàïå÷àòàí-
íóþ ñòðîêó. Ýòó ôóíêöèþ óäîáíî èñïîëüçîâàòü äëÿ ôîðìàòèðîâàííîãî
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âûâîäà ðåçóëüòàòîâ âû÷èñëåíèé.

Ëèñòèíã 16

(%i1) a:(b:5);
print("Âûâîäèì çíà÷åíèÿ: a=", a, ", b=", b)$

(%o1) 5
Âûâîäèì çíà÷åíèÿ: a = 5, b = 5

(%i3) %alpha:%beta;
%alpha:3;
print("Âûâîäèì çíà÷åíèÿ: ", '%alpha, "=", %alpha,

", ", '%beta, "=", %beta)$

(%o3) β

(%o4) 3
Âûâîäèì çíà÷åíèÿ: α = 3, β = β

Îáðàòèòå âíèìàíèå íà âûâîä ãðå÷åñêèõ áóêâ ñ ïîìîùüþ ôóíêöèè print:
åñëè íàáðàòü %alpha âíóòðè êàâû÷åê, òî ãðå÷åñêàÿ áóêâà âûâåäåíà íå
áóäåò, à åñëè íàáðàòü %alpha âíå êàâû÷åê, íî áåç øòðèõà, òî âìåñòî ãðå-
÷åñêîé áóêâû ïîëó÷èì åå çíà÷åíèå. Çàáåãàÿ âïåðåä çàìåòèì, ÷òî îïåðàòîð
' ïðåäîòâðàùàåò âû÷èñëåíèå (ò.å. ïîäñòàíîâêó çíà÷åíèÿ â íàøåì ñëó÷àå).

Äëÿ íåêîòîðûõ çàäà÷ íåîáõîäèìî, ÷òîáû èñïîëüçóåìûé èäåíòèôèêà-
òîð áûë ñâîáîäåí. Îñâîáîäèòü èäåíòèôèêàòîð îò ïðèñâîåííîãî åìó çíà-
÷åíèÿ ïîçâîëÿåò ñëåäóþùàÿ ôóíêöèÿ.
� Ôóíêöèÿ

kill(var1, . . . , varN )
kill(all)

óäàëÿåò çíà÷åíèÿ ïîëüçîâàòåëüñêèõ ïåðåìåííûõ var1, . . . , varN ëèáî çíà-
÷åíèÿ âñåõ ïîëüçîâàòåëüñêèõ ïåðåìåííûõ. Ïîñëåäíþþ ïðîöåäóðó ìîæíî
òàêæå âûçâàòü èç ìåíþ: Maxima → Clear Memory.

Ëèñòèíã 17

(%i1) x:sin(3)$ /* Ïðèñâîèëè èäåíòèôèêàòîðó x çíà÷åíèå */
x;
kill(x)$ /* Ñáðîñèëè çíà÷åíèå x */
x;
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(%o2) sin(3)

(%o4) x

Â íà÷àëå ñåàíñà âñå èäåíòèôèêàòîðû ñâîáîäíû è íåò íåîáõîäèìîñòè ïðè-
ìåíÿòü ôóíêöèþ kill. Òåì íå ìåíåå, ìû áóäåì ýòî äåëàòü âñåãäà â òîì
ñëó÷àå, åñëè èäåíòèôèêàòîð äîëæåí áûòü ñâîáîäåí äëÿ êîððåêòíîé ðàáî-
òû ñêðèïòà.

Èíîãäà òðåáóåòñÿ çàäàòü îáëàñòü èçìåíåíèÿ ïåðåìåííîé, íå ïðèäàâàÿ
ïåðåìåííîé êîíêðåòíîãî çíà÷åíèÿ.
� Ôóíêöèÿ

assume(pred1, pred2, . . . )

äîáàâëÿåò ñâåäåíèÿ îá èñïîëüçóåìûõ ïåðåìåííûõ â òåêóùèé êîíòåêñò
âûïîëíåíèÿ. Àðãóìåíòû (âûñêàçûâàíèÿ) pred1, pred2, . . . äîëæíû áûòü
îòíîøåíèÿìè ñðàâíåíèÿ ñ îïåðàòîðàìè:

< <= > >= equal notequal

Ëèñòèíã 18

(%i1) kill(n,x)$
/* Ñîîáùàåì, ÷òî n íå ðàâíî -1 */
assume(notequal(n,-1))$
integrate(x^n,x);

(%o3)
xn+1

n+ 1

(%i4) /* Òåïåðü ïóñòü n=-1 */
n:-1$
integrate(x^n,x);

(%o5) log(x)

(%i6) kill(a,b)$
assume(a>=0)$
sqrt(a^2)+sqrt(b^2);

(%o8) |b|+ a

Îáðàòèì âíèìàíèå, ÷òî â áëîêå ââîäà (%i1) íåò íèêàêîé íåîáõîäèìîñòè
ïðèìåíÿòü ôóíêöèþ kill � âñå èäåíòèôèêàòîðû è òàê åù¼ ñâîáîäíû.



44 3.1. Èäåíòèôèêàòîðû

Îäíàêî, åñëè ýòîò ïðîãðàììíûé êîä îêàæåòñÿ ïðîäîëæåíèåì ñåàíñà, èñ-
ïîëüçóþùèì èäåíòèôèêàòîðû x èëè n, òî ïðåäâàðèòåëüíàÿ î÷èñòêà ýòèõ
ïåðåìåííûõ áóäåò íåîáõîäèìîé äëÿ êîððåêòíîé ðàáîòû ñêðèïòà. Ñ öåëüþ
íàïîìíèòü ÷èòàòåëþ îá ýòîì îáñòîÿòåëüñòâå, ìû è íà÷àëè ïîñëåäíèé ëè-
ñòèíã ñ êîìàíäû kill. Àíàëîãè÷íî áóäåì ïîñòóïàòü è äàëåå.

3.1.3. Ôóíêöèè è îïåðàòîðû

Ôóíêöèÿ çàäàåòñÿ ñëåäóþùèì øàáëîíîì: fun(x1, . . . , xN ), ãäå fun � èäåí-
òèôèêàòîð (èìÿ) ôóíêöèè, x1,. . . ,xN � àðãóìåíòû ôóíêöèè.

Îïåðàòîð îòëè÷àåòñÿ îò ôóíêöèè ëèøü îôîðìëåíèåì. Ïî ñóùåñòâó
ýòî òîæå ñàìîå è âî âíóòðåííåì ïðåäñòàâëåíèè Maxima íå îòëè÷àåò îïå-
ðàòîðû îò ôóíêöèé. Èñïîëüçîâàíèå îïåðàòîðîâ óäîáíî è ïðèâû÷íî: ñðàâ-
íèòå a+ b è add(a, b) � çäåñü â ïåðâîì ñëó÷àå ïðèìåíåí îïåðàòîð +, à âî
âòîðîì � íåêàÿ ãèïîòåòè÷åñêàÿ ôóíêöèÿ add. Èòàê, îòäàâàÿ äàíü òðàäè-
öèè, Maxima èñïîëüçóåò ñëåäóþùèå òèïû îïåðàòîðîâ:

• ïðåôèêñíûé îïåðàòîð: op x1 ;

• ïîñòôèêñíûé îïåðàòîð: x1 op;

• áèíàðíûé èíôèêñíûé îïåðàòîð: x1 op x2 ;

• N -àðíûé èíôèêñíûé îïåðàòîð: x1 op x2 op . . . op xN ;

• ñêîáî÷íûé îïåðàòîð: lop x1, . . . , xN rop.

Âî âñåõ øàáëîíàõ âûøå: op � èäåíòèôèêàòîð (èìÿ) îïåðàòîðà, x1, . . . ,
xN � àðãóìåíòû (îïåðàíäû) îïåðàòîðà. Ñêîáî÷íûé îïåðàòîð èìååò äâà
èäåíòèôèêàòîðà: ëåâûé lop è ïðàâûé rop.

Èäåíòèôèêàòîð ìîæåò áûòü îäíîâðåìåííî èìåíåì ôóíêöèè è èìåíåì
ïåðåìåííîé. Íî íå ìîæåò áûòü îäíîâðåìåííî èìåíåì îïåðàòîðà è èìåíåì
ôóíêöèè (èëè ïåðåìåííîé). Ôóíêöèÿ kill(f ) óíè÷òîæàåò âñå îáúåêòû,
ñâÿçàííûå ñ èäåíòèôèêàòîðîì f.

Äëÿ êàæäîãî òèïà äàííûõ â ñèñòåìå Maxima ïðåäóñìîòðåíû ñâîè
ôóíêöèè è îïåðàòîðû. Ìû ðàññêàæåì î íèõ íà ñòðàíèöàõ äàííîãî ïî-
ñîáèÿ â ñîîòâåòñòâóþùèõ òåìàõ. Îòìåòèì, ÷òî ïîëüçîâàòåëü ñàì ìîæåò
îïðåäåëÿòü óäîáíûå åìó (ïîëüçîâàòåëüñêèå) ôóíêöèè è îïåðàòîðû. Áîëåå
ïîäðîáíî îá ýòîì áóäåò ðàññêàçàíî â ñëåäóþùåé ãëàâå.
� Ïîëüçîâàòåëüñêàÿ ôóíêöèÿ çàäàåòñÿ òàê:

fun(x1, . . . , xN ) := expr ;
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Çäåñü expr ìîæåò áûòü ëþáûì Maxima-âûðàæåíèåì, íåîáÿçàòåëüíî ìà-
òåìàòè÷åñêèì.

Ëèñòèíã 19

(%i1) /* Àðãóìåíòû äîëæíû áûòü ñâîáîäíûìè */
kill(x,y)$

(%i2) /* Çàäàåì ìàòåìàòè÷åñêóþ ôóíêöèþ */
f(x,y):=x*y/(x^2+y^2);

(%o2) f(x, y) :=
x y

x2 + y2

(%i3) f(1,-5);
f(sin(x),cos(x));

(%o3) −
5

26

(%o4)
cos(x) sin(x)

sin(x)
2

+ cos(x)
2

(%i5) kill(f)$
f(1,-5);

(%o6) f(1,−5)

(%i7) /* Çàäàåì Maxima-ôóíêöèþ */
f(x):=print("x=", x);

(%o7) f(x) := print(x =, x)

(%i8) f(sqrt(y))$

x =
√
y

� Îïåðàòîð äîëæåí áûòü ñíà÷àëà çàðåãèñòðèðîâàí â ñèñòåìå, à çàòåì
îïðåäåëåí êîìàíäîé, àíàëîãè÷íîé îïðåäåëåíèþ ôóíêöèè. Íàïðèìåð, äëÿ
çàäàíèÿ ïîñòôèêñíîãî îïåðàòîðà op åãî íàäî ñíà÷àëà çàðåãèñòðèðîâàòü:

postfix(op),

à çàòåì îïðåäåëèòü:

op(x ) := expr.
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Ëèñòèíã 20

(%i1) /* Àðãóìåíò äîëæåí áûòü ñâîáîäíûì */
kill(x)$
/* Ðåãèñòðèðóåì ïîñòôèêñíûé îïåðàòîð */
postfix("?");

(%o2) ?

(%i3) /* Çàäàåì îïåðàòîð */
"?"(x):=x/(x^2+1);

(%o3) ?(x) :=
x

x2 + 1

(%i4) /* Ïðèìåíÿåì îïåðàòîð ê ÷èñëó 3!=6 */
3!?;

(%o4)
6

37

(%i5) sin(x)?;

(%o5)
sin(x)

sin(x)
2

+ 1

3.2. Âûðàæåíèÿ è áëîêè

Maxima-âûðàæåíèå (îáû÷íî áóäåì ãîâîðèòü ïðîñòî âûðàæåíèå) � ïîñëå-
äîâàòåëüíîñòü èäåíòèôèêàòîðîâ è äàííûõ, êîòîðàÿ ìîæåò áûòü âûïîë-
íåíà ñèñòåìîé Maxima. Âûðàæåíèå äîëæíî îêàí÷èâàòüñÿ òåðìèíàëüíûì
ñèìâîëîì ; èëè $. Â ïåðâîì ñëó÷àå çíà÷åíèå âûðàæåíèÿ áóäåò íàïå÷àòà-
íî, âî âòîðîì � íåò.

Ëèñòèíã 21

(%i1) /* Çíà÷åíèåì ýòîãî âûðàæåíèÿ áóäåò ñòðîêà "òåêñò" */
print("òåêñò");

òåêñò
(%o1) òåêñò

(%i2) kill(b,c)$
/* Ïðèñâîèì ïåðåìåííîé a çíà÷åíèå âûðàæåíèÿ b+c */
a:b+c;
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(%o3) b+ c

(%i4) kill(x,y)$
/* Â ïåðåìåííîé eq ñîõðàíèì ðàâåíñòâî 2*x+3*y=4 */
eq:2*x+3*y=4;

(%o5) 2x+ 3y = 4

(%i6) /* Ñïèñîê è ìíîæåñòâî */
[2,3,5,7,11,13,17];
{2,3,5,7,11,13,17};

(%o6) [2, 3, 5, 7, 11, 13, 17]

(%o7) {2, 3, 5, 7, 11, 13, 17}

(%i8) /* Ïîëüçîâàòåëüñêàÿ ôóíêöèÿ */
f(x,y):=print(x,y);
f("Çíà÷åíèå x=",x:5);

(%o8) f(x, y) := print(x, y)

Çíà÷åíèå x=5
(%o9) 5

3.2.1. Îñíîâíûå îïåðàöèè ñ âûðàæåíèÿìè

Maxima ðàçëè÷àåò äåéñòâóþùóþ ôîðìó è íåîïðåäåëåííóþ ôîðìó âû-
ðàæåíèé. Âûðàæåíèå â äåéñòâóþùåé ôîðìå âû÷èñëÿåòñÿ, âûðàæåíèå â
íåîïðåäåëåííîé ôîðìå � íå âû÷èñëÿåòñÿ. Ïî óìîë÷àíèþ âñå ôóíêöèè
èìåþò äåéñòâóþùóþ ôîðìó. ×òîáû ïðåäñòàâèòü âûðàæåíèå â íåîïðåäå-
ëåííîé ôîðìå íàäî ïîñòàâèòü ïåðåä íèì øòðèõ ' � îïåðàòîð íåîïðå-
äåëåííîé ôîðìû. Íàîáîðîò, ÷òîáû ïðèâåñòè âûðàæåíèå ê äåéñòâóþùåé
ôîðìå (âû÷èñëèòü íàñèëüíî) ïðèìåíÿåòñÿ îïåðàòîð � � îïåðàòîð äåé-
ñòâóþùåé ôîðìû.

Ñíà÷àëà ðàññìîòðèì íåñêîëüêî ïðîñòûõ ïðèìåðîâ, ïîÿñíÿþùèõ ñóòü
äåëà.

Ëèñòèíã 22

(%i1) a:3;
b:'a;
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(%o1) 3
(%o2) a

(%i3) b+a;
/* Äîâû÷èñëÿåì ïîëó÷åííûé ðåçóëüòàò */
''%;

(%o3) a+ 3

(%o4) 6

(%i5) kill(x,y)$
a:x+y;

(%o6) y + x

(%i7) b+a;
/* Äîâû÷èñëÿåì ïîëó÷åííûé ðåçóëüòàò */
''%;

(%o7) y + x+ a

(%o8) 2 y + 2x

Íåîïðåäåëåííóþ ôîðìó âûðàæåíèÿ ìîæíî èñïîëüçîâàòü â ñëåäóþùåé
ñèòóàöèè.

Ëèñòèíã 23

(%i1) kill(x)$
'diff(x^2*%e^(3*x),x)=diff(x^2*%e^(3*x),x);
'integrate(1/x, x, 1, 42)=integrate(1/x, x, 1, 42);

(%o2)
d

d x

(
x2 %e

3 x
)

= 3x2 %e
3 x

+ 2x%e
3 x

(%o3)

∫ 42

1

1

x
dx = log(42)

Ïðèìåíèì îïåðàòîðû íåîïðåäåëåííîé è äåéñòâóþùåé ôîðìû äëÿ çà-
äàíèÿ è âû÷èñëåíèÿ ôóíêöèè Äèðèõëå. Ýòà ôóíêöèÿ ðàâíà 1 åñëè x �
ðàöèîíàëüíîå ÷èñëî è 0 � â ïðîòèâíîì ñëó÷àå.

Ëèñòèíã 24

(%i1) kill(x)$
/* Âûðàæåíèå f íå áóäåò âû÷èñëåíî ñðàçó */
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f:'(if ratnump(x) then 1 else 0)$

(%i3) x:sqrt(4)$
/* Ïîäñòàâëÿåì x è âû÷èñëÿåì f */
print("f(", x, ")=", ''f)$

f(2) = 1

(%i5) x:sqrt(2)$
/* Ïîäñòàâëÿåì x è âû÷èñëÿåì f */
print("f(", x, ")=", ''f)$

f(
√

2) = 0

Ðàññìîòðèì èñïîëüçóåìûé â Maxima ìåõàíèçì ñðàâíåíèÿ âûðàæåíèé.
Â Maxima èìåþòñÿ äâà ðàçëè÷íûõ òèïà ðàâåíñòâ äëÿ âûðàæåíèé îáùåãî
âèäà:

• ñèíòàêñè÷åñêîå ðàâåíñòâî âûðàæåíèé: a = b � åñëè ñîâïàäàþò ïðåä-
ñòàâëåíèÿ ýòèõ âûðàæåíèé âî âíóòðåííåì ôîðìàòå ñèñòåìû;

• òîæäåñòâåííîå ðàâåíñòâî âûðàæåíèé: equal(a, b) � åñëè âûðàæå-
íèÿ ìîãóò áûòü ïðèâåäåíû ê îäèíàêîâîìó âèäó ñ ïîìîùüþ òîæäå-
ñòâåííûõ ïðåîáðàçîâàíèé.

Îòðèöàíèåì îïåðàòîðà = ÿâëÿåòñÿ îïåðàòîð #, à îòðèöàíèåì equal �
ôóíêöèÿ notequal. ×èñëîâûå âûðàæåíèÿ ìîãóò áûòü òàêæå ñðàâíåíû
ñ ïîìîùüþ îïåðàòîðîâ <, <=, >, >=.

Âñå ðàâåíñòâà è íåðàâåíñòâà ïðåäñòàâëÿþò ñîáîé îáúåêòû (íàçûâàå-
ìûå âûñêàçûâàíèÿìè), à íå ëîãè÷åñêèå çíà÷åíèÿ.
� Ôóíêöèÿ

equal(expr1, expr2 )

âîçâðàùàåò âûñêàçûâàíèå ¾âûðàæåíèÿ expr1, expr2 ðàâíû òîæäåñòâåí-
íî¿. Äëÿ ïðîâåðêè òîæäåñòâåííîãî ðàâåíñòâà èñïîëüçóåòñÿ ôóíêöèÿ is.
Â îòëè÷èå îò equal, îïåðàòîð = âîçâðàùàåò âûñêàçûâàíèå ¾âûðàæåíèÿ
ðàâíû ñèíòàêñè÷åñêè¿.
� Ôóíêöèÿ

notequal(expr1, expr2 )

âîçâðàùàåò îòðèöàíèå âûñêàçûâàíèÿ equal(expr1, expr2 ).



50 3.2. Âûðàæåíèÿ è áëîêè

×òîáû ïîëó÷èòü ëîãè÷åñêîå çíà÷åíèå âûñêàçûâàíèÿ (true èëè false)
èñïîëüçóåòñÿ
� ôóíêöèÿ

is(expr)

� âû÷èñëÿåò ëîãè÷åñêîå çíà÷åíèå âûñêàçûâàíèÿ expr â êîíòåêñòå ïðåä-
ïîëîæåíèé, ñîçäàííûõ ôóíêöèåé assume. Åñëè âûñêàçûâàíèå íå èìååò
îïðåäåë¼ííîãî ëîãè÷åñêîãî çíà÷åíèÿ, òî ôóíêöèÿ is âîçâðàòèò unknown.

Ëèñòèíã 25

(%i1) 1=2;
is(1=2);
1<2;
is(1<2);

(%o1) 1 = 2

(%o2) false
(%o3) 1 < 2

(%o4) true

(%i5) kill(x,y)$
is(x>0);
is( (x+y=y+x) and (x^2=x*x) );
is(x^2+y^2>=2*x*y);

(%o6) unknown
(%o7) true
(%o8) true

(%i9) is(sqrt(x*y)=sqrt(x)*sqrt(y));
assume(x>=0,y>=0)$
is(sqrt(x*y)=sqrt(x)*sqrt(y));

(%o9) false
(%o11) true

(%i12) is(x^2-1=(x-1)*(x+1));
is(equal(x^2-1,(x-1)*(x+1)));

(%o12) false
(%o13) true
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(%i14) is(equal(x,sqrt(x^2)));
is(equal(abs(x),sqrt(x^2)));
is(notequal(x,sqrt(x^2)));
is(notequal(abs(x),sqrt(x^2)));

(%o14) unknown
(%o15) true
(%o16) unknown
(%o17) false

3.2.2. Îáúåäèíåíèå âûðàæåíèé â áëîê

Èíîãäà âîçíèêàåò íåîáõîäèìîñòü îáúåäèíèòü íåñêîëüêî âûðàæåíèé â îä-
íî (íàïðèìåð: ïðè çàäàíèè ôóíêöèè, ïðè èñïîëüçîâàíèè óñëîâíûõ îïå-
ðàòîðîâ èëè îïåðàòîðîâ öèêëà). Ýòî äåëàåòñÿ ñ ïîìîùüþ áëîêà8.
� Âûïîëíÿòü ïî ïîðÿäêó expr1, expr2, . . . è âîçâðàòèòü ðåçóëüòàò ïî-
ñëåäíåãî âûðàæåíèÿ:

( expr1, expr2, . . . );

� Òî æå ñàìîå, íî ñî ñïèñêîì vars ëîêàëüíûõ ïåðåìåííûõ :

block( [vars], expr1, expr2, . . . );

Îáëàñòü âèäèìîñòè ëîêàëüíîé ïåðåìåííîé îãðàíè÷åíà áëîêîì, â êî-
òîðîì îíà îáúÿâëåíà. Â áëîêàõ òàêæå ìîæíî èñïîëüçîâàòü âíåøíèå ïåðå-
ìåííûå. Èìÿ ëîêàëüíîé ïåðåìåííîé ìîæåò ñîâïàäàòü ñ èìåíåì âíåøíåé
ïåðåìåííîé.

Ëèñòèíã 26

(%i1) x:0$
y:5$
(x:1, z:2, x+y+z);
x;

(%o3) 8
(%o4) 1

(%i5) a:0$
b:5$

8Íå ñëåäóåò ñìåøèâàòü îïèñûâàåìóþ çäåñü ñèíòàêñè÷åñêóþ êîíñòðóêöèþ áëîê ñ

áëîêàìè ââîäà è âûâîäà îáîëî÷êè wxMaxima, î êîòîðûõ øëà ðå÷ü íà ñòð. 29.
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block([a,c], a:1, c:2, a+b+c);
a;

(%o7) 8
(%o8) 0

� Ôóíêöèÿ

return(expr)

âûçâàííàÿ â òåëå block, ïðåðûâàåò åãî âûïîëíåíèå è âîçâðàùàåò â êà÷å-
ñòâå ðåçóëüòàòà áëîêà çíà÷åíèå âûðàæåíèÿ expr.

Ëèñòèíã 27

(%i1) (x:1, y:2*x, return(x+y), x*y);

return: not within 'block'
� an error. To debug this try: debugmode(true);

(%i2) block(x:1, y:2*x, return(x+y), x*y);

(%o2) 3

� Èäåíòèôèêàòîð %% ññûëàåòñÿ íà ïîñëåäíèé ðåçóëüòàò â áëîêå � àíà-
ëîãè÷íî òîìó, êàê ðàáîòàåò % âíå áëîêà.

Ëèñòèíã 28

(%i1) block([x:1,y:2], y:x+y, x:%%,
block([z:10], y:x+z, z:%%, x+z)

);

(%o1) 16

3.3. Áóëåâ òèï

Ðàññìîòðèì îïåðàòîðû è ôóíêöèè, îïðåäåëåííûå íàä âûðàæåíèÿìè ñëå-
äóþùèõ äâóõ òèïîâ.

• ïðåäèêàòû � âûðàæåíèÿ, ïðèíèìàþùèå ëîãè÷åñêèå çíà÷åíèÿ true,
false;

• âûñêàçûâàíèÿ � âûðàæåíèÿ, ïðåäñòàâëÿþùèå ñîáîé îáúåêòû, ñâî-
äÿùèåñÿ ê çíà÷åíèÿì true, false ñ ïîìîùüþ ôóíêöèè is.
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� Ëîãè÷åñêèå îïåðàòîðû and, or, not èìåþò îáû÷íûé ñìûñë:

and � ëîãè÷åñêîå óìíîæåíèå èëè êîíúþíêöèÿ ∧,

or � ëîãè÷åñêîå ñëîæåíèå èëè äèçúþíêöèÿ ∨,

not � ëîãè÷åñêîå îòðèöàíèå ¬.

Ñðåäè íèõ íàèâûñøèì ïðèîðèòåòîì îáëàäàåò óíàðíûé îïåðàòîð not, äà-
ëåå and è íà ïîñëåäíåì ìåñòå or.

Ëèñòèíã 29

(%il) true and true and false;
true and false or true;
not true or not false;
not (true or not false);

(%o1) false
(%o2) true
(%o3) true
(%o4) false

(%i5) kill(x,y)$
x and false;
x or y and false;

(%o6) false
(%o7) x

Â ñëåäóþùåì ïðèìåðå çàäàåòñÿ áóëåâà ôóíêöèÿ 9 è âû÷èñëÿþòñÿ åå
çíà÷åíèÿ.

Ëèñòèíã 30

(%il) kill(x1,x2,x3,x4)$

f(x1,x2,x3,x4):=
x1 and x2 and not x3 and not x4 or
x1 and not x2 and x3 and not x4 or
not x1 and x2 and x3 and not x4 or
x1 and x2 and x3 and not x4 or
x1 and not x2 and not x3 and x4 or

9Ôóíêöèÿ îò ëîãè÷åñêèõ ïåðåìåííûõ, ïðèíèìàþùàÿ ëîãè÷åñêîå çíà÷åíèå.
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not x1 and x2 and not x3 and x4 or
x1 and x2 and not x3 and x4 or
not x1 and x2 and x3 and x4$

f(true,true,false,false);
f(false,false,false,true);
f(x1,x2,false,false);

(%o3) true

(%o4) false

(%o5) x1 ∧ x2

� Ôóíêöèÿ

charfun(b)

âîçâðàùàåò 1 åñëè b=true è 0 åñëè b=false
Â ñëåäóþùåì ïðèìåðå çàïðîãðàììèðîâàíà ñèñòåìà ïåðåâîäà îöåíêè èç

100-áàëëüíîé øêàëû â 5-áàëëüíóþ, ïðèíÿòàÿ â Ôèíàíñîâîì óíèâåðñèòåòå.

Ëèñòèíã 31

(%il) kill(n)$
f(n):=2+charfun(n>=51)+charfun(n>=70)+charfun(n>=86)$
f(37);
f(62);
f(80);
f(86);

(%o3) 2
(%o4) 3
(%o5) 4
(%o6) 5

3.4. ×èñëà

Â Maxima èìåþòñÿ ÷èñëà òðåõ ðàçëè÷íûõ òèïîâ:

Ëèñòèíã 32

(%i1) /* Öåëîå */
123;
123.;
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/* Ñòàíäàðòíîå ÷èñëî ñ ïëàâàþùåé òî÷êîé - float */
123.0;
123e0;
123.0e0;

/* Äëèííîå ÷èñëî ñ ïëàâàþùåé òî÷êîé - bigfloat */
123b0;
123.0b0;

Ïðîñòàÿ äðîáü íèêîãäà íå áóäåò ¾ïî óìîë÷àíèþ¿ ïðåîáðàçîâàíà â ÷èñ-
ëî ñ ïëàâàþùåé òî÷êîé, åñëè òîëüêî ïîëüçîâàòåëü íå ñäåëàåò ýòîãî ÿâíî.
Îáðàòíîå ïðåîáðàçîâàíèå èíîãäà âûïîëíÿåòñÿ ñèñòåìîé âíóòðè äðóãèõ
ôóíêöèé � äëÿ óìåíüøåíèÿ ïîãðåøíîñòè âû÷èñëåíèé.

Ñèñòåìà ñïîñîáíà îáðàáàòûâàòü äîâîëüíî áîëüøèå öåëûå ÷èñëà, íà-
ïðèìåð âû÷èñëåíèå è âûâîä íà ýêðàí ÷èñëà 1234123456, ñîäåðæàùåãî 381642
öèôðû,10 çàíèìàåò íà êîìïüþòåðå îäíîãî èç àâòîðîâ îêîëî 0.07 ñåêóíäû.
Âû÷èñëåíèå áåç âûâîäà íà ýêðàí ÷èñëà 123412345678 çàíÿëî 13.92 ñåêóíä.
Âû÷èñëÿòü 1234123456789 Maxima îòêàçàëàñü, ïðè÷åì íèêàê ýòî íå êîì-
ìåíòèðóÿ.

Ðàöèîíàëüíîå ÷èñëî ïðåäñòàâëÿåòñÿ â ñèñòåìå êàê óïîðÿäî÷åííàÿ ïà-
ðà öåëûõ:

[÷èñëèòåëü, çíàìåíàòåëü].

Öåëîå ÷èñëî ñ÷èòàåòñÿ ÷àñòíûì ñëó÷àåì ðàöèîíàëüíîãî � ñî çíàìåíàòå-
ëåì, ðàâíûì 1. Â îáùåì ñëó÷àå ðàöèîíàëüíîå ÷èñëî íå ÿâëÿåòñÿ ÷èñëîì
ñ òî÷êè çðåíèÿ âíóòðåííåãî ïðåäñòàâëåíèÿ ÑÊÌ Maxima.

×èñëî ñ ïëàâàþùåé òî÷êîé ïðåäñòàâëÿåòñÿ â âèäå: x ·10n. Èìååòñÿ äâà
òèïà òàêèõ ÷èñåë: ñòàíäàðòíîå è äëèííîå.

Ñòàíäàðòíîå ÷èñëî ñ ïëàâàþùåé òî÷êîé (�oat) ââîäèòñÿ â ôîðìàòå
xen, ïðè÷åì ìàíòèññà x ñîäåðæèò ñóììàðíî â öåëîé è äðîáíîé ÷àñòÿõ
íå áîëåå 16 öèôð, à ïîêàçàòåëü ñòåïåíè n íå ñëèøêîì âåëèê. Íàïðèìåð,
÷èñëî 1.0 · 10n ïðè n > 309 âûçûâàåò ïåðåïîëíåíèå, à ïðè n 6 −324 �
òîæäåñòâåííî ðàâíî 0.0.

Äëèííîå ÷èñëî ñ ïëàâàþùåé òî÷êîé (big�oat) ââîäèòñÿ â ôîðìàòå
xbn. Ìàíòèññà â big�oat ñîõðàíÿåòñÿ ïî÷òè ñ ïðîèçâîëüíîé òî÷íîñòüþ
(îãðàíè÷åííîé ëèøü âîçìîæíîñòÿìè êîìïüþòåðà), êîòîðàÿ îïðåäåëÿåòñÿ

10Ïðè ñòàíäàðòíîì ôîðìàòèðîâàíèè ýòî ñîîòâåòñòâóåò ïðèìåðíî 80 ñòðàíèöàì.
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ïàðàìåòðîì fpprec è ïî óìîë÷àíèþ ðàâíà 16. Ïîêàçàòåëü ñòåïåíè ïðî-
èçâîëåí. Êîíå÷íî, âñå íåïðèÿòíîñòè, èìåþùèå ìåñòî äëÿ ñòàíäàðòíûõ
÷èñåë ñ ïëàâàþùåé òî÷êîé, âîçíèêàþò è çäåñü, íî â áîëåå äàëåêèõ ðàçðÿ-
äàõ.

Èç-çà îøèáîê îêðóãëåíèÿ ÷èñëà ñ ïëàâàþùåé òî÷êîé îáëàäàþò íåêî-
òîðûìè íåîæèäàííûìè ñ òî÷êè çðåíèÿ ìàòåìàòèêè ñâîéñòâàìè.

Ëèñòèíã 33

(%i1) /* Îïåðàöèÿ ñëîæåíèÿ íå àññîöèàòèâíà */
x:1.000000000000001;
y:-x;
z:0.0000000000000001;
print("1e16*((x+y)+z)=",1e16*((x+y)+z),", ",

"1e16*(x+(y+z))=",1e16*(x+(y+z)))$

(%o1) 1.000000000000001

(%o2) −1.000000000000001

(%o3) 9.9999999999999998 10−17

1e16 ∗ ((x+ y) + z) = 1.0, 1e16 ∗ (x+ (y + z)) = 0.0

(%i5) /* Íàðóøàåòñÿ ñâîéñòâî ýêñïîíåíòû */
x:100.0;
y:0.01;
%e^(x+y)-%e^x*%e^y;

(%o5) 100.0

(%o6) 0.01

(%o7) 1.4360104455710411 1029

(%i8) /* Â öèêëå îøèáêà íàêàïëèâàåòñÿ */
x:1e-5;
y:0.0;
for i:1 thru 1000000 do y:y+x$
y-1000000*x;

(%o8) 1.0000000000000001 10−5

(%o9) 0.0

(%o11)−2.0940937872637733 10−10

� Ëîãè÷åñêàÿ ôóíêöèÿ

numberp(x )
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ïðîâåðÿåò ÿâëÿåòñÿ ëè x (ìàòåìàòè÷åñêèì) ÷èñëîì: öåëûì, ðàöèîíàëü-
íûì, ñ ïëàâàþùåé òî÷êîé (ñòàíäàðòíûì èëè äëèííûì) � íî íå ñèìâîëè-
÷åñêèì îáîçíà÷åíèåì ÷èñëà.
� Ëîãè÷åñêàÿ ôóíêöèÿ

ratnump(x )

ïðîâåðÿåò ÿâëÿåòñÿ ëè x ðàöèîíàëüíîé äðîáüþ (â ÷àñòíîñòè � öåëûì
÷èñëîì).
� Ëîãè÷åñêàÿ ôóíêöèÿ

integerp(x )

ïðîâåðÿåò, ÿâëÿåòñÿ ëè x öåëûì ÷èñëîì.
� Ëîãè÷åñêèå ôóíêöèè

floatnump(x ),
bfloatp(x )

ïðîâåðÿþò, ÿâëÿåòñÿ ëè x ñòàíäàðòíûì (ñîîòâåòñòâåííî, äëèííûì) ÷èñ-
ëîì ñ ïëàâàþùåé òî÷êîé.

Ëèñòèíã 34

(%i1) numberp(2.3456b78);
numberp(234/5678);
numberp(log(2));
numberp(%e);

(%o1) true
(%o2) true
(%o3) false
(%o4) false

(%i5) ratnump(2.3);
ratnump(23);
ratnump(2/3);

(%o5) false
(%o6) true
(%o7) true

(%i8) integerp(1.);
integerp(1.0);
integerp(4/2);
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(%o8) true
(%o9) false
(%o11) true

� Íàä ÷èñëàìè îïðåäåëåíû îïåðàöèè + - * / ^ èìåþùèå îáû÷íûé
ñìûñë:

+ � N -àðíûé èíôèêñíûé îïåðàòîð ñëîæåíèÿ;

- � ïðåôèêñíûé îïåðàòîð àðèôìåòè÷åñêîãî îòðèöàíèÿ, âûðàæåíèå
x− y ïîíèìàåòñÿ êàê x+ (−y);

* � N -àðíûé èíôèêñíûé îïåðàòîð óìíîæåíèÿ;

/ � áèíàðíûé èíôèêñíûé îïåðàòîð äåëåíèÿ;

^ � áèíàðíûé èíôèêñíûé îïåðàòîð âîçâåäåíèÿ â ñòåïåíü.

Ïðåîáðàçîâàíèå ÷èñåë ñ ïëàâàþùåé òî÷êîé â ðàöèîíàëüíûå îñóùåñòâ-
ëÿåòñÿ ôóíêöèÿìè rationalize, rat. Òàêîå ïðåîáðàçîâàíèå òàêæå âû-
ïîëíÿåòñÿ ïðè âûçîâå íåêîòîðûõ äðóãèõ ôóíêöèé (íàïðèìåð, solve) äëÿ
óìåíüøåíèÿ ïîãðåøíîñòè âû÷èñëåíèé.
� Ôóíêöèÿ

rationalize(x )

âîçâðàùàåò ÷èñëî x, ïðåäñòàâëåííîå ðàöèîíàëüíîé äðîáüþ.
� Ôóíêöèÿ

rat(x )

âîçâðàùàåò ÷èñëî x, ïðåäñòàâëåííîå ïðèáëèæåííî ðàöèîíàëüíîé äðîáüþ.
Ðåçóëüòàò ïðè ýòîì áóäåò îòìå÷åí ñèìâîëîì /R/. Ïîãðåøíîñòü, ñ êîòî-
ðîé ðàáîòàåò ôóíêöèÿ, çàäàåòñÿ ãëîáàëüíîé ïåðåìåííîé ratepsilon (ïî
óìîë÷àíèþ 2.0e-8).

Îáðàòíûé ïåðåâîä ðàöèîíàëüíûõ ÷èñåë â ÷èñëà ñ ïëàâàþùåé òî÷êîé
âûïîëíÿåòñÿ ñ ïîìîùüþ ñëåäóþùèõ ôóíêöèé.
� Ôóíêöèè

float(expr),
bfloat(expr)

ïåðåâîäÿò âñå ÷èñëà â âûðàæåíèè expr â ñòàíäàðòíûå (ñîîòâåòñòâåííî,
äëèííûå) ÷èñëà ñ ïëàâàþùåé òî÷êîé.
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Îáðàòèòå âíèìàíèå, ÷òî Maxima ïî óìîë÷àíèþ íå áóäåò ïåðåâîäèòü
ðàöèîíàëüíûå ÷èñëà â ÷èñëà ñ ïëàâàþùåé òî÷êîé. Ýòî ïîçâîëÿåò ïðîâî-
äèòü âû÷èñëåíèÿ ñ ðàöèîíàëüíûìè ÷èñëàìè áåç ïîòåðè òî÷íîñòè.

Ëèñòèíã 35

(%i1) -3/7^5+2/15*(6/11-13/17)^3;

(%o1) −
2610974629

1648565772315

(%i2) fpprec:30$
bfloat(%);

(%o3) −1.58378553822183053031391178426b− 3

(%i4) rationalize(%);

(%o4) −
2055871168675525458266368821431

1298074214633706907132624082305024

(%i5) float(%);

(%o5) −0.0015837855382218

(%i6) rat(%);

rat: replaced −0.00158378553822

by −543405/343105166 = −0.00158378553822

(%o6)/R/ − 543405

343105166

� ×òîáû âñå ÷èñëîâûå ôóíêöèè âû÷èñëÿëèñü â ÷èñëàõ ñ ïëàâàþùåé
òî÷êîé ñëåäóåò óñòàíîâèòü ãëîáàëüíóþ ïåðåìåííóþ

numer: true.

Ïî óìîë÷àíèþ Maxima ïðîèçâîäèò òîëüêî ñèìâîëüíûå ïðåîáðàçîâàíèÿ,
ò.å. ïåðåìåííàÿ numer èìååò çíà÷åíèå false.

Ëèñòèíã 36

(%i1) /* Maxima óäîáíî èñïîëüçîâàòü êàê êàëüêóëÿòîð */
numer:true$

(%i2) /* Àðèôìåòè÷åñêèå äåéñòâèÿ */
(12341-675/15+94*12.3)/(37.61+82*1.9);
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(%o3) 69.55276355927823

(%i4) /* Òðèãîíîìåòðè÷åñêèå âû÷èñëåíèÿ */
sin(%pi/8)*cos(3*%pi/16);

(%o4) 0.31818964514321

(%i5) /* Âû÷èñëåíèÿ ñòåïåíåé è ëîãàðèôìîâ */
log(2^15+%e^25)/log(2);

(%o5) 36.0673766787658

(%i6) kill(x)$
/* Ðåøåíèå óðàâíåíèé */
solve(x^3-5*x+4=0,x);

rat: replaced 4.123105625617661 by 76996132/18674305 = 4.123105625617661
rat: replaced 4.123105625617661 by 76996132/18674305 = 4.123105625617661

(%o7) [x = −2.56155281280883, x = 1.56155281280883, x = 1]

� Ôóíêöèÿ

compare(x, y)

ñðàâíèâàåò ÷èñëà x,y è âîçâðàùàåò ëèáî îïåðàòîð <, ≤, >, ≥, =, # (îïåðà-
òîð ¾íå ðàâíî¿), ëèáî notcomparable � åñëè ñðàâíèâàþòñÿ êîìïëåêñíûå
÷èñëà, ëèáî unknown � åñëè çíà÷åíèÿ ïåðåìåííûõ íåâîçìîæíî ñðàâíèòü.

Ëèñòèíã 37

(%i1) kill(x)$
compare(%e^%pi, %pi^%e);
compare(x^2+1,2*x);
compare(1/x,0);
compare(x^2,x*x);
compare(x,1);

(%o2) >

(%o3) ≥
(%o4) #
(%o5) =

(%o6) unknown

� Ôóíêöèè
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max(x1, . . . , xN ),
min(x1, . . . , xN )

âîçâðàùàþò, ñîîòâåòñòâåííî, ìàêñèìàëüíîå è ìèíèìàëüíîå ÷èñëî.

Ëèñòèíã 38

(%i1) max(%pi^%e,%e^%pi);
min(%pi^%e,%e^%pi);

(%o1) %eπ

(%o2) π%e

� Ôóíêöèÿ

mod(x, y)

âîçâðàùàåò ÷èñëî z ∈ [0, y) òàêîå, ÷òî
x− z
y

� öåëîå. Â ñëó÷àå íàòóðàëü-

íûõ x, y ÷èñëî z åñòü îñòàòîê îò äåëåíèÿ x/y.

Ëèñòèíã 39

(%i1) mod(-345/17,%pi);
float(%);

(%o1) 7π − 345

17

(%o2) 1.697030928069729

� Ôóíêöèè

sum(Xi, i, i0, i1 ),
product(Xi, i, i0, i1 )

âîçâðàùàþò, ñîîòâåòñòâåííî, ñóììó
i1∑
i=i0

Xi è ïðîèçâåäåíèå
i1∏
i=i0

Xi .

Ëèñòèíã 40

(%i1) sum(i^2,i,1,1000);
product(i/(i^2+1),i,1,20);

(%o1) 333833500

(%o2)
17200947456

146517391394041314511720578125
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� Ôóíêöèÿ

abs(x )

âîçâðàùàåò àáñîëþòíóþ âåëè÷èíó |x| ÷èñëà x. Ôóíêöèÿ òàêæå êîððåêòíî
ðàáîòàåò ïðè êîìïëåêñíûõ x.
� Ôóíêöèÿ

signum(x )

âîçâðàùàåò 0 ïðè x = 0 è
x

|x|
â îñòàëüíûõ ñëó÷àÿõ. Ôóíêöèÿ ðàáîòàåò è

íà êîìïëåêñíûõ ÷èñëàõ.
� Ôóíêöèÿ

sqrt(x )

âîçâðàùàåò
√
x. Ðàâíîñèëüíî x^(1/2). Â ñëó÷àå êîìïëåêñíîãî x ôóíêöèÿ

âîçâðàùàåò îäíî èç çíà÷åíèé êîìïëåêñíîãî êîðíÿ.
� Ôóíêöèè

sin(x ),
cos(x ),
tan(x ),
cot(x )

âîçâðàùàþò çíà÷åíèÿ òðèãîíîìåòðè÷åñêèõ ôóíêöèé: sinx, cosx, tg x, ctg x.
Êîððåêòíî ðàáîòàþò òàêæå è ïðè êîìïëåêñíûõ x.
� Ôóíêöèè

asin(x ),
acos(x ),
atan(x ),
acot(x )

� îáðàòíûå òðèãîíîìåòðè÷åñêèå: arcsinx, arccosx, arctg x, arcctg x. Êîð-
ðåêòíî ðàáîòàþò òàêæå è ïðè êîìïëåêñíûõ x.
� Ôóíêöèè

exp(x ),
log(x )

âîçâðàùàþò çíà÷åíèÿ ýêñïîíåíòû ex è íàòóðàëüíîãî ëîãàðèôìà lnx. Çà-
ïèñü exp(x ) ðàâíîñèëüíà çàïèñè %e^x. Êîððåêòíî ðàáîòàþò òàêæå è ïðè
êîìïëåêñíûõ x.
� Ôóíêöèè
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sinh(x ),
cosh(x ),
tanh(x ),
coth(x )

âîçâðàùàþò çíà÷åíèÿ ñîîòâåòñòâóþùèõ ãèïåðáîëè÷åñêèõ ôóíêöèé: shx,
chx, thx, cthx. Êîððåêòíî ðàáîòàþò òàêæå è ïðè êîìïëåêñíûõ x.
� Ôóíêöèè

asinh(x ),
acosh(x ),
atanh(x ),
acoth(x )

� îáðàòíûå ãèïåðáîëè÷åñêèå: arshx, archx, arthx, arcthx. Êîððåêòíî ðà-
áîòàþò òàêæå è ïðè êîìïëåêñíûõ x.

Ðàññìîòðèì ïðîñòîé ïðèìåð âû÷èñëåíèé ñ òðèãîíîìåòðè÷åñêèìè ôóíê-
öèÿìè.

Ëèñòèíã 41

(%i1) t:sin(2)*cos(2);

(%o1) sin(2) cos(2)

(%i2) float(t);

(%o2) −0.37840124765396

(%i3) asin(2*t);

(%o3) asin(2 cos(2) sin(2))

(%i4) trigreduce(%);

(%o4) π − 4

� Îïåðàöèÿ x! äëÿ íàòóðàëüíûõ x âîçâðàùàåò òî÷íîå çíà÷åíèå ôàêòî-
ðèàëà x!. Äëÿ îñòàëüíûõ x îïåðàöèÿ âîçâðàùàåò ïðèáëèæåííîå çíà÷åíèå

Γ(x + 1) òàê íàçûâàåìîé ãàììà-ôóíêöèè Ýéëåðà Γ(x) =

+∞∫
0

tx−1e−t dt,

ÿâëÿþùåéñÿ îáîáùåíèåì ôàêòîðèàëà.

Ëèñòèíã 42

(%i1) 20!;
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(%o1) 2432902008176640000

(%i2) 1.4!;
gamma(2.4); /* Ãàììà-ôóíêöèÿ Ýéëåðà */

(%o2) 1.242169344504305

(%o3) 1.242169344504305

(%i4) floatnump(1.4!);
bfloatp(1.4!);

(%o4) true
(%o5) false

� Ôóíêöèÿ

random(x )

èìèòèðóåò ðàâíîìåðíî ðàñïðåäåëåííóþ äèñêðåòíóþ ñëó÷àéíóþ âåëè÷èíó.
Äëÿ íàòóðàëüíîãî x ôóíêöèÿ âîçâðàùàåò ñëó÷àéíîå öåëîå ÷èñëî èç ïðî-
ìåæóòêà [0, x− 1]. Äëÿ ïîëîæèòåëüíîãî x ñ ïëàâàþùåé òî÷êîé ôóíêöèÿ
âîçâðàùàåò ñëó÷àéíîå ÷èñëî ñ ïëàâàþùåé òî÷êîé11 èç (0, x).

Ëèñòèíã 43

(%i1) random(100);
random(100);

(%o1) 15
(%o2) 91

(%i3) random(float(%pi));
random(float(%pi));

(%o3) 2.870817524923704

(%o4) 0.792431801944530

3.4.1. Öåëûå ÷èñëà

� Ëîãè÷åñêèå ôóíêöèè

11Â ýòîì ñëó÷àå ìîæíî ñ÷èòàòü, ÷òî ôóíêöèÿ èìèòèðóåò íåïðåðûâíóþ ñëó÷àéíóþ

âåëè÷èíó. Ïðè ýòîì íàäî ïîíèìàòü, ÷òî ïî ñóòè random(x) ÿâëÿåòñÿ äèñêðåòíîé âåëè-

÷èíîé, ò.ê. èìååò êîíå÷íîå ÷èñëî çíàêîâ. Âîîáùå, êîìïüþòåð íå ìîæåò èìèòèðîâàòü

ïîëíîöåííóþ íåïðåðûâíóþ ñëó÷àéíóþ âåëè÷èíó.
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evenp(n),
oddp(n)

ïðîâåðÿþò, ÿâëÿåòñÿ ëè n ÷åòíûì (ñîîòâåòñòâåííî, íå÷åòíûì) ÷èñëîì.

Ëèñòèíã 44

(%i1) evenp(5);
oddp(5);

(%o1) false
(%o2) true

Ñëåäóþùèå ôóíêöèè ñâÿçàíû ñ ðàçëîæåíèåì ÷èñëà íà ïðîñòûå ìíî-
æèòåëè. Âðåìÿ âû÷èñëåíèÿ ýòèõ ôóíêöèé îïðåäåëÿåòñÿ âåëè÷èíîé ìàê-
ñèìàëüíîãî ïðîñòîãî ìíîæèòåëÿ. Åñëè äàæå ñàìî ÷èñëî n âåëèêî, íî íå
ñîäåðæèò â ðàçëîæåíèè áîëüøîãî ïðîñòîãî ìíîæèòåëÿ, òî ôóíêöèÿ áóäåò
ðàáîòàòü äîâîëüíî áûñòðî.
� Ôóíêöèÿ

ifactors(n)

âîçâðàùàåò ñïèñîê ïðîñòûõ äåëèòåëåé p1, p2, . . . ÷èñëà n è èõ ñòåïåíåé
k1, k2, . . . â ñëåäóþùåì ôîðìàòå: [[p1, k1], [p2, k2], . . . ].
� Ôóíêöèÿ

factor(n)

âîçâðàùàåò ðàçëîæåíèå ÷èñëà n â ïðîèçâåäåíèå ñòåïåíåé ïðîñòûõ ÷èñåë.
� Ôóíêöèÿ

divisors(n)

âîçâðàùàåò ìíîæåñòâî äåëèòåëåé ÷èñëà n, âêëþ÷àÿ 1 è ñàìî ÷èñëî.

Ëèñòèíã 45

(%i1) n:3194552126242918247166360$
factor(n);
ifactors(n);

(%o2) 23 35 5 7 112 13 173 19 234 29 312 41

(%o3) [[2,3], [3,5], [5,1], [7,1], [11,2], [13,1], [17,3], [19,1], [23,4], [29,1], [31,2],
[41,1]]
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(%i4) divisors(34);

(%o4) {1,2,17,34}

� Ôóíêöèÿ

totient(n)

äëÿ íàòóðàëüíîãî n âîçâðàùàåò çíà÷åíèå ôóíêöèè Ýéëåðà ϕ(n) � êîëè-
÷åñòâî íàòóðàëüíûõ ÷èñåë, ìåíüøèõ n è âçàèìíî ïðîñòûõ ñ íèì.

Ëèñòèíã 46

(%i1) n:2*3^4*7^2*13^2*23;
totient(n);
/* Ôîðìóëà äëÿ ôóíêöèè Ýéëåðà */
n*(1-1/2)*(1-1/3)*(1-1/7)*(1-1/13)*(1-1/23);

(%o1) 30855006
(%o2) 7783776
(%o3) 7783776

� Ôóíêöèÿ

lcm(n1, n2, . . . )

âîçâðàùàåò íàèìåíüøåå îáùåå êðàòíîå (ÍÎÊ) ÷èñåë n1, n2, . . . .
� Ôóíêöèÿ

gcd(n1, n2 )

âîçâðàùàåò íàèáîëüøèé îáùèé äåëèòåëü (ÍÎÄ) ÷èñåë n1, n2.
� Ôóíêöèÿ

ezgcd(n1, n2, . . . )

âîçâðàùàåò ñïèñîê, ïåðâûé ýëåìåíò êîòîðîãî � ÍÎÄ ÷èñåë n1, n2, . . . , à
îñòàëüíûå ýëåìåíòû ñóòü ÷àñòíûå îò äåëåíèÿ àðãóìåíòîâ n1, n2, . . . íà
ÍÎÄ.

Ëèñòèíã 47

(%i1) lcm(2,34,12,102);

(%o1) 204

(%i2) gcd(20790,385);
gcd(20790,84);
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gcd(gcd(20790,385),84);
ezgcd(20790,385,84);
%[1];

(%o2) 385

(%o3) 42

(%o4) 7

(%o5) [7, 2970, 55, 12]

(%o6) 7

� Ëîãè÷åñêàÿ ôóíêöèÿ

primep(n)

ïðîâåðÿåò, ÿâëÿåòñÿ ëè n ïðîñòûì ÷èñëîì.
� Ôóíêöèè

next_prime(n),
prev_prime(n)

âîçâðàùàþò áëèæàéøåå ïðîñòîå ÷èñëî, áîëüøåå (ìåíüøåå) n.

Ëèñòèíã 48

(%i1) primep(2854495385411919762116571938898990272765493293);

(%o1) true

(%i2) next_prime(2^100);

(%o2) 1267650600228229401496703205653

(%i3) 100!-prev_prime(100!);

(%o3) 271

� Ôóíêöèÿ

inv_mod(a, m)

âîçâðàùàåò ÷èñëî, îáðàòíîå a ïî ìîäóëþ m, ò.å. òàêîå öåëîå ÷èñëî x â
ïðîìåæóòêå [1,m − 1], ÷òî ïðîèçâåäåíèå ax äàåò ïðè äåëåíèè íà m â
îñòàòêå 1. Ôóíêöèÿ âîçâðàùàåò false, åñëè òàêîãî x íå ñóùåñòâóåò.
� Ôóíêöèÿ

power_mod(a, n, m)
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âîçâðàùàåò x = an mod m, ò.å. îñòàòîê îò äåëåíèÿ an íà m. Ïðè n =

−1 ôóíêöèÿ èäåíòè÷íà ïðåäûäóùåé. Ôóíêöèÿ âîçâðàùàåò false, åñëè
òàêîãî x íå ñóùåñòâóåò.

Ëèñòèíã 49

(%i1) inv_mod(19, 17);
/* Ïðîâåðêà: */
integerp( (19*%-1)/17 );

(%o1) 9
(%o2) true

(%i3) power_mod(19, 2, 17);
/* Ïðîâåðêà: */
integerp( (19^2-%)/17 );

(%o3) 4
(%o4) true

Â ñëåäóþùåì ïðèìåðå ïðîäåìîíñòðèðîâàí èçâåñòíûé àëãîðèòì øèô-
ðîâàíèÿ RSA.

Ëèñòèíã 50

(%i1) /* 1. Ïîäãîòîâèòåëüíûé ýòàï */
set_display(ascii)$
/* Áåðåì äâà ïðîñòûõ ÷èñëà */
p:prev_prime(2^1024);

(%o2) 17976931348623159077293051907890247336179769789423065727343\
00811577326758055009631327084773224075360211201138798713933576587\
89768814416622492847430639474124377767893424865485276302219601246\
09411945308295208500576883815068234246288147391311054082723716335\
0510684586298239947245938479716304835356329624224137111

(%i3) q:next_prime(2^1024);

(%o3) 17976931348623159077293051907890247336179769789423065727343\
00811577326758055009631327084773224075360211201138798713933576587\
89768814416622492847430639474124377767893424865485276302219601246\
09411945308295208500576883815068234246288147391311054082723716335\
0510684586298239947245938479716304835356329624224137859
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(%i4) /* n=totient(p*q) */
n:(p-1)*(q-1);

(%o4) 32317006071311007300714876688669951960444102669715484032130\
34542752465513886789089319720141152291346368871796092189801949411\
95591504909210950881523864482831206308773673009960917501977503896\
52106796057638384067568276792218642619756161838094338476170470581\
64585203630504288757589154106580860755239912393038561827068541828\
84750749757330128562952167797421066339543566363291598757404244569\
76553282002437674616424046324643329528697062709667236828955560569\
92043599141789771071656043872031782314680799483777149653100489821\
97900322947630039131031082329524162728364550994758623714854612570\
42301630080087585306846289643733710380

(%i5) /* Êëþ÷ øèôðîâàíèÿ è êëþ÷ ðàñøèôðîâàíèÿ */
a:17$
b:inv_mod(a,n);

(%o6) 285150053570391240888660676664734870239212670615136623812914\
812595805780637069625528210600689908059973723982008134394289653996\
110151390480250777815174543674593801859123244083162501744856379283\
295259332103388831484795225458611350789663277302986554445328661581\
047379162143125669631244698311243109404034679873102388400749604191\
838021173642849663677468312705593714911497021998903591980502734293\
664727391246615506291099794084076738788614710913196666710911062670\
512510862153381415635767510204236541130921513204685337337233441461\
424379446292086249114286025936792250877728197395459952268020308500\
70665516447217314391529744453

(%i7) /* 2. Øèôðîâàíèå */
/* Èñõîäíûé òåêñò ïðåäñòàâëåí â âèäå ÷èñëà m < p*q */
m:1234567891011121314151617181920212223242526272829$
/* Øèôðîòåêñò: */
c:power_mod(m, a, p*q);

(%o8) 254444641731990269159186949693610795086168029618143622057993\
681875591782091249860482836700716153166400761680449666185634982774\
052750792743856099675109135437350943626504805270499884121017132664\
461906944332993835859760111263014189443992572725700834604277397716\
428598900801372339858161464237830852499774200665187173423141650803\
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756169194187487726805186155835595965728558145923478034499700135586\
038062945361911813814459311968680339383314310400492665603547178349\
114066171396299972531344938322662844841401186533491122155631800513\
157081891780914671612220684636498016045275790441306128830840049323\
69905631610376348001434873676

(%i9) /* 3. Ðàñøèôðîâàíèå */
power_mod(c, b, p*q);

(%o9) 1234567891011121314151617181920212223242526272829

3.4.2. ×èñëà ñ ïëàâàþùåé òî÷êîé

� Ãëîáàëüíàÿ ïåðåìåííàÿ fpprec � ÷èñëî çíà÷àùèõ öèôð â àðèôìåòèêå
äëèííûõ ÷èñåë ñ ïëàâàþùåé òî÷êîé (ïî óìîë÷àíèþ 16).
� Ãëîáàëüíàÿ ïåðåìåííàÿ fpprintprec � ñêîëüêî öèôð ÷èñëà ñ ïëàâàþ-
ùåé òî÷êîé (îáû÷íîãî èëè äëèííîãî) âûâîäèòü íà ýêðàí. Ïî óìîë÷àíèþ
fpprintprec:0 � íåîãðàíè÷åíî.

Ëèñòèíã 51

(%i1) /* ×èñëî e äî 200-ãî çíàêà */
set_display(ascii)$
fpprec:200$
bfloat(%e);
fpprintprec:5$
bfloat(%e);

(%o3) 2.718281828459045235360287471352662497757247093699959574966\
96762772407663035354759457138217852516642742746639193200305992181\
74135966290435729003342952605956307381323286279434907632338298807\
53195251019b0
(%o5) 2.7182b0

� Ôóíêöèè

ceiling(x ),
floor(x )

îêðóãëÿþò x â áîëüøóþ è ìåíüøóþ ñòîðîíó.
� Ôóíêöèÿ

round(x )
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îêðóãëÿåò x ïî ïðàâèëàì îêðóãëåíèÿ ñ îäíîé îãîâîðêîé: ïîëóöåëûå ÷èñëà
îêðóãëÿþòñÿ äî áëèæàéøåãî ÷åòíîãî ÷èñëà.

Ëèñòèíã 52

(%i1) x:10.5$
ceiling(x);
floor(x);
round(x);

(%o2) 11
(%o3) 10
(%o4) 10

(%i5) x:-12.5$
ceiling(x);
floor(x);
round(x);

(%o6) −12

(%o7) −13

(%o8) −12

3.5. Ñòðîêè

Ñòðîêà � ïîñëåäîâàòåëüíîñòü ñèìâîëîâ, çàêëþ÷åííàÿ â äâîéíûå êàâû÷-
êè. ×òîáû èñïîëüçîâàòü ñèìâîëû " (äâîéíàÿ êàâû÷êà) è \ (îáðàòíûé
ñëýø) âíóòðè ñòðîêè, íàäî ïîñòàâèòü ïåðåä íèìè îáðàòíûé ñëýø. Åñëè
ñòðîêà äëèííàÿ è íàáðàíà â íåñêîëüêî ýêðàííûõ ñòðîê, òî â íåé ñîõðà-
íÿòñÿ ñèìâîëû ïåðåíîñà ñòðîêè. ×òîáû ýòîãî èçáåæàòü òàêæå èñïîëüçó-
þò îáðàòíûé ñëýø. Âïðî÷åì, çàìåòèòü ðàçíèöó ìîæíî òîëüêî ðàáîòàÿ â
êîíñîëüíîé âåðñèè Maxima. Îáîëî÷êà wxMaxima ïî÷åìó-òî èãíîðèðóåò
ñèìâîëû ïåðåíîñà ñòðîêè â ëþáîì ñëó÷àå.

Áîëüøîå ÷èñëî òàêæå ìîæåò áûòü ââåäåíî ñ ïîìîùüþ ñëýø. Íî ýòîò
ìåòîä, ê ñîæàëåíèþ, òîæå ðàáîòàåò òîëüêî â êîíñîëüíîé âåðñèè Maxima.
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Äëÿ èñïîëüçîâàíèÿ îïèñàííûõ íèæå ôóíêöèé íåîáõîäèìî çàãðóçèòü
áèáëèîòåêó stringproc êîìàíäîé load("stringproc")$. Â wxMaxima ýòà
áèáëèîòåêà çàãðóæàåòñÿ ïî óìîë÷àíèþ.
� Ãëîáàëüíàÿ ïåðåìåííàÿ stringdisp � ïå÷àòàòü ñòðîêó â äâîéíûõ êà-
âû÷êàõ12, èëè áåç. Ïî óìîë÷àíèþ false, ò.å. ïå÷àòàåò ñòðîêó áåç êàâû÷åê.
Íî èíîãäà ýòî íåóäîáíî.

Ëèñòèíã 53

(%i1) s:"Êàêîé-òî òåêñò";
stringdisp:true$
s;

(%o1) Êàêîé-òî òåêñò
(%o3) "Êàêîé-òî òåêñò"

� Ëîãè÷åñêàÿ ôóíêöèÿ

stringp(str)

ïðîâåðÿåò, ÿâëÿåòñÿ ëè str ñòðîêîé.
� Ëîãè÷åñêèå ôóíêöèè

digitcharp(char),
alphacharp(char),
alphanumericp(char)

ïðîâåðÿþò, ÿâëÿåòñÿ ëè char ñòðîêîé, ñîñòîÿùåé èç îäíîãî ñèìâîëà:

12Îáðàòèòå âíèìàíèå, ÷òî êàâû÷êè òîëüêî óêàçûâàþò ãðàíèöû ñòðîêè, íî ÷àñòüþ

ñòðîêè íå ÿâëÿþòñÿ.
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• öèôðû,

• áóêâû àëôàâèòà (ëàòèíñêîãî èëè êèðèëëèöû),

• öèôðû ëèáî áóêâû àëôàâèòà.

Çàìåòèì, ÷òî:

• "1" � ñòðîêà, ñîñòîÿùàÿ èç îäíîé öèôðû, à 1 � ÷èñëî;

• "x" � ñòðîêà, ñîñòîÿùàÿ èç îäíîé áóêâû, à x � èäåíòèôèêàòîð.

Ëèñòèíã 54

(%i1) stringp(1234); /* - ýòî ÷èñëî */
stringp(\1234); /* - ýòî èäåíòèôèêàòîð */
stringp("1234");

(%o1) false
(%o2) false
(%o3) true

(%i4) digitcharp(1); /* òàê íåâåðíî */
digitcharp("1"); /* à òàê - âåðíî */
digitcharp("x");

stringproc: 1 is no Maxima character.
� an error. To debug this try: debugmode(true);
(%o5) true
(%o6) false

� Ôóíêöèè

ascii(int),
cint(char)

âîçâðàùàþò ñèìâîë char ïî åãî ASCII-êîäó int = 0, 1, . . . , 255 è îáðàò-
íî. Îáðàòèòå âíèìàíèå, ÷òî îáîëî÷êà wxMaxima íå óìååò âûâîäèòü òàê
íàçûâàåìûå óïðàâëÿþùèå ñèìâîëû � ñîîòâåòñòâóþùèå êîäàì: 1-31, 127,
152. Ñîîòâåòñòâóþùèå ñèìâîëû ìîæíî óâèäåòü, âûïîëíèâ ascii(int) â
êîíñîëüíîé âåðñèè Maxima.

Ëèñòèíã 55

(%i1) ascii(49);
ascii(64);
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cint("$");
cint("Á");

(%o1) 1
(%o2) @
(%o3) 36
(%o4) 193

3.5.1. Ñòðîêà êàê ïîñëåäîâàòåëüíîñòü ñèìâîëîâ

� Ôóíêöèÿ

slength(str)

âîçâðàùàåò äëèíó ñòðîêè str.
� Ôóíêöèÿ

charat(str, n)

âîçâðàùàåò n-ûé ñèìâîë ñòðîêè str.
� Ôóíêöèÿ

sposition(char, str)

âîçâðàùàåò ïîçèöèþ ïåðâîãî âõîæäåíèÿ ñèìâîëà char â ñòðîêó str. Ðåãè-
ñòðîçàâèñèìàÿ ôóíêöèÿ.

Ëèñòèíã 56

(%i1) s:"Ìàòåìàòèêà - öàðèöà íàóê"$
slength(s);
charat(s,14);
sposition("ö",s);

(%o2) 24
(%o3) ö
(%o4) 14

� Ôóíêöèÿ

charlist(str)

âîçâðàùàþò ñïèñîê ñèìâîëîâ ñòðîêè str.
� Ôóíêöèÿ

simplode(list, del),
simplode(list)
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ïðåîáðàçóåò ñïèñîê list â ñòðîêó, èñïîëüçóÿ ñòðîêó del â êà÷åñòâå ðàçäåëè-
òåëÿ. Ïî óìîë÷àíèþ del="". Îáðàòíîå ïðåîáðàçîâàíèå âûïîëíÿåò ôóíê-
öèÿ split.
� Ôóíêöèÿ

split(str, del, mdel),
split(str, del),
split(str)

âîçâðàùàåò ñïèñîê ïîäñòðîê. Ðàçáèåíèå íà ïîäñòðîêè ïðîâîäèòñÿ ïî ðàç-
äåëèòåëþ del (ïî óìîë÷àíèþ � ñèìâîë ïðîáåëà). Åñëè mdel=true (ïî
óìîë÷àíèþ), òî íåñêîëüêî èäóùèõ ïîäðÿä ðàçäåëèòåëåé del òðàêòóþò-
ñÿ êàê åäèíñòâåííûé ðàçäåëèòåëü. Â ïðîòèâíîì ñëó÷àå � ìåæäó íèìè
ïîäðàçóìåâàåòñÿ ïóñòàÿ ñòðîêà. Îáðàòíîå ïðåîáðàçîâàíèå âûïîëíÿåòñÿ
ôóíêöèåé simplode.

Ëèñòèíã 57

(%i1) s:"Maxima is derived from the Macsyma system."$
stringdisp:true$
l:charlist(s);

(%o3) ["M", "a", "x", "i", "m", "a", " ", "i", "s", " ", "d", "e", "r", "i",
"v", "e", "d", " ", "f", "r", "o", "m", " ", "t", "h", "e", " ", "M", "a", "c",
"s", "y", "m", "a", " ", "s", "y", "s", "t", "e", "m", "."]

(%i4) strigdisp:false$
simplode(l,"");

(%o5) Maxima is derived from the Macsyma system.

(%i6) split(%);

(%o6) [Maxima, is, derived, from, the, Macsyma, system.]

� Ôóíêöèÿ

substring(str, n0, n1 ),
substring(str, n0 )

âîçâðàùàåò ÷àñòü ñòðîêè str, ñîîòâåòñòâóþùóþ ïîçèöèÿì îò n0 äî n1 íå
âêëþ÷àÿ ïîñëåäíåå, ëèáî îò n0 äî êîíöà ñòðîêè.

Ëèñòèíã 58
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(%i1) substring("This is a string",6,8);
substring("This is a string",11);

(%o1) is
(%o2) string

Ñòðîêè èíîãäà óäîáíî èñïîëüçîâàòü ïðè ðàáîòå ñ ÷èñëàìè. Â ñëåäó-
þùåì ïðèìåðå âûïîëíÿåòñÿ ñòàòèñòè÷åñêèé àíàëèç ïåðâûõ 100000 öèôð
÷èñëà π.

Ëèñòèíã 59

(%i1) fpprec:100000$
n:string(bfloat(%pi))$
c:makelist(0,10)$
for i:3 thru slength(n)-2 do (

k:1+eval_string(charat(n,i)),
c[k]:c[k]+1

)$
for k:1 thru 10 do print("Öèôðà ",k-1,": ",c[k])$

Öèôðà 0: 9999
Öèôðà 1: 10137
Öèôðà 2: 9908
Öèôðà 3: 10025
Öèôðà 4: 9970
Öèôðà 5: 10027
Öèôðà 6: 10028
Öèôðà 7: 10025
Öèôðà 8: 9978
Öèôðà 9: 9902

Ðåçóëüòàòû áîëåå ïîëíîãî àíàëèçà, âûïîëíåííîãî â ñïåöèàëüíîé ïðîãðàì-
ìå íà ìîùíîì êîìïüþòåðå, ïðèâåäåíû íà ñòðàíèöàõ ñàéòà
http://www.super-computing.org/.

3.5.2. Ñòðîêà â öåëîì

� Ôóíêöèÿ

string(expr)

http://www.super-computing.org/
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ïðåîáðàçóåò âûðàæåíèå â ñòðîêó, ïðåäâàðèòåëüíî åãî óïðîñòèâ. Óïðîùå-
íèå ìîæíî îòêëþ÷èòü ñ ïîìîùüþ ãëîáàëüíîé ïåðåìåííîé simp: false.
� Ôóíêöèÿ

eval_string(str)

ïðåîáðàçóåò ñòðîêó â âûðàæåíèå è âûïîëíÿåò åãî. Ïðè ýòîì ñòðîêà íå
îáÿçàòåëüíî äîëæíà çàêàí÷èâàòüñÿ ñèìâîëîì $ èëè ;. Åñëè ñòðîêà ñîîò-
âåòñòâóåò íåñêîëüêèì âûðàæåíèÿì, òî òîëüêî ïåðâîå èç íèõ âûïîëíÿåòñÿ.

Ëèñòèíã 60

(%i1) x:string(2+3);
numberp(x); /* ÷èñëî? */
stringp(x);

(%o1) 5
(%o2) false
(%o3) true

(%i4) (eco:1, nom:2, ics:3);
eval_string("eco-nom-ics");

(%o4) 3
(%o5) −4

(%i6) (a:"sin", b:"(%pi/3)", c:"^log", d:"(%e^2)")$
eval_string(simplode([a,b,c,d]));

(%o7)
3

4

� Ëîãè÷åñêèå ôóíêöèè

sequal(str1, str2 ),
sequalignore(str1, str2 )

ïðîâåðÿþò, ñîâïàäàþò ëè ñòðîêè. Âòîðàÿ ôóíêöèÿ ÿâëÿåòñÿ ðåãèñòðîíå-
çàâèñèìûì àíàëîãîì ïåðâîé (ñ êèðèëëèöåé íå ðàáîòàåò).

Ëèñòèíã 61

(%i1) /* Ëàòèíñêèé àëôàâèò */
is("Mathematics"="mathematics");
sequal("Mathematics", "mathematics");
sequalignore("Mathematics", "mathematics");
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(%o1) false
(%o2) false
(%o3) true

(%i4) /* Êèðèëëè÷åñêèé àëôàâèò */
is("Ìàòåìàòèêà"="ìàòåìàòèêà");
sequal("Ìàòåìàòèêà", "ìàòåìàòèêà");
sequalignore("Ìàòåìàòèêà", "ìàòåìàòèêà");

(%o4) false
(%o5) false
(%o6) false

� Ôóíêöèÿ

concat(str1, str2, . . . )

îáúåäèíÿåò ñòðîêè â îäíó ñòðîêó. Íàïîìíèì, ÷òî ðàçáèòü ñòðîêó íà ÷àñòè
ìîæíî ñ ïîìîùüþ ôóíêöèè split.

Ëèñòèíã 62

(%i1) s1:"Êàê "$
s2:"îäíàæäû "$
s3:"Æàí-"$
s4:"çâîíàðü "$
s5:"ãîëîâîé "$
s6:"ñëîìàë "$
s7:"ôîíàðü."$
concat(s1,s2,s3,s4,s5,s6,s7);
split(%);

(%o8) Êàê îäíàæäû Æàí-çâîíàðü ãîëîâîé ñëîìàë ôîíàðü.
(%o9) [Êàê, îäíàæäû, Æàí-çâîíàðü, ãîëîâîé, ñëîìàë, ôîíàðü.]

(%i10) "êðàñíûé, îðàíæåâûé, æåëòûé, ýåëåíûé,
ãîëóáîé, ñèíèé, ôèîëåòîâûé"$

split(%,", ");

(%o11) [êðàñíûé, îðàíæåâûé, æåëòûé, ýåëåíûé, ãîëóáîé, ñèíèé, ôèî-
ëåòîâûé]

� Ôóíêöèÿ
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sinsert(seq, str, n)

âñòàâëÿåò â ñòðîêó str ïîäñòðîêó seq, íà÷èíàÿ ñ n-ãî ñèìâîëà.
� Ôóíêöèè

ssubst(new, old, str, test, n0, n1 ),
ssubst(new, old, str, test),
ssubst(new, old, str, n0, n1 ),
ssubst(new, old, str),
ssubstfirst(new, old, str, test, n0, n1 ),
ssubstfirst(new, old, str, test),
ssubstfirst(new, old, str, n0, n1 ),
ssubstfirst(new, old, str)

çàìåíÿþò â ñòðîêå str âñå âõîæäåíèÿ (ëèáî òîëüêî ïåðâîå âõîæäåíèå)
ïîäñòðîêè old, ñîäåðæàùèåñÿ íà ïðîìåæóòêå îò n0-ãî äî n1-ãî ñèìâîëà,
íà ïîäñòðîêó new. Ïàðàìåòð test óïðàâëÿåò ìåòîäîì ñðàâíåíèÿ ñòðîê. Ïî
óìîë÷àíèþ test=sequal. Åñëè òðåáóåòñÿ ðåãèñòðîíåçàâèñèìàÿ çàìåíà (ñ
êèðèëëèöåé íå ðàáîòàåò), òî test=sequalignore.

Ëèñòèíã 63

(%i1) sinsert("ïðîñòîé ","Âîò ïðèìåð",5);
ssubst("òðè","äâå","Äâå íîãè, äâå ðóêè, äâå ãîëîâû");
ssubst("òðè","äâå","Äâå íîãè, äâå ðóêè, äâå ãîëîâû",

sequal,10,20);
ssubstfirst("òðè","äâå","Äâå íîãè, äâå ðóêè, äâå ãîëîâû");

(%o1) Âîò ïðîñòîé ïðèìåð
(%o2) Äâå íîãè, òðè ðóêè, òðè ãîëîâû
(%o3) Äâå íîãè, òðè ðóêè, äâå ãîëîâû
(%o4) Äâå íîãè, òðè ðóêè, äâå ãîëîâû

� Ôóíêöèÿ

smismatch(str1, str2, test),
smismatch(str1, str2 )

âîçâðàùàåò ïîçèöèþ ïåðâîãî ñèìâîëà, ðàçëè÷íîãî ó ñòðîê str1, str2, ëèáî
false. Åñëè òðåáóåòñÿ ðåãèñòðîíåçàâèñèìîå ñðàâíåíèå (ñ êèðèëëèöåé íå
ðàáîòàåò), òî test=sequalignore.

Îáðàòèòå âíèìàíèå, ÷òî íåêîòîðûå ðàçíûå ñ òî÷êè çðåíèÿ êîìïüþòåðà
ñèìâîëû íà ýêðàíå è íà ïå÷àòè âûãëÿäÿò îäèíàêîâî. Íàïðèìåð, ýòî îòíî-
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ñèòñÿ ê îäèíàêîâûì ïî íà÷åðòàíèþ áóêâàì ëàòèíñêîãî è êèðèëëè÷åñêîãî
àëôàâèòîâ.

Ëèñòèíã 64

(%i1) smismatch("Ïî÷åìó ýòè ñòðoêè ðàçëè÷íû?",
"Ïî÷åìó ýòè ñòðîêè ðàçëè÷íû?");

smismatch("À ýòè îäèíàêîâû?", "À ýòè îäèíàêîâû?");

(%o1) 15
(%o2) false

� Ôóíêöèÿ

ssearch(seq, str, test, n0, n1 ),
ssearch(seq, str, test),
ssearch(seq, str, n0, n1 ),
ssearch(seq, str)

âîçâðàùàåò ïîçèöèþ ïåðâîãî âõîæäåíèÿ ïîäñòðîêè seq â ñòðîêó str, ñîäåð-
æàùååñÿ íà ïðîìåæóòêå îò n0-ãî äî n1-ãî ñèìâîëà. Åñëè òðåáóåòñÿ ðåãè-
ñòðîíåçàâèñèìûé ïîèñê (ñ êèðèëëèöåé íå ðàáîòàåò), òî test=sequalignore.

Ëèñòèíã 65

(%i1) ssearch("ÿ","Ïîñëåäíÿÿ áóêâà â àëôàâèòå");
ssearch("àõ",

"Æèëè-áûëè Îõ è Àõ, äðóã îò äðóãà â äâóõ øàãàõ");

(%o1) 8
(%o2) 44

� Ôóíêöèÿ

sremove(seq, str, test, n0, n1 ),
sremove(seq, str, test),
sremove(seq, str, n0, n1 ),
sremove(seq, str),
sremovefirst(seq, str, test, n0, n1 ),
sremovefirst(seq, str, test),
sremovefirst(seq, str, n0, n1 ),
sremovefirst(seq, str)

óäàëÿåò èç ñòðîêè str âñå âõîæäåíèÿ (ëèáî òîëüêî ïåðâîå âõîæäåíèå) ïîä-
ñòðîêè seq íà ïðîìåæóòêå [n0, n1]. Åñëè òðåáóåòñÿ ðåãèñòðîíåçàâèñèìûé
ïîèñê (ñ êèðèëëèöåé íå ðàáîòàåò), òî test=sequalignore.
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Ëèñòèíã 66

(%i1) /* Íàó÷íîå íàçâàíèå çàãðàíïàñïîðòà */
s:"Ïàñïîðò ãðàæäàíèíà Ðîññèéñêîé Ôåäåðàöèè,

óäîñòîâåðÿþùèé ëè÷íîñòü
ãðàæäàíèíà Ðîññèéñêîé Ôåäåðàöèè
çà ïðåäåëàìè Ðîññèéñêîé Ôåäåðàöèè"$

sremove(" Ðîññèéñêîé Ôåäåðàöèè",s);
sremovefirst(" Ðîññèéñêîé Ôåäåðàöèè",s);

(%o2) Ïàñïîðò ãðàæäàíèíà, óäîñòîâåðÿþùèé ëè÷íîñòü ãðàæäàíèíà
çà ïðåäåëàìè
(%o3) Ïàñïîðò ãðàæäàíèíà, óäîñòîâåðÿþùèé ëè÷íîñòü ãðàæäàíèíà
Ðîññèéñêîé Ôåäåðàöèè çà ïðåäåëàìè Ðîññèéñêîé Ôåäåðàöèè

� Ôóíêöèÿ

sreverse(str)

âîçâðàùàåò ñòðîêó â îáðàòíîì ïîðÿäêå.

Ëèñòèíã 67

(%i1) /* Èçâåñòíûå ôðàçû-ïåðåâåðòûøè */
sreverse("à ðîçà óïàëà íà ëàïó àçîðà");
sreverse("äîðîãî íåáî äà íàäîáåí îãîðîä");
sreverse("ãíè êîìñîìîë ëîì î ñìîêèíã");
sreverse("íà â ëîá, áîëâàí");

(%o1) àðîçà óïàë àí àëàïó àçîð à
(%o2) äîðîãî íåáîäàí àä îáåí îãîðîä
(%o3) ãíèêîìñ î ìîë ëîìîñìîê èíã
(%o4) íàâëîá ,áîë â àí

3.6. Ñïèñêè, ìíîæåñòâà è ìàññèâû

Â Maxima èìååòñÿ òðè òèïà äàííûõ, àíàëîãè÷íûõ ìàññèâó â ÿçûêàõ ïðî-
ãðàììèðîâàíèÿ. Ýòî ñïèñêè, ìíîæåñòâà è ñîáñòâåííî ìàññèâû. Ìíîæå-
ñòâî ïðèíöèïèàëüíî îòëè÷àåòñÿ îò äâóõ äðóãèõ òèïîâ òåì, ÷òî åãî ýëå-
ìåíòû íå èìåþò íóìåðàöèè è íå ìîãóò ïîâòîðÿòüñÿ (â ïîëíîì ñîîòâåò-
ñòâèè ñ ìàòåìàòè÷åñêèì ïîíÿòèåì ìíîæåñòâà). Ðàçëè÷èå ìåæäó ñïèñêà-
ìè è ìàññèâàìè íå ñòîëü î÷åâèäíîå. Ïåðâîå è îñíîâíîå îòëè÷èå ñïèñêà îò
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ìàññèâà çàêëþ÷àåòñÿ â òîì, ÷òî âñå ýëåìåíòû ñïèñêà äîëæíû áûòü îïðå-
äåëåíû â ìîìåíò åãî ñîçäàíèÿ. Ò.å. íåëüçÿ îáúÿâèòü ñïèñîê äëèíû 10,
à çàäàòü òîëüêî 2 åãî ýëåìåíòà. Âî-âòîðûõ, ê ýëåìåíòàì ñïèñêà íåëüçÿ
îáðàùàòüñÿ, íå çàäàâ ïðåäâàðèòåëüíî ñîáñòâåííî ñïèñîê. Ïîýòîìó åñëè
âîçíèêàåò íåîáõîäèìîñòü èñïîëüçîâàòü ¾èíäåêñèðîâàííóþ ïåðåìåííóþ¿
x[k] íå îïðåäåëÿÿ ïîëíîñòüþ x, òî Maxima áóäåò òðàêòîâàòü x êàê ìàññèâ.

3.6.1. Ñïèñêè îáùåãî âèäà

Ñïèñîê � î÷åíü âàæíûé òèï äàííûõ â Maxima (è â Lisp), ïîñêîëüêó ëþáîå
Maxima-âûðàæåíèå, çà èñêëþ÷åíèåì ÷èñåë, ñòðîê è ìàññèâîâ, âî âíóò-
ðåííåì ïðåäñòàâëåíèè èçîáðàæåòñÿ ñïèñêîì. Ýòî ïðèâîäèò ê òîìó, ÷òî
íåêîòîðûå ôóíêöèè, ðàáîòàþùèå ñî ñïèñêàìè, ðàáîòàþò òàêæå è ñ âûðà-
æåíèÿìè äîñòàòî÷íî îáùåãî âèäà.

Îáðàòèòå âíèìàíèå, ÷òî íóìåðàöèÿ ýëåìåíòîâ ñïèñêà íà÷èíàåòñÿ ñ 1.
� Ñïèñîê çàäàåòñÿ ÿâíî êîíñòðóêöèåé

[elem1, elem2, . . .],

ëèáî ôóíêöèÿìè create_list, makelist.
� Ôóíêöèÿ

makelist(form, i, i0, i1 ),
makelist(form, i, i1 ),
makelist(form, i1 )

� âîçâðàùàåò ñïèñîê èç ýëåìåíòîâ âèäà form, ãäå form çàâèñèò îò öåëî-
÷èñëåííîãî ïàðàìåòðà i, ïðîáåãàþùåãî çíà÷åíèÿ îò i0 äî i1. Åñëè i0=1,
òî åãî ìîæíî îïóñòèòü. Åñëè âûðàæåíèå form îò i íå çàâèñèò, òî óêàçàíèå
íà ïåðåìåííóþ i òàêæå ìîæíî îïóñòèòü.
� Ôóíêöèÿ

create_list(form, x1, L1, x2, L2, . . . )

� âîçâðàùàåò ñïèñîê èç ýëåìåíòîâ âèäà form, ãäå form çàâèñèò îò ïàðà-
ìåòðîâ x1, x2, . . . , ïðîáåãàþùèõ íåçàâèñèìî ñïèñêè L1, L2, . . . .

Ëèñòèíã 68

(%i1) /* Çàäàíèå ñïèñêà ÿâíûì ïåðå÷èñëåíèåì ýëåìåíòîâ */
L:[1,2,3,4,[5,6,7]]$
L[5];
L[5][2];
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(%o2) [5, 6, 7]

(%o3) 6

(%i4) /* Çíà÷åíèÿ ïåðåìåííûì ìîæíî ïðèñâàèâàòü ñïèñêîì */
[a,b,c]:[1,2,3];
[a,b,c]:[b-c,c-a,a-b];
[b-c,c-a,a-b];

(%o4) [1, 2, 3]

(%o5) [−1, 2,−1]

(%o6) [3, 0,−3]

(%i7) /* Ïîñòðîåíèå ñïèñêà */
create_list(1/(i+j),i,[1,2],j,[10,20,30]);
makelist( random(10)*x+random(10)*y=random(10) ,3);

(%o7) [
1

11
,

1

21
,

1

31
,

1

12
,

1

22
,

1

32
]

(%o8) [2y + 2x = 4, 4y + 5x = 1, 5y + 9x = 8]

� Ëîãè÷åñêàÿ ôóíêöèÿ

listp(var)

ïðîâåðÿåò, ÿâëÿåòñÿ ëè var ñïèñêîì.
� Ôóíêöèÿ

copylist(L)

âîçâðàùàåò êîïèþ ñïèñêà L. Íàçíà÷åíèå ýòîé ôóíêöèè ïðîÿñíÿåòñÿ â ñëå-
äóþùåì ïðèìåðå.

Ëèñòèíã 69

(%i1) a:[1,2,3]$
/* Ññûëêà íà òîò æå ñàìûé ñïèñîê */
b:a$
/* Ìåíÿÿ ýëåìåíòû b, ìåíÿåì ýëåìåíòû a è íàîáîðîò */
b[1]:5$
a[1];
a[2]:13$
b[2];
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(%o4) 5
(%o6) 13

(%i7) a:[1,2,3]$
/* Òåïåðü ýòî äðóãîé ñïèñîê */
b:copylist(a)$
/* Ýëåìåíòû ñïèñêà b ìåíÿþòñÿ íåçàâèñèìî îò a */
b[1]:5$
a[1];
a[2]:13$
b[2];

(%o10) 1
(%o12) 2

� Ôóíêöèÿ

length(L)

âîçâðàùàåò äëèíó ñïèñêà. Ðàáîòàåò òàêæå ñ ïðîèçâîëüíûìè âûðàæåíèÿ-
ìè.

Ëèñòèíã 70

(%i1) length([a,b,c]);
length([a,[b,c]]);

(%o1) 3

(%o2) 2

(%i3) length( sin(a)*sin(b)*sin(c) );
length( sin(a)*(sin(b)+sin(c)) );

(%o3) 3

(%o4) 2

� Ôóíêöèè

first(L),
second(L),
. . . ,
tenth(L),
last(L)

âîçâðàùàþò ñîîòâåòñòâåííî: 1-é, 2-é, . . . , 10-é, ïîñëåäíèé ýëåìåíòû ñïèñ-
êà L. Â îòëè÷èå îò êîìàíä L[1], L[2], L[length(L)], óêàçàííûå ôóíêöèè
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ðàáîòàþò íå òîëüêî ñî ñïèñêàìè, íî ñ ëþáûìè âûðàæåíèÿìè.
� Ôóíêöèÿ

rest(L, n)

âîçâðàùàåò ñïèñîê L, â êîòîðîì óäàëåíû ïåðâûå n ýëåìåíòîâ, åñëè n > 0

è ïîñëåäíèå |n| ýëåìåíòîâ � åñëè n < 0. Ôóíêöèÿ ðàáîòàåò òàêæå è ñ
âûðàæåíèÿìè.

Ëèñòèíã 71

(%i1) kill(x,y)$
/* Ðàáîòà ñî ñïèñêîì */
P:makelist([x[i],y[i]],i,5);

(%o2) [[x1, y1], [x2, y2], [x3, y3], [x4, y4], [x5, y5]]

(%i3) third(P);
first(last(P));

(%o3) [x3, y3]

(%o4) x5

(%i5) rest(P,2);
rest(P,-2);

(%o5) [[x3, y3], [x4, y4], [x5, y5]]

(%o6) [[x1, y1], [x2, y2], [x3, y3]]

(%i7) /* Ðàáîòà ñ âûðàæåíèåì */
E:cos(y)*cos(2*y)*sin(x)*sin(2*x)$

(%i8) /* Îáúÿñíèòå ðåçóëüòàòû */
first(E);
rest(E,2);

(%o8) sin(x)

(%o9) cos(y) cos(2y)

� Ôóíêöèÿ

unique(L)

âîçâðàùàåò íîâûé ñïèñîê, ðàâíûé ñïèñêó L áåç ñîâïàäàþùèõ ýëåìåíòîâ.
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Ëèñòèíã 72

(%i1) makelist((-1)^n,n,5);
unique(%);

(%o1) [−1, 1,−1, 1,−1]

(%o2) [−1, 1]

� Ôóíêöèè

cons(elem, L),
endcons(elem, L)

ñòàâÿò ýëåìåíò elem â íà÷àëî (êîíåö) ñïèñêà. Âîçâðàùàþò íîâûé ñïèñîê.
Ýòè ôóíêöèè ðàáîòàþò òàêæå è ñ âûðàæåíèÿìè.

Ëèñòèíã 73

(%i1) kill(all)$
cons(a,[b,c]);
endcons(d,%);

(%o2) [a, b, c]

(%o3) [a, b, c, d]

� Ôóíêöèÿ

append(L1, L2, . . . )

îáúåäèíÿåò ñïèñêè.

Ëèñòèíã 74

(%i1) append([a],[b,c]);
append([[1,2]],[[a,b],c],[3,[4,5]]);

(%o1) [a, b, c]

(%o2) [[1, 2], [a, b], c, 3, [4, 5]]

� Ëîãè÷åñêàÿ ôóíêöèÿ

member(elem, L)

ïðîâåðÿåò, ÿâëÿåòñÿ ëè elem ýëåìåíòîì ñïèñêà L. Åñëè äà, òî elem ìîæ-
íî óäàëèòü èç ñïèñêà ñ ïîìîùüþ ôóíêöèè delete. Ôóíêöèÿ ðàáîòàåò ñ
âûðàæåíèÿìè.
� Ôóíêöèÿ
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delete(elem, L)

óäàëÿåò âñå ýëåìåíòû elem èç ñïèñêà. Ðàáîòàåò òàêæå ñ âûðàæåíèÿìè.

Ëèñòèíã 75

(%i1) kill(a,b,c,d)$
member(a,[a,b]);
member(a,[[a,b],b]);

(%o2) true
(%o3) false

(%i4) delete(a,[a,b,c,[a,b],a,b,c,[a,d]]);

(%o4) [b, c, [a, b], b, c, [a, d]]

� Ôóíêöèè

setify(L),
fullsetify(L)

ïðåîáðàçóþò ñïèñîê âî ìíîæåñòâî. Âòîðàÿ ôóíêöèÿ ðåêóðñèâíî ïðîõîäèò
ïî âñåì âëîæåííûì ñïèñêàì.

Ëèñòèíã 76

(%i1) setify([1,2,3,2,1]);
fullsetify([1,2,3,[1,2,3],[2,1,3]]);

(%o1) {1, 2, 3}
(%o2) {1, 2, 3, {1, 2, 3}}

� Ôóíêöèè

permutations(L),
random_permutation(L)

âîçâðàùàþò ïåðåñòàíîâêè ñïèñêà. Ïåðâàÿ âîçâðàùàåò ìíîæåñòâî âñåõ ïå-
ðåñòàíîâîê, âòîðàÿ � ñëó÷àéíóþ ïåðåñòàíîâêó.

Ëèñòèíã 77

(%i1) /* Ñïèñîê íàòóðàëüíûõ ÷èñåë îò 1 äî 3 */
L:makelist(i,i,3);
/* Âñå ïåðåñòàíîâêè */
permutations(L);
/* Ñëó÷àéíàÿ ïåðåñòàíîâêà */
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random_permutation(L);

(%o1) [1,2,3]
(%o2) {[1,2,3], [1,3,2], [2,1,3], [2,3,1], [3,1,2], [3,2,1]}
(%o3) [3,1,2]

Â ñëåäóþùåì ïðèìåðå ðàññìîòðèì øèôðîâàíèå òåêñòà ìåòîäîì ïî-
ëèàëôàâèòíîé çàìåíû. Êàæäàÿ áóêâà èñõîäíîãî òåêñòà çàìåíÿåòñÿ íà
ñîîòâåòñòâóþùóþ áóêâó èç î÷åðåäíîãî àëôàâèòà çàìåíû. Àëôàâèòû çà-
ìåíû ÷åðåäóþòñÿ.

Ëèñòèíã 78

(%i1) /* Èñõîäíûé àëôàâèò */
A:makelist(ascii(i),i,192,223);

(%o1) [À,Á,Â,Ã,Ä,Å,Æ,Ç,È,É,Ê,Ë,Ì,Í,Î,Ï,Ð,Ñ,Ò,Ó,Ô,Õ,Ö,×,Ø,Ù,

Ú,Û,Ü,Ý,Þ,ß ]

(%i2) /* Àëôàâèòû çàìåíû */
B:makelist(random_permutation(A),3);

(%o2) [[Ð,Ê,È,À,Ì,Ø,Þ,Á,Î,ß,Â,Õ,Ã,Ó,Ô,Û,Ç,Ï,Ò,Æ,Ù,Ä,Ú,Ü,

Ñ,Ö,É,Í,Ý,×,Ë,Å ],

[Ð,Î,Õ,Ë,É,Í,Ô,Ó,È,Ì,Ï,Û,Ý,Þ,Å,Ü,À,×,Ä,Ê,Æ,Ñ,ß,Â,Ã,Ø,Á,Ú,

Ç,Ö,Ò,Ù ],

[Ô,Õ,Í,Ã,Ú,Ñ,Þ,Ï,Ä,À,Ó,Ê,Ù,Î,È,Ð,Å,×,Á,Û,Ì,É,Ë,Â,Æ,Ø,Ò,Ç,

Ü,Ö,ß,Ý ]]

(%i3) /* Èñõîäíûé òåêñò */
m:split("ÄÀÇÄÐÀÂÑÒÂÓÅÒÊÐÈÏÒÎÃÐÀÔÈß","");

(%o3) [Ä,À,Ç,Ä,Ð,À,Â,Ñ,Ò,Â,Ó,Å,Ò,Ê,Ð,È,Ï,Ò,Î,Ã,Ð,À,Ô,È,ß ]

(%i4) /* Øèôðîâàíèå */
c:makelist(B[mod(i-1,3)][cint(m[i])-191],i,1,length(m))$
simplode(c);

(%o5) ÌÐÏÌÀÔÈ×ÁÈÊÑÒÏÅÎÜÁÔËÅÐÆÄÅ

� Ôóíêöèÿ

reverse(L)
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âîçâðàùàåò ñïèñîê â îáðàòíîì ïîðÿäêå.
� Ôóíêöèÿ

sort(L, p)

âîçâðàùàåò ñïèñîê, îòñîðòèðîâàííûé â ñîîòâåòñòâèè ñ ëîãè÷åñêîé ôóíê-
öèåé p. Ëîãè÷åñêàÿ ôóíêöèÿ p åñòü ôóíêöèÿ äâóõ ïåðåìåííûõ p(x, y), âîç-
âðàùàþùàÿ true, åñëè x ïðåäøåñòâóåò y. Ïî óìîë÷àíèþ p=orderlessp
� åñòåñòâåííûé ïîðÿäîê âîçðàñòàíèÿ.

Ëèñòèíã 79

(%i1) /* Ñîçäàåì ñïèñîê ïàð çàãëàâíûõ è ìàëûõ áóêâ */
stringdisp:true$
L:makelist([ascii(i),ascii(i+32)],i,65,69);

(%o2) [["A", "a"], ["B", "b"], ["C", "c"], ["D", "d"], ["E", "e"]]

(%i3) /* Ñïèñîê â îáðàòíîì ïîðÿäêå */
reverse(L);

(%o3) [["E", "e"], ["D", "d"], ["C", "c"], ["B", "b"], ["A", "a"]]

(%i4) /* Ñîðòèðóåì â ñîîòâåòñòâèè ñ ôóíêöèåé p */
kill(x,y)$
p(x,y):=sposition(x[1],"DECBA")<=sposition(y[2],"cbdea")$
sort(L,p);

(%o6) [["B", "b"], ["C", "c"], ["D", "d"], ["E", "e"], ["A", "a"]]

� Ôóíêöèè

sublist(L, p),
sublist_indices(L, p)

âûäåëÿþò òå ýëåìåíòû ñïèñêà L, äëÿ êîòîðûõ ëîãè÷åñêàÿ ôóíêöèÿ p=true.
Ïåðâàÿ ôóíêöèÿ âîçâðàùàåò ñïèñîê ñàìèõ ýëåìåíòîâ, à âòîðàÿ � ñïèñîê
èõ èíäåêñîâ.

Ëèñòèíã 80

(%i1) /* Ãåíåðèðóåì ñïèñîê ÷èñåë */
L:makelist(random(10000),20);

(%o1) [7801, 1673, 4425, 7642, 6209, 5879, 1891, 1326, 2609, 3880, 4788,
4008, 2678, 1923, 1099, 1100, 9586, 2873, 7582, 3983]
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(%i2) /* Âûáèðàåì ïðîñòûå ÷èñëà */
sublist(L,primep);
sublist_indices(L,primep);

(%o2) [5879, 2609]
(%o3) [6, 9]

3.6.2. ×èñëîâûå ñïèñêè

� Íàä ÷èñëîâûìè ñïèñêàìè îïðåäåëåíû àðèôìåòè÷åñêèå îïåðàöèè: óìíî-
æåíèå íà ÷èñëî, ñëîæåíèå (+), óìíîæåíèå (*) è äåëåíèå (/) ñïèñêîâ. Ýòè
îïåðàöèè ðàáîòàþò ïîýëåìåíòíî.

Ñ ÷èñëîâûìè ñïèñêàìè ïîýëåìåíòíî ðàáîòàþò òàêæå íåêîòîðûå ÷èñ-
ëîâûå ôóíêöèè (â îáùåì ñëó÷àå òàêîå ïîâåäåíèå äîñòèãàåòñÿ ñ ïîìîùüþ
ôóíêöèè map).
� Îïðåäåëåíà òàêæå îïåðàöèÿ ñêàëÿðíîãî óìíîæåíèÿ (.) ðàáîòàþùàÿ
êàê îáû÷íîå ñêàëÿðíîå óìíîæåíèå âåêòîðîâ.

Ëèñòèíã 81

(%i1) kill(all)$
/* Ñïèñîê ÷èñåë */
l1:makelist(k,k,4);
/* Èäåíòèôèêàòîðû: 4 áóêâû ëàòèíñêîãî àëôàâèòà */
l2:makelist(eval_string(ascii(k)),k,97,100);

(%o2) [1, 2, 3, 4]

(%o3) [a, b, c, d]

(%i4) %alpha+l1;
%beta*l1;
%gamma/l1;
l1^%delta;

(%o4) [α+ 1, α+ 2, α+ 3, α+ 4]

(%o5) [β, 2β, 3β, 4β]

(%o6) [γ,
γ

2
,
γ

3
,
γ

4
]

(%o7) [1, 2δ, 3δ, 4δ]
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(%i8) sin(l1);
log(l1);
%e^l1;

(%o8) [sin(1), sin(2), sin(3), sin(4)]

(%o9) [0, log(2), log(3), log(4)]

(%o10) [%e,%e
2
,%e

3
,%e

4
]

(%i11) l1+l2;
l1*l2;
l1/l2;
l1.l2;

(%o11) [a+ 1, b+ 2, c+ 3, d+ 4]

(%o12) [a, 2 b, 3 c, 4 d]

(%o13) [
1

a
,

2

b
,

3

c
,

4

d
]

(%o14) 4 d+ 3 c+ 2 b+ a

� Ôóíêöèè

lmax(L),
lmin(L)

âîçâðàùàþò ìàêñèìàëüíûé è ìèíèìàëüíûé ýëåìåíòû ñïèñêà.

Ëèñòèíã 82

(%i1) /* Ñîçäàåì ñïèñîê ñëó÷àéíûõ ÷èñåë */
L:makelist(random(21)-10,10);
/* Íàõîäèì ìàêñèìàëüíîå è ìèíèìàëüíîå */
lmax(L);
lmin(L);

(%o1) [5, 2,−8, 1,−9,−10, 5,−3, 0,−5]

(%o2) 5
(%o3) −10

� Ôóíêöèÿ

lsum(Xi, i, L)

âîçâðàùàåò ñóììó
∑
i∈L

Xi .
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Ëèñòèíã 83

(%i1) [1,2,3,4]$
lsum(i^2,i,%);

(%o2) 30

(%i3) kill(a)$
[2,3,5,7,9,13]$
s:lsum(1/a[i]^2,i,%);
a:makelist(random(10),15);
''s;

(%o5)
1

a213
+

1

a29
+

1

a27
+

1

a25
+

1

a23
+

1

a22

(%o6) [6, 5, 4, 7, 2, 8, 3, 0, 6, 2, 6, 6, 7, 4, 6]

(%o7)
90281

176400

3.6.3. Ìíîæåñòâà

Â ìàòåìàòèêå ðàññìàòðèâàþòñÿ êàê êîíå÷íûå, òàê è áåñêîíå÷íûå ìíîæå-
ñòâà. Ñèñòåìà Maxima óìååò ðàáîòàòü òîëüêî ñ êîíå÷íûìè ìíîæåñòâàìè.
Ìíîæåñòâî îòëè÷àåòñÿ îò ñïèñêà òåì, ÷òî ïîðÿäîê ýëåìåíòîâ çäåñü íå âà-
æåí, à ñîâïàäàþùèå ýëåìåíòû ïðèñóòñòâóþò â åäèíñòâåííîì ýêçåìïëÿðå.
� Ìíîæåñòâî çàäàåòñÿ ïåðå÷èñëåíèåì ýëåìåíòîâ â ôèãóðíûõ ñêîáêàõ

{elem1, elem2, . . .}.

� Ôóíêöèÿ

makeset(expr, [x1, . . . , xN ],
[[a11, . . . , aN1], . . . , [a1M, . . . , aNM ]])

âîçâðàùàåò ìíîæåñòâî, ñîñòàâëåííîå èç çíà÷åíèé âûðàæåíèÿ expr ïðè
âåêòîð-ïåðåìåííîé [x1, . . . , xN ], ïðîáåãàþùåé âåêòîðû [a11, . . . , aN1],
. . . , [a1M, . . . , aNM ].

Ëèñòèíã 84

(%i1) kill(x,y)$
makeset(x+y*sqrt(2),[x,y],[[-1,5],[-3,-7],[2,9],[0,-5]]);
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(%o2) {−7
√

2− 3,−5
√

2, 5
√

2− 1, 9
√

2 + 2}

� Ëîãè÷åñêàÿ ôóíêöèÿ

setp(S )

ïðîâåðÿåò, ÿâëÿåòñÿ ëè S ìíîæåñòâîì.
� Ëîãè÷åñêàÿ ôóíêöèÿ

setequalp(S1, S2 )

ïðîâåðÿåò, ñîâïàäàþò ëè ìíîæåñòâà S1, S2. Äëÿ ýòîé öåëè ìîæíî òàêæå
èñïîëüçîâàòü ôóíêöèþ is ñ îïåðàòîðîì ðàâåíñòâà =.

Ëèñòèíã 85

(%i1) [setp([1,2]), setp({1,2})];

(%o1) [false, true]

(%i2) setequalp({1,2},{2,1});
is({1,2}={2,1});
setequalp({1,1,2},{2,1});
is({1,1,2}={2,1});

(%o2) true
(%o3) true
(%o4) true
(%o5) true

� Ôóíêöèè

listify(S ),
full_listify(S )

ñòðîÿò ñïèñîê èç ìíîæåñòâà. Âòîðàÿ ôóíêöèÿ ðåêóðñèâíî ïðîõîäèò ïî
âñåì âëîæåííûì ìíîæåñòâàì. Ñëåäóåò èìåòü â âèäó, ÷òî ñïèñîê, âîçâðà-
ùàåìûé ýòèìè ôóíêöèÿìè, çàâèñèò îò ïðèíÿòîãî óïîðÿäî÷èâàíèÿ âûðà-
æåíèé. Ïî óìîë÷àíèþ, âûðàæåíèÿ óïîðÿäî÷èâàþòñÿ â îáðàòíîì àëôà-
âèòíîì ïîðÿäêå.

Ëèñòèíã 86

(%i1) listify({1,2,3,2,1});
full_listify({1,2,3,{1,2,3},{2,1,3}});
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(%o1) [1, 2, 3]

(%o2) [1, 2, 3, [1, 2, 3]]

� Ëîãè÷åñêàÿ ôóíêöèÿ

emptyp(S )

âîçâðàùàåò true, åñëè ìíîæåñòâî S ïóñòîå.
� Ôóíêöèÿ

cardinality(S )

âîçâðàùàåò ÷èñëî ýëåìåíòîâ (êàðäèíàëüíîå ÷èñëî) ìíîæåñòâà S.

Ëèñòèíã 87

(%i1) cardinality({1,2,1,1,2});

(%o1) 2

� Ëîãè÷åñêàÿ ôóíêöèÿ

elementp(x, S )

ïðîâåðÿåò x ∈ S.
� Ôóíêöèè

adjoin(x, S ),
disjoin(x, S )

âûïîëíÿþò, ñîîòâåòñòâåííî, äîáàâëåíèå (óäàëåíèå) ýëåìåíòà x.

Ëèñòèíã 88

(%i1) adjoin(1,{2,3});
adjoin(1,{1,2,3});
disjoin(1,{2,3});
disjoin(1,{1,2,3});

(%o1) {1,2,3}
(%o2) {1,2,3}
(%o3) {2,3}
(%o4) {2,3}

� Ôóíêöèè

union(S1, . . . , SN ),
intersection(S1, . . . , SN )
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âîçâðàùàþò îáúåäèíåíèå (ïåðåñå÷åíèå) ìíîæåñòâ S1, . . . , SN.
� Ôóíêöèÿ

setdifference(S1, S2 )

âîçâðàùàåò ðàçíîñòü ìíîæåñòâ S1 \ S2.
� Ëîãè÷åñêàÿ ôóíêöèÿ

disjointp(S1, S2 )

ïðîâåðÿåò, ÿâëÿþòñÿ ëè ìíîæåñòâà S1, S2 íåïåðåñåêàþùèìèñÿ (äèçú-
þíêòíûìè).
� Ëîãè÷åñêàÿ ôóíêöèÿ

subsetp(S1, S2 )

âîçâðàùàåò true, åñëè ìíîæåñòâî S1 ÿâëÿåòñÿ ïîäìíîæåñòâîì ìíîæåñòâà
S2.
� Ôóíêöèÿ

powerset(S ),
powerset(S, n)

ñ íåîáÿçàòåëüíûì àðãóìåíòîì n âîçâðàùàåò ìíîæåñòâî âñåõ ïîäìíîæåñòâ
ìíîæåñòâà S, ëèáî ìíîæåñòâî âñåõ ïîäìíîæåñòâ ìîùíîñòè n.
� Ôóíêöèÿ

cartesian_product(S1, . . . , SN )

âîçâðàùàåò äåêàðòîâî ïðîèçâåäåíèå ìíîæåñòâ S1, . . . , SN, ò.å. ìíîæåñòâî
âñåõ ñïèñêîâ âèäà [x1, . . . , xN ], ãäå x1, . . . , xN íåçàâèñèìî ïðîáåãàþò
ñîîòâåòñòâóþùèå ìíîæåñòâà S1, . . . , SN.

Ëèñòèíã 89

(%i1) a:{1,2,3,4}$
b:{3,4,5,6,7}$
union(a, b);
intersection(a, b);
setdifference(a, b);

(%o3) {1,2,3,4,5,6,7}
(%o4) {3,4}
(%o5) {1,2}

(%i6) a:{1,2,3}$
powerset(a,2);
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powerset(a);

(%o7) {{1,2},{1,3},{2,3}}
(%o8) {{},{1},{1,2},{1,2,3},{1,3},{2},{2,3},{3}}

(%i9) kill(x,y)$
a:{1,2,3}$
b:{x,y}$
cartesian_product(a, b);

(%o12) {[1, x], [1, y], [2, x], [2, y], [3, x], [3, y]}

� Ôóíêöèÿ

partition_set(S, p)

âîçâðàùàåò ñïèñîê èç äâóõ ìíîæåñòâ. Ïåðâîå ñîñòàâëÿþò òå ýëåìåíòû
ìíîæåñòâà S, äëÿ êîòîðûõ p=false, âòîðîå � âñå îñòàëüíûå ýëåìåíòû
ìíîæåñòâà S.
� Ôóíêöèÿ

equiv_classes(S, p)

ðàçáèâàåò ìíîæåñòâî S íà êëàññû ýêâèâàëåíòíîñòè ïî îòíîøåíèþ p. Âòî-
ðîé àðãóìåíò p � èìÿ ëîãè÷åñêîé ôóíêöèè îò äâóõ ïåðåìåííûõ, âîçâðà-
ùàþùåé true, åñëè ïåðåìåííûå ýêâèâàëåíòíû.
� Ôóíêöèÿ

extremal_subset(S, f, ext)

âîçâðàùàåò ïîäìíîæåñòâî ìíîæåñòâà S, íà êîòîðîì ÷èñëîâàÿ ôóíêöèÿ f
äîñòèãàåò ext=max èëè ext=min.

Ëèñòèíã 90

(%i1) kill(x,y)$
stringdisp:true$
"Ôèíàíñîâûé óíèâåðñèòåò ïðè Ïðàâèòåëüñòâå ÐÔ"$
FU:setify(charlist(%));

(%o4) {" ", "Ï", "Ð", "Ô", "à", "â", "å", "è", "é", "ë", "í", "î", "ï",
"ð", "ñ", "ò", "ó", "û", "ü" }

(%i5) p(x):=member(x,charlist("Êàôåäðà ìàòåìàòèêè"))$
partition_set(FU,p);
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(%o6) [{"Ï", "Ð", "Ô", "â", "é", "ë", "í", "î", "ï", "ñ", "ó", "û", "ü"},
{" ", "à", "å", "è", "ð", "ò"}]

(%i7) p(x,y):=is(mod(cint(x)-cint(y),3)=0)$
equiv_classes(FU,p);

(%o8) {{" ", "Ô", "à", "é", "ï", "ò", "û"}, {"Ï", "í", "ð", "ó", "ü"},
{"Ð", "â", "å", "è", "ë", "î", "ñ"}}

(%i9) f(x):=cardinality(divisors(cint(x)))$
extremal_subset(FU,f,min);
extremal_subset(FU,f,max);

(%o10) {"å", "é", "ï", "ñ", "û"}
(%o11) {"ð"}

3.6.4. Ïðèìåíåíèå ôóíêöèé ê ñïèñêàì è ìíîæåñòâàì

� Ëîãè÷åñêàÿ ôóíêöèÿ

every(p, L1, . . . , LN ),
every(p, S )

ïðèìåíÿåòñÿ ê ñïèñêàì èëè ê ìíîæåñòâó. Â ïåðâîì ñëó÷àå ôóíêöèÿ âîç-
ðàùàåò true, åñëè p=true íà âñåõ íàáîðàõ x1, . . . , xN, ãäå x1, . . . , xN �
ñîîòâåòñòâóþùèå ýëåìåíòû ñïèñêîâ L1, . . . , LN. Âî âòîðîì ñëó÷àå ôóíê-
öèÿ âîçðàùàåò true, åñëè p(x )=true äëÿ êàæäîãî ýëåìåíòà x ìíîæåñòâà
S.
� Ëîãè÷åñêàÿ ôóíêöèÿ

some(p, L1, . . . , LN ),
some(p, S )

ïðèìåíÿåòñÿ ê ñïèñêàì èëè ê ìíîæåñòâó. Â ïåðâîì ñëó÷àå ôóíêöèÿ âîç-
ðàùàåò true, åñëè p=true õîòÿ áû íà îäíîì íàáîðå x1, . . . , xN, ãäå x1, . . . ,
xN � ñîîòâåòñòâóþùèå ýëåìåíòû ñïèñêîâ L1, . . . , LN. Âî âòîðîì ñëó÷àå
ôóíêöèÿ âîçðàùàåò true, åñëè p(x )=true õîòÿ áû äëÿ îäíîãî ýëåìåíòà x
ìíîæåñòâà S.

Ëèñòèíã 91

(%i1) kill(x)$
every(numberp, {1b-2, 3/7, 0e0, %e});
every("<", [x, 2, 3, 4], [2, 4, 5, 5]);
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some(equal, [abs(x), x^2, sqrt(x)], [sqrt(x^2), x, x]);
some("#", [1, 2, 3, 4], [(-1)^2, sqrt(4), log(%e^3),

8*sin(%pi/6)]);

(%o2) false
(%o3) unknown
(%o4) true
(%o5) false

� Ôóíêöèÿ

map(f, L1, L2, . . . ),
map(f, S )

â ïåðâîì ñëó÷àå âîçâðàùàåò ñïèñîê, ñîñòîÿùèé èç çíà÷åíèé f (x1, x2, . . . ),
ãäå x1, x2, . . . � ñîîòâåòñòâóþùèå ýëåìåíòû ñïèñêîâ L1, L2, . . . . Âî âòî-
ðîì ñëó÷àå ôóíêöèÿ âîçâðàùàåò ìíîæåñòâî, ñîñòîÿùåå èç çíà÷åíèé f (x ),
ãäå x ïðîáåãàåò ìíîæåñòâî S.
� Ôóíêöèÿ

apply(f, L)

� ïðèìåíÿåò N -àðíóþ ôóíêöèþ f ê ñïèñêó L.
Èñïîëüçîâàíèå ýòèõ êîíñòðóêöèé èíîãäà ïîçâîëÿåò èçáåæàòü öèêëîâ

è ñäåëàòü ïðîãðàììó áîëåå áûñòðîé.

Ëèñòèíã 92

(%i1) kill(all)$
L:[a,b,c,d,e]$
M:[1,2,3,4,5]$
map(f,L,M);

(%o4) [f(a, 1), f(b, 2), f(c, 3), f(d, 4), f(e, 5)]

(%i5) L:[1,2,3,4,5]$
S:{1,2,3,4,5}$
map(f,L);
map(f,S);
apply(f,L);

(%o7) [f(1), f(2), f(3), f(4), f(5)]

(%o8) {f(1), f(2), f(3), f(4), f(5)}
(%o9) f(1, 2, 3, 4, 5)
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(%i10) L:makelist(
makelist(random(5),2+random(3)),

3+random(2));
map(length,L);
apply(append,L);

(%o10) [[1, 4, 1], [3, 2, 0], [2, 1, 3], [2, 4, 4, 1]]

(%o11) [3, 3, 3, 4]

(%o12) [1, 4, 1, 3, 2, 0, 2, 1, 3, 2, 4, 4, 1]

×àñòî ïðèõîäèòñÿ èñïîëüçîâàòü apply â ñëåäóþùåé ñèòóàöèè. Ïóñòü
f (A, B, x1, . . . , xN ) � ôóíêöèÿ, èìåþùàÿ äâà îáÿçàòåëüíûõ àðãóìåíòà A,
B è ïðîèçâîëüíîå ÷èñëî àðãóìåíòîâ x1, . . . , xN. Ïîñëåäíèå óäîáíî ïåðå-
äàòü ñïèñêîì x=[x1, . . . , xN ]. Äîáàâèì ê ýòîìó ñïèñêó A, B è ïðèìåíèì
f ÷åðåç apply:

apply(f, append([A, B], x ))

Â äàëüíåéøåì ìû áóäåì ÷àñòî ïîëüçîâàòüñÿ ýòèì ïðèåìîì.
Â ñëåäóþùåì ïðèìåðå ïðåîáðàçóåì ñòðîêó â ñïèñîê ASCII-êîäîâ åå

ñèìâîëîâ, à çàòåì âûïîëíÿåì îáðàòíîå ïðåîáðàçîâàíèå.
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(%i1) /* Ïðåîáðàçóåì ñòðîêó â ñïèñîê ASCII-êîäîâ */
"Âîò òàêàÿ ñòðîêà."$
charlist(%)$
map(cint,%);

(%o3) [194, 238, 242, 32, 242, 224, 234, 224, 255, 32, 241, 242, 240, 238,
234, 224, 46]

(%i4) /* Îáðàòíîå ïðåîáðàçîâàíèå */
[194, 238, 242, 32, 242, 224, 234, 224, 255, 32,

241, 242, 240, 238, 234, 224, 46]$
map(ascii,%)$
simplode(%,"");

(%o6) Âîò òàêàÿ ñòðîêà.

� Ôóíêöèè
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rreduce(f, L),
lreduce(f, L),
tree_reduce(f, L)

� ðåêóðñèâíî ïðèìåíÿþò áèíàðíóþ ôóíêöèþ f ê ñïèñêó, ñîîòâåòñòâåííî:
ñïðàâà íàëåâî, ñëåâà íàïðàâî è ðàçáèâàÿ ñïèñîê íà ïàðû.
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(%i1) kill(all)$
lreduce(f,[a,b,c,d,e]);
rreduce(f,[a,b,c,d,e]);
tree_reduce(f,[a,b,c,d,e]);

(%o2) f(f(f(f(a, b), c), d), e)

(%o3) f(a, f(b, f(c, f(d, e))))

(%o4) f(f(f(a, b), f(c, d)), e)

(%i5) /* Îáúÿñíèòå ðåçóëüòàòû */
lreduce("-",[5,6,7,8]);
rreduce("^",[4,3,2,1]);
tree_reduce("/",[1,2,3,4,5,6]);

(%o5) −16

(%o6) 262144

(%o7)
4

5

(%i8) /* Âû÷èñëåíèå ÍÎÄ îò ñïèñêà ÷èñåë */
makelist(product(random(10)+1,k,1,4),4);
lreduce('gcd,%);

(%o8) [1296, 144, 720, 270]
(%o9) 18

3.6.5. Ìàññèâû

Ìàññèâû îáû÷íî èñïîëüçóþòñÿ äëÿ õðàíåíèÿ äàííûõ. Ýòî âåñüìà íåïîâî-
ðîòëèâûé òèï äàííûõ, äëÿ êîòîðîãî ïðàêòè÷åñêè îòñóòñòâóþò ôóíêöèè,
âûïîëíÿþùèå îáðàáîòêó ¾â öåëîì¿. Ñêàæåì, åñëè åñòü äâà ÷èñëîâûõ
ñïèñêà, òî èõ ìîæíî ñëîæèòü, ñêàëÿðíî ïåðåìíîæèòü, ìîæíî âûáðàòü
ýëåìåíòû îäíîãî ñïèñêà, ïðèíàäëåæàùèå äðóãîìó ñïèñêó è ò.ï. Íè÷åãî
ïîäîáíîãî ñ ìàññèâàìè ñäåëàòü íåëüçÿ.
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Êàê óæå áûëî îòìå÷åíî âûøå, åñëè îïðåäåëÿòü îòäåëüíûå çíà÷åíèÿ
èíäåêñèðîâàííîé ïåðåìåííîé x[k], òî Maxima áóäåò òðàêòîâàòü x êàê ìàñ-
ñèâ. ×òîáû îáúÿñíèòü Maxima, ÷òî x � ýòî ñïèñîê, ìîæíî ïîñòóïèòü ñëå-
äóþùèì îáðàçîì. Ïðè ýòîì íàäî îáðàòèòü îñîáîå âíèìàíèå íà çíà÷åíèÿ
èíäåêñà k.
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(%i1) kill(x)$
x:makelist(x[k],k,5);
listp(x);

(%o2) [x1, x2, x3, x4, x5]

(%o3) true

Â ñëåäóþùåì ïðèìåðå ïîêàçàíà âîçìîæíàÿ ïðîáëåìà ñ èíäåêñàöèåé
ïðè çàïèñè ýëåìåíòîâ ìàññèâà â ñïèñîê. Îáðàòèòå âíèìàíèå, ÷òî âî 2-é
÷àñòè ïðèìåðà ïåðåìåííàÿ x îïîçíàåòñÿ ñèñòåìîé êàê ñïèñîê è ìàññèâ
îäíîâðåìåííî. Òàêàÿ ñèòóàöèÿ ìîæåò ñòàòü èñòî÷íèêîì îøèáîê.
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(%i1) kill(x,a)$
x:makelist(x[2*k/(k^2+1)],k,-2,3);
x[1]:a$
x;
x[0];
x[-4/5];
listp(x);
arrayinfo(x);

(%o2) [x− 4
5
, x−1, x0, x1, x 4

5
, x 3

5
]

(%o4) [a, x−1, x0, x1, x 4
5
, x 3

5
]

apply: no such "list" element: [0]
� an error. To debug this try: debugmode(true);
apply: subscript must be an integer; found: − 4

5

� an error. To debug this try: debugmode(true);
(%o7) true
arrayinfo: x is not an array.
� an error. To debug this try: debugmode(true);
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(%i9) kill(x,a)$
x[1]:a$
x:makelist(x[2*k/(k^2+1)],k,-2,3);
x[1];
x[0];
x[-4/5];
listp(x);
arrayinfo(x);

(%o11) [x− 4
5
, x−1, x0, a, x 4

5
, x 3

5
]

(%o12) a

(%o13) x0
(%o14) x− 4

5

(%o15) true
(%o16) [hashed,1,[1]]

Â Maxima èìåþòñÿ 2 òèïà ìàññèâîâ. Äåêëàðèðîâàííûå ìàññèâû � åñëè
èäåíòèôèêàòîð ìàññèâà çàðàíåå îáúÿâëÿåòñÿ êàê èäåíòèôèêàòîð ìàññè-
âà. Ýëåìåíòû äåêëàðèðîâàííîãî ìàññèâà íóìåðóþòñÿ ïîäîáíî ýëåìåíòàì
ñïèñêà, òîëüêî íóìåðàöèÿ íà÷èíàåòñÿ ñ 0. Íåäåêëàðèðîâàííûå ìàññèâû
(èëè õýø-òàáëèöû) � â ïðîòèâíîì ñëó÷àå. Êëþ÷àìè íåäåêëàðèðîâàí-
íûõ ìàññèâîâ ìîãóò áûòü ëþáûå âûðàæåíèÿ. Íåäåêëàðèðîâàííûå ìàñ-
ñèâû ïîäðàçäåëÿþòñÿ íà: èíäåêñèðîâàííûå ïåðåìåííûå, ìàññèâ-ôóíêöèè
è èíäåêñèðîâàííûå ôóíêöèè (ñì. äàëåå).
� Ôóíêöèÿ

arrayinfo(a)

âîçâðàùàåò èíôîðìàöèþ î ìàññèâå a. Åñëè a � äåêëàðèðîâàííûé ìàññèâ
ðàçìåðíîñòè N, òî âîçâðàùàåòñÿ ñïèñîê âèäà

[declared, N, [d1, . . . , dN ]]

Äëÿ íåäåêëàðèðîâàííîãî ìàññèâà ôóíêöèÿ âîçâðàùàåò ñïèñîê:

[hashed, N, [key1], [key2], . . . ]

� Ôóíêöèÿ

listarray(a)

âîçâðàùàåò ñïèñîê èñïîëüçîâàííûõ ýëåìåíòîâ ìàññèâà a. Â ñëó÷àå äå-
êëàðèðîâàííîãî ìàññèâà ìåñòà íåèñïîëüçîâàííûõ ýëåìåíòîâ îòìå÷àþòñÿ
ñèìâîëîì #####.
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� Äåêëàðèðîâàííûé ìàññèâ ðàçìåðíîñòè N ≤ 5 ñîçäàåòñÿ êîíñòðóêòî-
ðîì

array(id, type, d1, . . . , dN )
array(id, d1, . . . , dN )

ãäå id � èìÿ ìàññèâà, d1, . . . , dN � ðàçìåðû ìàññèâà, type � òèï ýëåìåí-
òîâ ìàññèâà:

• type=fixnum � ìàññèâ èç öåëûõ ÷èñåë;

• type=flonum � ìàññèâ èç ÷èñåë ñ ïëàâàþùåé òî÷êîé.

Åñëè òèï ýëåìåíòîâ íå óêàçàí, òî ýëåìåíòû ìàññèâà ìîãóò áûòü ïðîèç-
âîëüíûìè.
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(%i1) kill(a,x,y)$
array(a,2,2);
a[0,1]:x*y$
a[2,0]:x+y$
arrayinfo(a);
listarray(a);

(%o2) a

(%o5) [declared, 2, [2,2]]
(%o6) [#####, x y, #####, #####, #####, #####, y + x,
#####, #####]

Íåäåêëàðèðîâàííûé ìàññèâ (õýø-òàáëèöà) çàäàåòñÿ íåÿâíî â êîíñòðóê-
öèÿõ ñëåäóþùèõ òèïîâ.
� Èíäåêñèðîâàííàÿ ïåðåìåííàÿ:

a[key1]: expr1 ;
a[key2]: expr2 ;
. . . ,

ãäå êàê êëþ÷è key1, key2, . . . òàê è çíà÷åíèÿ expr1, expr2, . . . � ïðîèçâîëü-
íûå âûðàæåíèÿ.

Ëèñòèíã 98

(%i1) kill(a,x)$
a[1]:12/7$
a[2]:x^2$
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listp(a);
arrayinfo(a);
listarray(a);

(%o4) false
(%o5) [hashed, 1, [1], [2]]

(%o6) [
12

7
, x2]

(%i7) kill(a,x)$
a[-3.45]:1$
a[x^2*sin(x)/log(x^2+1)]:-1$
a["èëè äàæå òàê"]:0$
arrayinfo(a);
listarray(a);

(%o11) [hashed, 1, [−3.45], [èëè äàæå òàê ], [
x2 sin(x)

log (x2 + 1)
]]

(%o12) [1, 0, −1]

(%i13) kill(a,t,x)$
a[1,1]:t$
a[2,3]:t^2$
a[sin(x),cos(x)]:tan(x)$
arrayinfo(a);
listarray(a);

(%o17) [hashed, 2, [1, 1], [2, 3], [sin(x), cos(x)]]
(%o18) [t, t2, tan(x)]

� Ìàññèâ-ôóíêöèÿ (array function):

a[x1, . . . , xM ]:= expr ;

ãäå x1, . . . , xM � ïåðåìåííûå èíäåêñû. Îñíîâíîå îòëè÷èå ìàññèâ-ôóíêöèè
îò îáû÷íîé ôóíêöèè a(x1, . . . , xM ) ñîñòîèò â òîì, ÷òî ðåçóëüòàòû âûçî-
âîâ ìàññèâ-ôóíêöèè ñîõðàíÿþòñÿ â ïàìÿòè (êýøèðóþòñÿ). Òàêèì îáðà-
çîì, ïðè ïîâòîðíîì âûçîâå ìàññèâ-ôóíêöèè ñ òåìè æå àðãóìåíòàìè, åå
çíà÷åíèå íå áóäåò âû÷èñëÿòüñÿ çàíîâî.

Ëèñòèíã 99
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(%i1) kill(a,n,m)$
a[n,m]:=n+m$
a[3,5];

(%o3) 8

(%i4) a[n,m]:=n*m$
/* Çäåñü áóäåò íîâîå çíà÷åíèå: */
a[4,6];
/* À çäåñü - ñòàðîå: */
a[3,5];

(%o5) 24

(%o6) 8

� Èíäåêñèðîâàííàÿ ôóíêöèÿ (subscripted function):

a[x1, . . . , xM ](t1, . . . , tK ):= expr ;

ãäå x1, . . . , xM � ïåðåìåííûå èíäåêñû, t1, . . . , tK � îáû÷íûå ïåðåìåííûå.
Èíäåêñèðîâàííàÿ ôóíêöèÿ ðàáîòàåò êàê ìàññèâ-ôóíêöèÿ îò x1, . . . , xM è
êàê îáû÷íàÿ ôóíêöèÿ îò t1, . . . , tK. Äðóãèìè ñëîâàìè, ðåçóëüòàòû âûçîâà
èíäåêñèðîâàííîé ôóíêöèè êýøèðóþòñÿ ïî çíà÷åíèÿì èíäåêñîâ.

Òàêèì îáðàçîì, ôóíêöèÿ äâóõ ïåðåìåííûõ f(x, y) ìîæåò áûòü çàäàíà
òðåìÿ ðàçëè÷íûìè ñïîñîáàìè:

f [x, y], f [x](y), f (x, y).

Ïåðâûé ñïîñîá èñïîëüçóåòñÿ â òîì ñëó÷àå, êîãäà ôóíêöèÿ âûçûâàåòñÿ
ìíîãîêðàòíî â îäíîé è òîé æå òî÷êå (x, y). Âòîðîé ñïîñîá � åñëè ïðèõî-
äèòñÿ ìíîãîêðàòíî âûçûâàòü ôóíêöèþ ñ îäíèì è òåì æå x, íî çíà÷åíèÿ y
ïîâòîðÿþòñÿ íå ÷àñòî. Òðåòèé ñïîñîá ïðèìåíÿåòñÿ òîãäà, êîãäà ôóíêöèÿ
êàæäûé ðàç âûçûâàåòñÿ â ðàçëè÷íûõ òî÷êàõ (x, y).
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(%i1) kill(a,n,t,x,y)$
a[n](t):=t^n$
a[1/2](x);
a[-1.3](y);
listarray(a);

(%o3)
√
x

(%o4)
1

y1.3
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(%o5) [lambda

(
[t],

1

t1.3

)
, lambda

(
[t],
√
t
)

]

(%i6) a[n](t):=n^t$
a[0.5](x);
a[1/2](y);
listarray(a);

(%o6) 0.5x

(%o7)
√
y

(%o8) [lambda

(
[t],

1

t1.3

)
, lambda

(
[t],
√
t
)
, lambda

(
[t], 0.5t

)
]

Îáðàòèì âíèìàíèå íà áëîêè âûâîäà (%o5), (%o8). Ñèñòåìà ñîõðàíÿåò ýëå-
ìåíòû èíäåêñèðîâàííîé ôóíêöèè â âèäå àíîíèìíûõ ôóíêöèé (lambda-
ôóíêöèé). Êàê è âî ìíîãèõ äðóãèõ ÿçûêàõ ïðîãðàììèðîâàíèÿ, â Maxima
ìîæíî ñîçäàâàòü ôóíêöèè ¾íà ëåòó¿, íå ïðèñâàèâàÿ èì èäåíòèôèêàòîðà.
Ìû îáñóäèì ýòîò ìåõàíèçì ïîäðîáíî â ñëåäóþùåé ãëàâå.

Íåäåêëàðèðîâàííûå ìàññèâû ÷àñòî èñïîëüçóþòñÿ äëÿ ðåêóðñèè. Ïðî-
äåìîíñòðèðóåì ýòî íà ïðèìåðå âû÷èñëåíèÿ ÷ëåíîâ ïîñëåäîâàòåëüíîñòè
ïî ðåêóððåíòíûì ôîðìóëàì. Îáðàòèòå âíèìàêíèå, ÷òî â ïåðâîì áëîêå
ìû ñòðîèì ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü (÷èñëà Ôèáîíà÷÷è), âî âòîðîì
� ïîñëåäîâàòåëüíîñòü ñïèñêîâ (ñòðîêè òðåóãîëüíèêà Ïàñêàëÿ), à â òðå-
òüåì � ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ (òàê íàçûâàåìûõ ìíîãî÷ëåíîâ
Ëàãåððà).

Ëèñòèíã 101

(%i1) kill(n,x)$
/* ×èñëà Ôèáîíà÷÷è */
f[n]:=f[n-1]+f[n-2]$
f[0]:1$
f[1]:1$
f[100];
arrayinfo(f);

(%o5) 573147844013817084101
(%o6) [hashed, 1, [0], [1], [2], [3], [4], [5], [6], [7], [8], [9], [10], [11], [12], [13],
[14], [15], [16], [17], [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28],
[29], [30], [31], [32], [33], [34], [35], [36], [37], [38], [39], [40], [41], [42], [43],
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[44], [45], [46], [47], [48], [49], [50], [51], [52], [53], [54], [55], [56], [57], [58],
[59], [60], [61], [62], [63], [64], [65], [66], [67], [68], [69], [70], [71], [72], [73],
[74], [75], [76], [77], [78], [79], [80], [81], [82], [83], [84], [85], [86], [87], [88],
[89], [90], [91], [92], [93], [94], [95], [96], [97], [98], [99], [100]]

(%i7) /* Áèíîìèàëüíûå êîýôôèöèåíòû */
C[n]:=if n=1 then [1,1]

else cons(0,C[n-1])+endcons(0,C[n-1])$
C[100][37];

(%o8) 1977204582144932989443770175

(%i9) /* Ìíîãî÷ëåíû Ëàãåððà */
L[n]:=if n=0 then 1

elseif n=1 then 1-x
else expand((2*n-1-x)*L[n-1]-(n-1)^2*L[n-2])$

L[10];

(%o10)x10−100x9+4050x8−86400x7+1058400x6−7620480x5+31752000x4−
72576000x3 + 81648000x2 − 36288000x+ 3628800

Ìàññèâû òàêæå ïðèìåíÿþòñÿ äëÿ õðàíåíèÿ èíôîðìàöèè. Â ñëåäóþ-
ùåì ïðèìåðå â ìàññèâå ñîõðàíÿþòñÿ äàííûå î ïÿòè ïðàâèëüíûõ ìíîãî-
ãðàííèêàõ: òåòðàýäð, êóá, îêòàýäð, äîäåêàýäð, èêîñàýäð. Ðàäèóñû ñôåð,
ïëîùàäè è îáúåìû ïðèâåäåíû äëÿ ìíîãîãðàííèêîâ ñ åäèíè÷íûì ðåáðîì.
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(%i1) kill(P)$
/* ×èñëî âåðøèí, ÷èñëî ðåáåð, ÷èñëî ãðàíåé */
/* ×èñëî ñòîðîí ó ãðàíè, ÷èñëî ðåáåð ó âåðøèíû */
/* Ðàäèóñû âïèñàííîé è îïèñàííîé ñôåðû */
/* Ïëîùàäü ïîâåðõíîñòè è îáúåì */
P["Òåòðàýäð"]:[

[4,6,4],
[3,3],
[1/(2*sqrt(6)),sqrt(3)/(2*sqrt(2))],
[sqrt(3),sqrt(2)/12]

]$
P["Êóá"]:[

[8,12,6],
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[4,3],
[1/2,sqrt(3)/2],
[6,1]

]$
P["Îêòàýäð"]:[

[6,12,8],
[3,4],
[1/sqrt(6),1/sqrt(2)],
[2*sqrt(3),sqrt(2)/3]

]$
P["Äîäåêàýäð"]:[

[20,30,12],
[5,3],
[(sqrt(5)+3)/(2^(3/2)*sqrt(5-sqrt(5))),

(sqrt(3)*sqrt(5)+sqrt(3))/4],
[(3*5^(3/2)+15)/(sqrt(2)*sqrt(5-sqrt(5))),

(5^(3/2)+10)/(sqrt(5)-5)]
]$
P["Èêîñàýäð"]:[

[12,30,20],
[3,5],
[(sqrt(5)+3)/(4*sqrt(3)),5^(1/4)/sqrt(2)],
[5*sqrt(3),(5^(3/2)+15)/12]

]$

(%i7) /* Ñïèñîê ïðàâèëüíûõ ìíîãîãðàííèêîâ */
arrayinfo(P)$
rest(%,2)$
map(first,%);

(%o9) [Äîäåêàýäð, Èêîñàýäð, Êóá, Îêòàýäð, Òåòðàýäð]

(%i10) /* ×èñëî ãðàíåé */
L:listarray(P)$
map(first,L)$
map(third,%);

(%o12) [12, 20, 6, 8, 4]
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(%i13) /* Îáúåì åäèíè÷íîãî ìíîãîãðàííèêà */
map(last,L)$
map(second,%);

(%o14) [
5

3
2 + 10√
5− 5

,
5

3
2 + 15

12
, 1,

√
2

3
,

1

3 2
3
2

]

Â êà÷åñòâå áîëåå ñëîæíîãî ïðèìåðà, äåìîíñòðèðóþùåãî ïðèìåíåíèå
èíäåêñèðîâàííîé ïåðåìåííîé, ðàññìîòðèì ÷àñòîòíûé àíàëèç óïîòðåáëå-
íèÿ áóêâ â òåêñòå.

Ëèñòèíã 103

(%i1) kill(i,v,k,a,b,c)$
/* Èññëåäóåìûé òåêñò çàïèñûâàåì â ñïèñîê */
m:charlist("ÓÆ ÍÅÁÎ ÎÑÅÍÜÞ ÄÛØÀËÎ,

ÓÆ ÐÅÆÅ ÑÎËÍÛØÊÎ ÁËÈÑÒÀËÎ,
ÊÎÐÎ×Å ÑÒÀÍÎÂÈËÑß ÄÅÍÜ,
ËÅÑÎÂ ÒÀÈÍÑÒÂÅÍÍÀß ÑÅÍÜ
Ñ ÏÅ×ÀËÜÍÛÌ ØÓÌÎÌ ÎÁÍÀÆÀËÀÑÜ.
ËÎÆÈËÑß ÍÀ ÏÎËß ÒÓÌÀÍ,
ÃÓÑÅÉ ÊÐÈÊËÈÂÛÉ ÊÀÐÀÂÀÍ
ÒßÍÓËÑß Ê ÞÃÓ: ÏÐÈÁËÈÆÀËÀÑÜ
ÄÎÂÎËÜÍÎ ÑÊÓ×ÍÀß ÏÎÐÀ;
ÑÒÎßË ÍÎßÁÐÜ ÓÆ Ó ÄÂÎÐÀ.")$

/* Àíàëèçèðóåì êàæäûé ýëåìåíò ñïèñêà */
f(c):=if alphacharp(c) then (

if integerp(i[c]) then i[c]:i[c]+1
else i[c]:1

)$
map(f,m)$
/* Çíà÷åíèÿ ìàññèâà i - ÷àñòîòû áóêâ */
v:listarray(i)$
/* Êëþ÷è ìàññèâà i - ñàìè áóêâû */
k:rest(arrayinfo(i),2)$
/* Ïå÷àòàåì: */
p(a,b):=print(a[1],": ",b)$
map(p,k,v)$

À: 19
Á: 5
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Â: 7
Ã: 2
Ä: 4
Å: 11
Æ: 7
È: 8
É: 2
Ê: 7
Ë: 17
Ì: 4
Í: 18
Î: 21
Ï: 4
Ð: 8
Ñ: 16
Ò: 7
Ó: 10
×: 3
Ø: 3
Û: 4
Ü: 8
Þ: 2
ß: 9

3.7. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

3.1 Èñïîëüçóÿ print, íàïå÷àòàéòå ïî-ãðå÷åñêè ñëîâî ¾ìàòåìàòèêà¿:
µαθηµατικα.

3.2 Äëÿ êàæäîãî èç ñëåäóþùèõ îïåðàòîðîâ:

+ * and - not ^ or = # ! []

îïðåäåëèòå òèï, ê êîòîðîìó îí îòíîñèòñÿ (ïðåôèêñíûé, èíôèêñíûé, ïîñò-
ôèêñíûé èëè ñêîáî÷íûé; óíàðíûé, áèíàðíûé èëè n-àðíûé).

3.3 Îáúÿñíèòå ðàçíèöó ìåæäó a=b è equal(a,b), à òàêæå ìåæäó a#b



3. Òèïû äàííûõ 111

è notequal(a,b). Çäåñü a, b � ëþáûå âûðàæåíèÿ.

3.4 Èñïîëüçóÿ charfun è sum, çàïèøèòå ñëåäóþùóþ ôóíêöèþ:

f(x) =



b0, x 6 a1
b1, x ∈ (a1, a2]

. . .

bn−1, x ∈ (an−1, an]

bn, x > an

,

ãäå a1 < a2 < . . . < an, b0 < b1 < . . . < bn � çàäàííûå ÷èñëà.

3.5 Èñïîëüçóÿ ôóíêöèþ rationalize, âû÷èñëèòå îøèáêó îêðóãëåíèÿ,
âîçíèêàþùóþ ïðè ïðèñâîåíèè x:0.2. Âîçíèêàåò ëè îøèáêà ïðè ïðèñâîå-
íèè x:0.5? Ïî÷åìó?

3.6 Êàêóþ ïðîáëåìó ðåøàåò ôóíêöèÿ copylist? Ìîæåò ëè àíàëîãè÷-
íàÿ ïðîáëåìà âîçíèêíóòü â ñëó÷àå ìíîæåñòâà? Ïðîàíàëèçèðóéòå ñõîäíóþ
ïðîáëåìó, âîçíèêàþùóþ äëÿ ìàññèâîâ.

3.7 Îáúÿñíèòå ðàçíèöó ìåæäó ôóíêöèÿìè cons (èëè endcons) è append.
Âûðàçèòå ôóíêöèþ append ÷åðåç ôóíêöèþ cons ñ ïîìîùüþ lreduce.

3.8 Íàïèøèòå ñêðèïò, êîòîðûé ïðèíèìàÿ íà âõîäå íîìåð i = 1, 2, . . . , 23,
âîçâðàùàåò ñïèñîê, ñîñòàâëåííûé èç ìàëîé è çàãëàâíîé i-é áóêâû ãðå÷å-
ñêîãî àëôàâèòà.

3.9 Âîçüìèòå òåêñò ïåðâûõ òðåõ àáçàöåâ âòîðîé ÷àñòè ïåðâîãî òîìà
ýïîïåè Ë.Í. Òîëñòîãî ¾Âîéíà è ìèð¿ è ïðîâåäèòå ñòàòèñòè÷åñêèé àíàëèç
óïîòðåáëåíèÿ áóêâ. Êàêàÿ áóêâà âñòðå÷àåòñÿ â ýòîì òåêñòå ÷àùå âñåãî?

3.10 Íåêîòîðûé òåêñò íà ðóññêîì ÿçûêå çàøèôðîâàí ìåòîäîì ïðîñòîé
çàìåíû. Çíàêè ïðåïèíàíèÿ è ïðîáåëû ïðè øèôðîâàíèè îïóñêàëèñü. Ðàñ-
øèôðóéòå òåêñò, ïðèìåíèâ ÷àñòîòíûé àíàëèç:

ÏËÕÝÚßÙÑÆÒÁÓÕÑÃÍÉÑÆßÏÊÁÏÕßÝÀÁÂÕÃÏÓÉÂÄÒÍÂÉÍÓ
ÕÈÓÒÁÖÍÀÓÅÏÍÀÅÂÕÅÂÎÄÏÀÒÑÉÏÓÂÒÒÍÎÀÉÁÄÄÏßÏÖÁÃ

ßÏÜÂßÐÁÂÕÆÑß×ÁÂÊÂÚÂÆÍÕÐÁÜÂÉÙÒÍÛÑßÑ×ÂÎÒÏÃßÑÄ
ÑÆÂÐÁÓÕÈÉÓÏÓÂÄÜÏÎÃÏÓÃÂÔÁÂÕÅÏÕØÂÐÆÍÂÃÏÉÝÓÏÀÏ
ÕÏÞÓÅÏÂÎÍÓÕßÁÆÄÑÕÏÐÍÜÍÏÕÚÂÔÂÒÏÎÐÁÚÁÅÈÍÚÑÄÍÕ
ÉÁÎÓÏÚÁËÑÓÒÑÅÔÍÂÄÑÚßÁÅÈÕÂÃÂßÙÜÏÝÃÏßÁÝÒÂÉÞÚÉ
ÞÅÂÓÒÈÓËÑ×ÒÁÜÒÂÏÕÕÂÃÂÉÙÅÏÒÙÖßÝÐÙÅÂÓÒÏÎÝÚÏÉÂ
ÒËßÏÅÙÚßÏÄÍÕ×ÑÅÓÕÅÁÑÜÕÏÓËÏÞÓÕÂÓÒÂÒÈÓÑßÏÅÏÞÐ
ÍÜÏÎÝÚÏÉÂÂÄÏÅÏÉÂÒÉÞÚÉÞÂÂÓÒÂÖÁÅÃßÍÓÑÕÓÕÅÍÍÉÑ
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ÒÈËÁËÉÂÖËÍÎÚÂÖÓÁÒÂÎÓÃÏÄßÑÖÏÎÚÈÓÕßÍÅÏÉÂÒËÏÖÄ
ÁÃÏÄÓÏÚÏÉÂÜÓÏÖßÂÕÁÍÓÅÂÆÁÏÒÁÅÁÜßÑËÑÆÜÂÕÃÈÉÁÝ

ÍÄßÏÆÁ

3.11 Ðàññìîòðèì äåñÿòè÷íîå ðàçëîæåíèå ÷èñëà e2. Âåðíî ëè, ÷òî ñðåäè
ïåðâûõ 500 öèôð äðîáíîé ÷àñòè ýòîãî ÷èñëà âñòðå÷àåòñÿ êîìáèíàöèÿ 499?
Åñëè äà, òî íàéäèòå åå ðàñïîëîæåíèå.

3.12 Âîâî÷êó îòïóñòÿò ãóëÿòü, åñëè ñîãëàñíà ìàìà, ëèáî õîòÿ áû äâîå
èç òðåõ äðóãèõ áëèæàéøèõ ðîäñòâåííèêîâ: ïàïà, äåäóøêà, áàáóøêà. Íà-
ïèøèòå ñîîòâåòñòâóþùóþ áóëåâó ôóíêöèþ.

3.13 Â íåêîòîðîì ó÷åáíîì çàâåäåíèè ïðèíÿò ñëåäóþùèé àëãîðèòì ïå-
ðåâîäà 100-áàëüíîé îöåíêè â 10-áàëüíóþ:

0-50 0
51-55 1
56-60 2
. . . . . .
96-100 10

Çàïðîãðàììèðóéòå ýòîò àëãîðèòì, èñïîëüçóÿ àðèôìåòè÷åñêèå îïåðàòîðû
è ôóíêöèþ floor (èëè ceiling).

3.14 Âûðàçèòå îáðàòíûå ãèïåðáîëè÷åñêèå ôóíêöèè ÷åðåç íàòóðàëüíûé
ëîãàðèôì.

3.15 Ïóñòü x � ÷èñëî ñ ïëàâàþùåé òî÷êîé. Âûðàçèòå random(x ) ÷åðåç
random(1.0). Ñäåëàéòå òîæå ñàìîå äëÿ ñëó÷àÿ íàòóðàëüíîãî x.

3.16 Äëÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû random(1.0) íàéäèòå (êîíå÷-
íîå) ìíîæåñòâî åå çíà÷åíèé è âåðîÿòíîñòü êàæäîãî çíà÷åíèÿ.

3.17 Ëþáîå ïîëîæèòåëüíîå ðàöèîíàëüíîå ÷èñëî p
q ìîæåò áûòü ïðåä-

ñòàâëåíî â âèäå êîíå÷íîé öåïíîé äðîáè:

p

q
= r +

1

q1 + 1
q2+. . . 1

qn−1+ 1
qn

,

ãäå r, q1 > q2 > . . . > qn � íàòóðàëüíûå ÷èñëà. Íàïèøèòå ñîîòâåòñòâóþ-
ùèé ñêðèïò.

3.18 Ëþáîå íàòóðàëüíîå ÷èñëî n ìîæåò áûòü ðàçëîæåíî ïî ôàêòîðèà-
ëàì:

n = n1 · 1! + n2 · 2! + . . .+ nm ·m!,
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ãäå n1 ∈ {0, 1}, n2 ∈ {0, 1, 2}, . . . , nm ∈ {0, 1, . . . ,m}. Íàïèøèòå ñîîòâåò-
ñòâóþùèé ñêðèïò.

3.19 Íàïèøèòå ñêðèïò, ïðèíèìàþùèé íà âõîäå äëèííîå ÷èñëî ñ ïëàâà-
þùåé òî÷êîé è âîçâðàùàþùèé ñïèñîê åãî öèôð. Öèôðû äîëæíû áûòü â
÷èñëîâîì, à íå â ñòðîêîâîì ôîðìàòå, ò.å. íà âûõîäå äîëæåí áûòü ÷èñëîâîé
ñïèñîê.

3.20 Äëÿ ïðîñòîãî ÷èñëà p > 7 ÷èñëî 1
p çàïèñûâàåòñÿ áåñêîíå÷íîé ïå-

ðèîäè÷åñêîé äåñÿòè÷íîé äðîáüþ. Ïåðèîä13 ýòîé äðîáè èìååò äëèíó p− 1.
Íàïèøèòå ñêðèïò, âûâîäÿùèé ïåðèîä è ñðåäíåå àðèôìåòè÷åñêîå öèôð
ïåðèîäà äëÿ ïðîñòûõ ÷èñåë èç çàäàííîãî ïðîìåæóòêà.

3.21 Íàòóðàëüíîå ÷èñëî íàçûâàåòñÿ ñîâåðøåííûì, åñëè îíî ðàâíî ïî-
ëóñóììå âñåõ ñâîèõ äåëèòåëåé. Íàéäèòå âñå ñîâåðøåííûå ÷èñëà 6 10000.

3.22 Âûðàçèòå ôóíêöèè min, max (îò äâóõ àðãóìåíòîâ) ÷åðåç ôóíêöèþ
abs è àðèôìåòè÷åñêèå îïåðàòîðû.

3.23 Âûðàçèòå ôóíêöèþ abs ÷åðåç ôóíêöèþ max (èëè min) è àðèôìå-
òè÷åñêèå îïåðàòîðû.

3.24 Èñïîëüçóÿ sum, ïðîâåðüòå ôîðìóëó Àðõèìåäà

12 + 22 + . . .+ n2 =
1

6
n(n+ 1)(2n+ 1)

äëÿ n = 10000.

3.25 Íàéäèòå ïðèáëèæåííî ïðåäåë ðàçíîñòè

1 +
1

2
+ . . .+

1

n
− lnn,

âû÷èñëèâ åå çíà÷åíèÿ ïðè äîñòàòî÷íî áîëüøèõ n. Ýòîò ïðåäåë íàçûâàåòñÿ
÷èñëîì Ýéëåðà-Ìàñêåðîíè è îáîçíà÷àåòñÿ %gamma.

3.26 Âûðàçèòå ôóíêöèè every, some ÷åðåç ôóíêöèè map, apply è ëîãè-
÷åñêèå îïåðàòîðû and, or.

3.27 Îáúÿñíèòå, ïî÷åìó îïðåäåëåíà ôóíêöèÿ every îò íåñêîëüêèõ ñïèñ-
êîâ, íî íå ìîæåò áûòü îïðåäåëåíà ôóíêöèÿ every îò íåñêîëüêèõ ìíî-

13Òî÷íåå ãîâîðÿ, äëèíà íàèìåíüøåãî ïåðèîäà ÿâëÿåòñÿ äåëèòåëåì ÷èñëà p− 1.
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æåñòâ. Òîæå ñàìîå âåðíî äëÿ some è map.

3.28 Âûðàçèòå ôóíêöèþ simplode (ñî âòîðûì àðãóìåíòîì ïî óìîë÷à-
íèþ) ÷åðåç ôóíêöèþ concat, èñïîëüçóÿ apply.

3.29 Èñïîëüçóÿ map è apply, âû÷èñëèòå ïðîèçâåäåíèå ÷èñåë f(k), ïðè
k, ïðîáåãàþùåì ñïèñîê L.

3.30 Ïåðåïèøèòå ñêðèïò èç ëèñòèíãà 59, èñïîëüçóÿ map âìåñòî öèêëîâ.

3.31 Íàïèøèòå ñêðèïò, âûâîäÿùèé ïî î÷åðåäè âñå ïåðåñòàíîâêè ýëå-
ìåíòîâ äàííîãî ìíîæåñòâà, ñíàáæàÿ èõ ïîðÿäêîâûìè íîìåðàìè.

3.32 Äàí ñïèñîê L = [L1, . . . , Ln], ãäå L1, . . . , Ln � ñïèñêè îäèíàêî-
âîé äëèíû. Íàïèøèòå ñêðèïò, âûïîëíÿþùèé òðàíñïîíèðîâàíèå äâîéíîãî
ñïèñêà L êàê òðàíñïîíèðîâàíèå ìàòðèöû ñî ñòðîêàìè L1, . . . , Ln.

3.33 Ñïèñîê íàòóðàëüíûõ ÷èñåë L = [x1, . . . , xn] íàçûâàåòñÿ ðàçáèåíè-
åì íàòóðàëüíîãî ÷èñëà x, åñëè x = x1+. . .+xn. Â ðàçáèåíèè äîïóñêàþòñÿ
îäèíàêîâûå ñëàãàåìûå. Ïóñòü x1, . . . , xm ïîïàðíî ðàçëè÷íû, à â èñõîäíîì
ñïèñêå L ÷èñëî x1 ïîïàäàåòñÿ k1 ðàç, ÷èñëî x2 � k2 ðàç è ò.ä. Òîãäà ñïè-
ñîê L′ = [k1, . . . , km, . . .], â êîòîðîì ÷èñëî k1 ïîïàäàåòñÿ x1 ðàç, ÷èñëî k2
� x2 ðàç è ò.ä. òàêæå ÿâëÿåòñÿ ðàçáèåíèåì ÷èñëà x. Ýòî ðàçáèåíèå íàçû-
âàåòñÿ ñîïðÿæåííûì èñõîäíîìó. Íàïèøèòå ñêðèïò, êîòîðûé ïî äàííîìó
ðàçáèåíèþ ÷èñëà x âûâîäèò åãî ñîïðÿæåííîå.

3.34 Äàí ñïèñîê [e1, . . . , e3n], ñîñòîÿùèé èç âûðàæåíèé ïðîèçâîëüíîãî
âèäà. Òðåáóåòñÿ íàïèñàòü ñêðèïò, âîçâðàùàþùèé äâîéíîé ñïèñîê

[[e1, e2, e3], . . . , [e3n−2, e3n−1, e3n]].

3.35 Ïåðåñòàíîâêà p ìíîæåñòâà {1, 2, . . . , n} çàäàíà â âèäå ñïèñêà
[p(1), p(2), . . . , p(n)]. Íàïèøèòå ñêðèïò, âû÷èñëÿþùèé îáðàòíóþ ïåðåñòà-
íîâêó.

3.36 Âûðàçèòå ëîãè÷åñêóþ ôóíêöèþ emptyp ÷åðåç ôóíêöèþ
cardinality.

3.37 Âûðàçèòå ëîãè÷åñêóþ ôóíêöèþ setequalp ÷åðåç ôóíêöèè
setdifference è emptyp.

3.38 Âûðàçèòå ëîãè÷åñêóþ ôóíêöèþ disjointp ÷åðåç ôóíêöèè
intersection è emptyp.

3.39 Âûðàçèòå çíà÷åíèå cardinality(union(S1, . . . , SN )) ÷åðåç âñåâîç-
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ìîæíûå cardinality (intersection(. . . )). Èñïîëüçóéòå ôîðìóëó âêëþ-
÷åíèÿ-èñêëþ÷åíèÿ.

3.40 ×åìó ðàâíû cardinality(powerset(S )) è
cardinality(powerset(S, n)), åñëè cardinality(S ) = N ?

3.41 Èìååòñÿ ñïèñîê ìíîæåñòâ L = [S1, S2, . . . , SN ]. Ïî÷åìó

apply("*", map(cardinality, L)) =
=cardinality(apply(cartesian_product, L))?

3.42 Äàíî ìíîæåñòâî S = {1, 2, . . . , N}. Íàïèøèòå ñêðèïò, êîòîðûé íà
âõîäå ïðèíèìàåò ïîäìíîæåñòâîA ⊆ S è âîçâðàùàåò ñïèñîê [k1, k2, . . . , kN ],
ãäå ki = 1 åñëè i ∈ A è ki = 0 â ïðîòèâíîì ñëó÷àå.

3.43 Òðåáóåòñÿ ðàçáèòü çàäàííóþ ñòðîêó íà ïîäñòðîêè äëèíû n (ïî-
ñëåäíÿÿ ïîäñòðîêà ìîæåò ñîäåðæàòü ìåíüøåå êîëè÷åñòâî ñèìâîëîâ). Íà
âûõîäå äîëæåí ïîëó÷èòüñÿ ñïèñîê ïîäñòðîê. Ïðîâåðüòå, ÷òî ïðèìåíåíí-
íàÿ ê ýòîìó ñïèñêó ôóíêöèÿ simplode äàåò èñõîäíóþ ñòðîêó.

3.44 Íàïèøèòå ñêðèïò, ìåíÿþùèé â çàäàííîé ñòðîêå ðåãèñòð ñèìâîëîâ
íà ïðîòèâîïîëîæíûé.

3.45 Òðåáóåòñÿ â êàæäîé ôðàçå çàäàííîãî òåêñòà ïîìåíÿòü ïîðÿäîê
ñëîâ íà ïðîòèâîïîëîæíûé.

3.46 Ïîñëåäîâàòåëüíîñòü xn çàäàíà ðåêóððåíòíîé ôîðìóëîé
xn = (−1)nxn−1 + nxn−2, x1 = 1, x2 = 5. Âû÷èñëèòå x100.

3.47 Ïîñëåäîâàòåëüíîñòü ìíîãî÷ëåíîâ pn(x) çàäàíà ðåêóððåíòíîé ôîð-
ìóëîé pn(x) = xp′n−1(x)−(x+n)pn−1(x−n), p1(x) = 1. Âû÷èñëèòå p100(x).

3.48 Äëÿ êàæäîãî ìíîãîãðàííèêà èç áàçû äàííûõ ïðàâèëüíûõ ìíîãî-
ãðàííèêîâ (ëèñòèíã 102) ïðîâåðüòå, ÷òî:

• ÷èñëî âåðøèí V , ÷èñëî ðåáåð E è ÷èñëî ãðàíåé G ñâÿçàíû ôîðìóëîé
Ýéëåðà: V − E +G = 2;

• ÷èñëî p ñòîðîí ó ãðàíè è ÷èñëî q ðåáåð ó âåðøèíû ñâÿçàíû ñ V,E,G
ðàâåíñòâàìè: pG = 2E = qV ;

• îáúåì v ñâÿçàí ñ ðàäèóñîì âïèñàííîé ñôåðû r è ïëîùàäüþ ïîâåðõ-
íîñòè s ôîðìóëîé v = rs

3 .
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Èñïîëüçóÿ ïîëó÷åííûå ñîîòíîøåíèÿ, äîêàæèòå, ÷òî äðóãèõ ïðàâèëüíûõ
ìíîãîãðàííèêîâ íå ñóùåñòâóåò.

3.49 Ïîñòðîéòå áàçó äàííûõ ïî îñíîâíûì ýëåìåíòàðíûì ôóíêöèÿì ex,
ln(1+x), sinx, cosx, (1+x)a, çàïèñàâ äëÿ êàæäîé ôóíêöèè åå ðàçëîæåíèå
ïî ôîðìóëå Ìàêëîðåíà äî 10-ãî ïîðÿäêà è îöåíêó îøèáêè ýòîãî ðàçëî-
æåíèÿ íà ïðîìåæóòêå [− 1

2 ,
1
2 ]. Ðàçëîæåíèå ïî ôîðìóëå Ìàêëîðåíà ìîæíî

ïîëó÷èòü ñ ïîìîùüþ ôóíêöèè taylor. Äëÿ îöåíêè îøèáêè âîñïîëüçóé-
òåñü âûðàæåíèåì äëÿ îñòàòî÷íîãî ÷ëåíà â ôîðìå Ëàãðàíæà.
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4. Îïèñàíèå ÿçûêà

4.1. Óñëîâíûå îïåðàòîðû è öèêëû

Âî âñåõ ïðèâåäåííûõ íèæå øàáëîíàõ ñèíòàêñèñà body îáîçíà÷àåò åäèí-
ñòâåííîå âûðàæåíèå. Åñëè òðåáóåòñÿ âûïîëíèòü íåñêîëüêî âûðàæåíèé,
òî èõ ñëåäóåò îáúåäèíèòü â áëîê. Ïîä cond ïîíèìàåòñÿ íåêîòîðîå âûñêà-
çûâàíèå, íàïðèìåð: x^2+y^2<4.

4.1.1. Îïåðàòîðû if

� Îïåðàòîð

if cond then body

âîçâðàùàåò çíà÷åíèå âûðàæåíèÿ body, åñëè is(cond)=true. Â ïðîòèâíîì
ñëó÷àå, åñëè is(cond)= false, òî îïåðàòîð if âîçâðàùàåò false.

Ëèñòèíã 104

(%i1) kill(x,a)$
f(x):= if x<2 then 5$
f(1);
f(3);
/* Ïóñòü a>0 */
assume(a>0)$
f(2-a);
f(2+a);

(%o3) 5
(%o4) false
(%o6) 5
(%o7) false

� Îïåðàòîð

if cond then body1 else body0

âûïîëíÿåò body1, åñëè is(cond)=true è body0 â ïðîòèâíîì ñëó÷àå.

Ëèñòèíã 105

(%i1) kill(n)$
f(n):= if alphacharp(ascii(n)) then print("Ýòî áóêâà")

else print("Ýòî íå áóêâà")$
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f(1)$
f(65)$
f(125)$

Ýòî íå áóêâà
Ýòî áóêâà
Ýòî íå áóêâà

� Îïåðàòîð

if cond1 then body1
elseif cond2 then body2
...
else body0

âûïîëíÿåò bodyK, åñëè is(condK )=true, à âñå ïðåäûäóùèå
is(condI )=false. Åñëè âñå is(condI )= false, òî âûïîëíÿåòñÿ body0. Ïå-
ðåíîñû ñòðîêè è îòñòóïû äîáàâëåíû äëÿ óäîáî÷èòàåìîñòè.

Â ñëåäóþùåì ïðèìåðå çàïðîãðàììèðîâàíà ôóíêöèÿ ðàñïðåäåëåíèÿ
äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû14 � ÷èñëà î÷êîâ, âûïàâøèõ íà èãðàëü-
íîé êîñòè.

Ëèñòèíã 106

(%i1) kill(x)$
f(x):= if x<=1 then 0

elseif x<=2 then 1/6
elseif x<=3 then 2/6
elseif x<=4 then 3/6
elseif x<=5 then 4/6
elseif x<=6 then 5/6
else 1$

/* Ñòðîèì ãðàôèê */
wxdraw2d(

yrange=[-0.2,1.2],
grid=true,
explicit(f(x), x,-2,8)

)$

14Íàïîìíèì, ÷òî ôóíêöèåé ðàñïðåäåëåíèÿ ñëó÷àéíîé âåëè÷èíû X íàçûâàåòñÿ

F (x) = P (X < x). Ïîñêîëüêó â ðàññìàòðèâàåìîì ñëó÷àå X ïðèíèìàåò çíà÷åíèÿ

1, 2, . . . , 6, òî F (x) = 0 ïðè x 6 1 è F (x) = 1 ïðè x > 6.
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(%t3)

4.1.2. Îïåðàòîðû for

� Îïåðàòîð

for var :val step incr thru limit do body

âûïîëíÿåò body ïîêà ïåðåìåííàÿ var, óâåëè÷èâàÿñü ñ êàæäûì øàãîì íà
incr, íå ïðåâûñèò çíà÷åíèÿ limit. Åñëè incr=1, òî ôðàãìåíò step incr
ìîæåò áûòü îïóùåí.

Â ñëåäóþùåì ïðèìåðå âûïîëíÿåòñÿ ïåðåâîä ÷èñëà èç äåñÿòè÷íîé ñè-
ñòåìû ñ÷èñëåíèÿ â äâîè÷íóþ.

Ëèñòèíã 107

(%i1) f(n):=block([r:"",k],
for k:floor(log(n)/log(2))+1 step -1 thru 1 do (

n:mod(n,2^k),
charfun(n/2^k>=1/2),
r:concat(r,%%)

),
eval_string(r)

)$
f(123456789101112);

(%o4) 11100000100100010000110000011110011101000111000

� Îïåðàòîð

for var in list do body
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âûïîëíÿåò body äëÿ ýëåìåíòîâ ñïèñêà list. Ïðè÷åì list � íå îáÿçàòåëüíî
ñïèñîê, à ìîæåò áûòü ëþáûì âûðàæåíèåì, â ýòîì ñëó÷àå var ïðîéäåò
ïî âñåì åãî ïîäâûðàæåíèÿì. Òîãî æå ýôôåêòà ìîæíî äîñòè÷ü, ïðèìåíèâ
ôóíêöèþ map.

Â ñëåäóþùåì ïðèìåðå äëÿ âûðàæåíèÿ x2+sinx− x

tg x
äâóìÿ ñïîñîáàìè

âûâîäÿòñÿ âñå ïîäâûðàæåíèÿ 1-ãî óðîâíÿ.

Ëèñòèíã 108

(%i1) kill(x)$
for e in x^2+sin(x)-x/tan(x) do print(e)$

− x

tan(x)

sin(x)

x2

(%i3) map(print,x^2+sin(x)-x/tan(x))$

− x

tan(x)

sin(x)

x2

Âìåñòî öèêëà âñåãäà ìîæíî èñïîëüçîâàòü ðåêóðñèþ. Ïðîäåìîíñòðè-
ðóåì ýòî íà ïðèìåðå âû÷èñëåíèÿ àðèôìåòèêî-ãåîìåòðè÷åñêîãî ñðåäíåãî
äâóõ ÷èñåë.

Ëèñòèíã 109

(%i1) /* Öèêë */
kill(a,b)$
(a[0]:2.0, b[0]:13.0)$
for i:1 thru 10 do (

a[i]:(a[i-1]+b[i-1])/2,
b[i]:(a[i-1]*b[i-1])^(1/2)

)$
a[10];
b[10];

(%o4) 6.241653373328108

(%o5) 6.241653373328108
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(%i6) /* Ðåêóðñèÿ */
kill(a,b)$
(a[0]:2.0, b[0]:13.0)$
a[i]:=(a[i-1]+b[i-1])/2$
b[i]:=(a[i-1]*b[i-1])^(1/2)$
a[10];
b[10];

(%o10) 6.241653373328108

(%o11) 6.241653373328108

4.1.3. Îïåðàòîðû while / unless

� Îïåðàòîðû

while cond do body
unless cond do body

âûïîëíÿþò body ïîêà is(cond) = true (ñîîòâåòñòâåííî, false).
Â ñëåäóþùåì ïðèìåðå èç çàäàííîãî ñïèñêà â öèêëå óäàëÿåì åãî ïåð-

âûé ýëåìåíò.

Ëèñòèíã 110

(%i1) a:[-2,0,-1,-1,3,-3,-1,3,-1,3]$
while length(a)>2 do (

a:delete(a[1],a),
print(a)

)$

[0,−1,−1, 3,−3,−1, 3,−1, 3]

[−1,−1, 3,−3,−1, 3,−1, 3]

[3,−3, 3, 3]

[−3]

� Îïåðàòîðû

for var :val step incr while cond do body
for var :val step incr unless cond do body

âûïîëíÿþò body ïîêà is(cond)=true (ñîîòâåòñòâåííî, false). Ïåðåìåí-
íàÿ var ñ êàæäûì øàãîì óâåëè÷èâàåòñÿ íà incr. Åñëè incr=1, òî ôðàãìåíò
step incr ìîæåò áûòü îïóùåí.
� Îïåðàòîðû
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for var in list while cond do body
for var in list unless cond do body

âûïîëíÿþò body äëÿ ýëåìåíòîâ ñïèñêà list ïîêà is(cond) = true (ñîîòâåò-
ñòâåííî, false).

4.1.4. Îïåðàòîð go

� Âíóòðè áëîêà block(. . . ) ìîæíî ïðèìåíÿòü ñëåäóþùóþ êîíñòðóêöèþ:

block(. . . , label, . . . , go(label), . . . )

� ïðè äîñòèæåíèè êîìàíäû go(label) âûïîëíåíèå áëîêà ïðîäîëæàåòñÿ ñ
ìåòêè label. Ìåòêîé ìîæåò áûòü ëþáîé ñâîáîäíûé èäåíòèôèêàòîð.

Â ñëåäóþùåì ïðèìåðå âûâîäèòñÿ ñïèñîê âñåõ ïðîñòûõ ÷èñåë îò 10000
äî 10100.

Ëèñòèíã 111

(%i1) block([i:10000,r:[]],
_1, i:i+1,
if primep(i) then r:endcons(i,r),
if i<10100 then go(_1),
r

);

(%o1) [10007, 10009, 10037, 10039, 10061, 10067, 10069, 10079, 10091,
10093, 10099]

4.2. Ïîëüçîâàòåëüñêèå ôóíêöèè è îïåðàòîðû

4.2.1. Ïîëüçîâàòåëüñêèå ôóíêöèè

Ïîëüçîâàòåëüñêàÿ ôóíêöèÿ fun çàäàåòñÿ ñ ïîìîùüþ îïåðàòîðà :=

fun(x1, . . . , xN ) := body

Ïðè ýòîì ñèìâîëó fun(x1, . . . , xN ) ïðèñâàèâàåòñÿ âûðàæåíèå body, à íå åãî
çíà÷åíèå � â îòëè÷èå îò òîãî, êàê ýòî ïðîèñõîäèò äëÿ îáû÷íîãî îïåðàòîðà
ïðèñâîåíèÿ.

Ëèñòèíã 112

(%i1) kill(x)$
/* Ñëó÷àéíîå öåëîå ÷èñëî -5..5 */



4. Îïèñàíèå ÿçûêà 123

r():=random(11)-5$

(%i3) /* Ïðè òàêîì îïðåäåëåíèè ïðàâàÿ ÷àñòü íå âû÷èñëÿåòñÿ */
f(x):=r()*abs(r()*x)+r()*cos(r()*x);
f(2);
f(2);

(%o3) f(x) := r() |r()x|+ r() cos (r()x)

(%o4) −3 cos(4)− 12

(%o5) 2 cos(6)

(%i6) /* À òåïåðü ïðàâàÿ ÷àñòü âû÷èñëÿåòñÿ */
g(x):=''(r()*abs(r()*x)+r()*cos(r()*x));
g(2);

(%o6) g(x) := 2 |x| − 4 cos(2x)

(%o7) 4− 4 cos(4)

Îáðàòèòå âíèìàíèå íà ôóíêöèþ r() ñ ïóñòûì àðãóìåíòîì. Òàêàÿ ôóíê-
öèÿ çàäàåòñÿ è âûçûâàåòñÿ ñ ïóñòûìè ñêîáêàìè ().

Èäåíòèôèêàòîð ìîæåò áûòü îäíîâðåìåííî èìåíåì ôóíêöèè è èìåíåì
ïåðåìåííîé.

Ëèñòèíã 113

(%i1) kill(all)$
f(x):=x^2$
f(2);
f;
f:1;
f(2);

(%o3) 4

(%o4) f

(%o5) 1

(%o7) 4

Åñëè íåêîòîðàÿ âñïîìîãàòåëüíàÿ ôóíêöèÿ g(t) îïðåäåëÿåòñÿ â òåëå
äðóãîé ôóíêöèè f(), òî g(t) ñòàíîâèòñÿ äîñòóïíà ãëîáàëüíî ïîñëå âûçîâà
f(). Åñëè íåîáõîäèìî îïðåäåëèòü g(t) ëîêàëüíî, òî íàäî âîñïîëüçîâàòüñÿ
ñëåäóþùåé ôóíêöèåé.
� Ôóíêöèÿ
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local(f1, . . . , fN )

îáúÿâëÿåò ïîëüçîâàòåëüñêèå ôóíêöèè ñ èäåíòèôèêàòîðàìè f1, . . . , fN êàê
ëîêàëüíûå. Âîçâðàùàåò done. Ìîæåò óïîòðåáëÿòüñÿ òîëüêî â òåëå áëîêà
èëè lambda-ôóíêöèè.

Ëèñòèíã 114

(%i1) kill(all)$
f():=block([g],

g(t):=t^2,
g:1,
h(t):=t^3

)$
/* Çäåñü ïîêà ôóíêöèè g(t), h(t) íå îïðåäåëåíû */
g(2);
g;
h(2);
/* Âûçûâàåì f() */
f()$
/* Ôóíêöèè äîñòóïíû, íî ïåðåìåííàÿ g åùå ñâîáîäíà */
g(2);
g;
h(2);

(%o3) g(2)

(%o4) g

(%o5) h(2)

(%o7) 4

(%o8) g

(%o9) 8

(%i10) kill(all)$
f():=block(

local(g),
g(t):=t^2,
h(t):=t^3

)$
g(2);
h(2);
/* Âûçûâàåì f() */
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f()$
/* Òåïåðü ôóíêöèÿ h äîñòóïíà, à ôóíêöèÿ g - íåò */
g(2);
h(2);

(%o12) g(2)

(%o13) h(2)

(%o15) g(2)

(%o16) 8

Ìàòåìàòè÷åñêàÿ ôóíêöèÿ íå îáÿçàòåëüíî äîëæíà çàäàâàòüñÿ â âèäå,
îïèñàííîì âûøå. Âî ìíîãèõ ñèòóàöèÿõ áûâàåò óäîáíåå âìåñòî ìàòåìàòè-
÷åñêîé ôóíêöèè ðàññìàòðèâàòü îïðåäåëÿþùåå åå ìàòåìàòè÷åñêîå âûðà-
æåíèå, ïðèñâîèâ åãî íåêîòîðîé ïåðåìåííîé. Òàêîé ïîäõîä ÷àñòî ïðèìå-
íÿåòñÿ è â ìàòåìàòèêå, ñðàâíèòå: f(x) = x2 è y = x2.

Ëèñòèíã 115

(%i1) kill(x,y)$
/* Îïðåäåëèì ïåðåìåííóþ z */
z:x^2*sin(x*y)$
/* Ïðîèíòåãðèðóåì z ïî ïåðåìåííîé x */
w:integrate(z,x);

(%o3)
2xy sin(xy) +

(
2− x2y2

)
cos(xy)

y3

(%i4) /* Ïîäñòàâèì â ðåçóëüòàò çíà÷åíèÿ ïåðåìåííûõ x, y */
subst([x=1/4,y=-%pi],w);

(%o4) −
2−π2

16√
2

+ π
23/2

π3

(%i5) /* Óïðîùàåì */
ratsimp(%);

(%o5)

√
2π2 − 27/2 π − 211/2

32π3

Ðàññìîòðèì çàäàíèå ôóíêöèè, ïðèíèìàþùåé ïðîèçâîëüíîå ÷èñëî àð-
ãóìåíòîâ. Îáùèé ñèíòàêñèñ òàêîâ:

f (x1, . . . , xN, [y]),



126 4.2. Ïîëüçîâàòåëüñêèå ôóíêöèè è îïåðàòîðû

ãäå x1, . . . , xN � îáÿçàòåëüíûå àðãóìåíòû, [y] � íåîáÿçàòåëüíûå àðãó-
ìåíòû, ïåðåäàâàåìûå ôóíêöèè â âèäå ñïèñêà y.

Ëèñòèíã 116

(%i1) kill(a,b,x)$
f(a,b,[x]):=a*b+lsum(

if oddp(k) then a*k else b*k,
k,x)$
f(1,2,3,4);
f(1,2,3,4,5);

(%o3) 13

(%o4) 18

Ðàññìîòðèì çàäàíèå ôóíêöèè, ïðèíèìàþùåé â êà÷åñòâå àðãóìåíòîâ
ñïèñêè è ìíîæåñòâà.

Ëèñòèíã 117

(%i1) kill(x)$
f(x):=x[1]+x[2]-x[3]$
a:[1,2,3]$
b:[4,5,6]$
f(a+2*b);

(%o4) 6

(%i5) kill(x,t)$
p(t):=is(mod(t,3)=1)$
f(x):=sublist(x, p)$
makelist(i,i,-20,20)$
f(%);

(%o7) [−20, −17, −14, −11, −8, −5, −2, 1, 4, 7, 10, 13, 16, 19]

Ðàññìîòðèì ïðèìåðû ðåêóðñèâíîãî ïîñòðîåíèÿ ôóíêöèè. Ïîñòðîèì
òàê íàçûâàåìûå ìíîãî÷ëåíû ×åáûøåâà.

Ëèñòèíã 118

(%i1) kill(n,x)$
T(n,x) := if n=0 then 1

elseif n=1 then x
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else expand(2*x*T(n-1,x)-T(n-2,x))$
T(19,x);

(%o3) 262144x19−1245184x17 + 2490368x15−2723840x13 + 1770496x11−
695552x9 + 160512x7 − 20064x5 + 1140x3 − 19x

À òåïåðü ïîñòðîèì èíäåêñèðîâàííóþ ôóíêöèþ. Íàïîìíèì, ÷òî ýòî
îäèí èç âèäîâ íåäåêëàðèðîâàííîãî ìàññèâà. Ìíîãî÷ëåíû, êîòîðûå ìû
áóäåì âû÷èñëÿòü, íàçûâàþòñÿ ìíîãî÷ëåíàìè Ýðìèòà.

Ëèñòèíã 119

(%i1) kill(n,x)$
/* Áåç óñëîâíîãî îïåðàòîðà */
H[n](x):=expand(2*x*H[n-1](x)-2*(n-1)*H[n-2](x))$
H[0](x):=1$
H[1](x):=2*x$
H[15](x);

(%o5) 32768x15−1720320x13+33546240x11−307507200x9+1383782400x7−
2905943040x5 + 2421619200x3 − 518918400x

(%i5) /* Ñ óñëîâíûì îïåðàòîðîì */
H[n](x):=if n=0 then 1

elseif n=1 then 2*x
else expand(2*x*H[n-1](x)-2*(n-1)*H[n-2](x))$

H[15](x);

(%o7) 32768x15−1720320x13+33546240x11−307507200x9+1383782400x7−
2905943040x5 + 2421619200x3 − 518918400x

4.2.2. Àíîíèìíûå ôóíêöèè

Âî ìíîãèõ Maxima-ôóíêöèÿõ, òàêèõ êàê:

makelist, sum, map, equiv_classes è ò.ä.

â îäíîì èç àðãóìåíòîâ ïåðåäàåòñÿ íåêîòîðàÿ çàâèñèìîñòü îò ïåðåìåííîé.
Ïðè ýòîì â

makelist, sum è äð.

ýòà çàâèñèìîñòü ïåðåäàåòñÿ âûðàæåíèåì, à â
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map, equiv_classes è äð.

� ôóíêöèåé. Â ïîñëåäíåì ñëó÷àå ìîæíî ëèáî çàðàíåå ïîñòðîèòü íåîá-
õîäèìóþ ïîëüçîâàòåëüñêóþ ôóíêöèþ, ëèáî âîñïîëüçîâàòüñÿ àíîíèìíîé
ôóíêöèåé.
� Êîíñòðóêöèÿ

lambda([x1, x2, . . .], expr1, expr2, . . . , exprN )

ñîçäàåò àíîíèìíóþ ïîëüçîâàòåëüñêóþ ôóíêöèþ: x1, x2, . . . � åå àðãó-
ìåíòû, expr1, expr2, . . . , exprN � òåëî ôóíêöèè. Ôóíêöèÿ âîçâðàùàåò
çíà÷åíèå ïîñëåäíåãî âûðàæåíèÿ exprN.

Ëèñòèíã 120

(%i1) /* Ñîðòèðîâêà ñïèñêà */
L:makelist(random(10000),10);
sort(L,lambda([x,y],

totient(x)<totient(y)
));

(%o1) [1099, 1100, 9586, 2873, 7582, 3983, 1720, 6969, 2059, 8444]
(%o2) [1100, 1720, 1099, 2059, 2873, 3983, 7582, 8444, 6969, 9586]

(%i3) /* Îòîáðàæåíèå ñïèñêà */
L:makelist(random(10000),10);
map(lambda([x],

cardinality(divisors(x))-2
),L);

(%o3) [1612, 9302, 6734, 4585, 4204, 5391, 9429, 3985, 2298, 7403]
(%o4) [10, 2, 14, 6, 4, 4, 6, 2, 6, 2]

(%i5) /* Âûáîð ïîäñïèñêà */
L:makelist(random(10000),20);
sublist(L,lambda([x],

cardinality(divisors(x))>10
));

(%o5) [7801, 1673, 4425, 7642, 6209, 5879, 1891, 1326, 2609, 3880, 4788,
4008, 2678, 1923, 1099, 1100, 9586, 2873, 7582, 3983]
(%o6) [4425, 1326, 3880, 4788, 4008, 1100]
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(%i7) /* Ïîäìíîæåñòâà è êëàññû ýêâèâàëåíòíîñòè */
S:{-6,3,7,-9,5,4,%pi,%e^2}$
partition_set(S, lambda([x],

(x<-7) or (x>5)
));
equiv_classes(S, lambda([x,y],

integerp((x-y)/3)
));

(%o8) [{−6, 3, 4, 5, π}, {−9, 7,%e2}]
(%o9) {{−9,−6, 3}, {4, 7}, {5}, {%e2}, {π}}

(%i10) /* Ýêñòðåìàëüíûå ïîäìíîæåñòâà */
S:{%pi,%e,%pi^2,%e^2,%pi*%e,%pi+%e,%pi-%e}$
extremal_subset(a, lambda([x],

if x<%pi then 1/x else x^2
), min);
extremal_subset(a, lambda([x],

if x<%pi then 1/x else x^2
), max);

(%o11) {%e}
(%o12) {π2}

Ðàáîòà ñî ñïèñêàìè ñóùåñòâåííî óïðîùàåòñÿ áëàãîäàðÿ ôóíêöèè map,
ïðèìåíåíèå êîòîðîé ïî÷òè íåìûñëèìî áåç àíîíèìíûõ ôóíêöèé. Â ñëåäó-
þùåì ïðèìåðå äëÿ ìíîæåñòâà S = {1, 2, . . . , n} ðåêóðñèâíî âûâîäÿòñÿ âñå
åãî ðàçáèåíèÿ15.

Ëèñòèíã 121

(%i1) kill(n)$
F(n):=if n=1 then [[{1}]] else block([r:F(n-1),a,i],

a:map(lambda([t],cons({n},t)),r),
for i:1 thru length(r) do

a:append(a,
map(lambda([t],

subst(t=adjoin(n,t),r[i])

15Íàïîìíèì, ÷òî ðàçáèåíèåì ìíîæåñòâà S íàçûâàåòñÿ ëþáîé ñïîñîá ïðåäñòàâèòü S

â âèäå îáúåäèíåíèÿ ïîïàðíî íåïåðåñåêàþùèõñÿ íåïóñòûõ ìíîæåñòâ.
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),r[i])
),

map(sort,a)
)$
F(3);

(%o3) [[{1}, {2}, {3}], [{1, 2}, {3}], [{1, 3}, {2}], [{1}, {2, 3}], [{1, 2, 3}]]

4.2.3. Ïîëüçîâàòåëüñêèå îïåðàòîðû

Ìîæíî îïðåäåëèòü íîâûé îïåðàòîð ëþáîãî òèïà. Îáðàòèòå âíèìàíèå, ÷òî
èäåíòèôèêàòîð íå ìîæåò áûòü îäíîâðåìåííî èìåíåì îïåðàòîðà è èìåíåì
ïåðåìåííîé (èëè ôóíêöèè).
� Ôóíêöèè

prefix(op),
infix(op),
postfix(op),
matchfix(lop, rop),
nary(op)

ðåãèñòðèðóþò ñîîòâåòñòâåííî: ïðåôèêñíûé, èíôèêñíûé, ïîñòôèêñíûé,
ñêîáî÷íûé è n-àðíûé îïåðàòîð.

Ðàññìîòðèì ïðèìåðû çàäàíèÿ ïîëüçîâàòåëüñêèõ îïåðàòîðîâ.

Ëèñòèíã 122

(%i1) kill(a,x)$
prefix("o")$
"o"(a):=a^2;
o x;
o 3/4;
o(3/4);

(%o3) o(a) := a2

(%o4) x2

(%o5)
9

4

(%o6)
9

16
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(%i7) kill(a,b,x)$
infix("~")$
"~"(a,b):=a*b^2;
x~5;

(%o9) (a ∼ b) := a b2

(%o10) 25x

(%i11) kill(x,y)$
postfix("?")$
"?"(x):=1/x;
2?;
x+y?;

(%o13) ? (x) :=
1

x

(%o14)
1

2

(%o15)
1

y
+ x

(%i16) kill(a,n,x,y)$
matchfix("<<",">>")$
<<[x]>>:=lsum(a[n],n,x);
<<1,-4,8>>;
<<x,x,y,y>>;

(%o18)<<[x]>> :=
∑
n in x

an

(%o19) a8 + a1 + a−4
(%o20) 2 ay + 2 ax

(%i21) kill(x,a)$
nary("##")$
"##"([x]):=lmax(x);
1##5##(-7)##8;
a##3##5;

(%o23)##([x]) := lmax(x)

(%o24) 8

(%o25)max(5, a)
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4.3. Âûðàæåíèÿ

4.3.1. Òèïû âûðàæåíèé

Àòîì èëè àòîìàðíîå âûðàæåíèå � ýòî èäåíòèôèêàòîð, ÷èñëî (öåëîå
ëèáî ñ ïëàâàþùåé òî÷êîé), èëè ñòðîêà.

Àëãåáðàè÷åñêîå âûðàæåíèå ñîäåðæèò ÷èñëà (â òîì ÷èñëå êîíñòàíòû
%e, %pi), ÷èñëîâûå ïåðåìåííûå, îïåðàòîðû + - * / ^ è ÷èñëîâûå ôóíê-
öèè (sin, atan, log è ò.ï.).

Èíòåãðî-äèôôåðåíöèàëüíîå âûðàæåíèå ñîäåðæèò äîïîëíèòåëüíî îïå-
ðàöèè äèôôåðåíöèðîâàíèÿ è èíòåãðèðîâàíèÿ (diff, integrate).

Âåêòîðíî-ìàòðè÷íîå âûðàæåíèå ñîäåðæèò ÷èñëà, ÷èñëîâûå ìàòðè-
öû, ÷èñëîâûå è ìàòðè÷íûå ïåðåìåííûå, ÷èñëîâûå è ìàòðè÷íûå îïåðàòî-
ðû è ôóíêöèè.

Âûðàæåíèå, îòíîñÿùååñÿ ê îäíîìó èç òðåõ ïåðå÷èñëåííûõ âûøå òèïîâ
ëèáî ê èõ êîìáèíàöèè, áóäåì íàçûâàòü ìàòåìàòè÷åñêèì âûðàæåíèåì.

Óðàâíåíèå èìååò âèä expr1 = expr2, ãäå expr1, expr2 � ìàòåìàòè÷åñêèå
âûðàæåíèÿ. Â ÷àñòíûõ ñëó÷àÿõ ãîâîðÿò î ïîëèíîìèàëüíîì, èððàöèîíàëü-
íîì, òðàíñöåíäåíòíîì, ìàòðè÷íîì, äèôôåðåíöèàëüíîì è èíòåãðàëüíîì
óðàâíåíèÿõ.

Ìàòåìàòè÷åñêîå òîæäåñòâî èìååò âèä equal(expr1, expr2 ), ãäå expr1,
expr2 � ìàòåìàòè÷åñêèå âûðàæåíèÿ. Òîæäåñòâî îòëè÷àåòñÿ îò óðàâíåíèÿ
òåì, ÷òî ðàâåíñòâî äîëæíî áûòü ñïðàâåäëèâî ïðè âñåõ äîïóñòèìûõ çíà-
÷åíèÿõ âõîäÿùèõ â íåãî ïåðåìåííûõ.

Íåðàâåíñòâî èìååò âèä expr1 o expr2, ãäå expr1, expr2 � àëãåáðàè÷å-
ñêèå ëèáî èíòåãðî-äèôôåðåíöèàëüíûå âûðàæåíèÿ, o � îïåðàòîð ñðàâíå-
íèÿ:

< <= > >= #

ëèáî âèä notequal(expr1, expr2 ) � îòðèöàíèå òîæäåñòâåííîãî ðàâåíñòâà.
Ëîãè÷åñêîå âûðàæåíèå ñîäåðæèò áóëåâû êîíñòàíòû (true, false) è

ïåðåìåííûå, ëîãè÷åñêèå îïåðàòîðû (not, and, or) è ëîãè÷åñêèå ôóíêöèè.
Ëîãè÷åñêîå âûðàæåíèå ìîæåò âêëþ÷àòü â ñåáÿ â êà÷åñòâå ïîäâûðàæåíèé
ìàòåìàòè÷åñêèå óðàâíåíèÿ, òîæäåñòâà è íåðàâåíñòâà. Òàêèì îáðàçîì ïî-
ñëåäíèå ìîæíî ñ÷èòàòü ÷àñòíûì ñëó÷àåì ëîãè÷åñêèõ âûðàæåíèé.
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Ñàìûì îáùèì òèïîì âûðàæåíèé ÿâëÿåòñÿ Maxima-âûðàæåíèå. Îíî
ñîäåðæèò ëþáûå îïðåäåëåííûå â Maxima òèïû äàííûõ, ëþáûå ïåðåìåí-
íûå, îïåðàòîðû è ôóíêöèè, óïðàâëÿþùìå êîíñòðóêöèè (óñëîâíûå îïåðà-
òîðû è öèêëû). Îíî ìîæåò âêëþ÷àòü â ñåáÿ â êà÷åñòâå ïîäâûðàæåíèé
ëþáûå ìàòåìàòè÷åñêèå è ëîãè÷åñêèå âûðàæåíèÿ.

Êàæäîå Maxima-âûðàæåíèå ñîñòîèò èç àòîìîâ: öåëûõ ÷èñåë è ÷èñåë ñ
ïëàâàþùåé òî÷êîé, ñòðîê è èäåíòèôèêàòîðîâ.

Äëÿ ïîíèìàíèÿ ðàáîòû íåêîòîðûõ ôóíêöèé íåîáõîäèìî çíàòü î âíóò-
ðåííåì ïðåäñòàâëåíèè âûðàæåíèé â ñèñòåìå Maxima. Âíóòðåííåå ïðåä-
ñòàâëåíèå â Maxima � ýòî ïîëüñêàÿ íîòàöèÿ. Ëþáîå âûðàæåíèå, íå ÿâëÿ-
þùååñÿ àòîìîì èëè ìàññèâîì, èçîáðàæàåòñÿ ñïèñêîì. Íàïðèìåð:

• sqrt(2) → [sqrt,2]

• x[3]^2 → ["^",[x,3],2]

• x+y+z → ["+",x,y,z]

• a-b → ["+",a,["-",b]]

• f(x,y,g(x,y)) → [f,x,y,[g,x,y]]

• (x^2-4*x+5)/sin(7*x) →
["/",
["+",["^",x,2],["*",["-",4],x],5],
[sin,["+",7,x]]

]

• [1,2,{1,2}] → ["[",1,2,["{",1,2]]

• if x<1 then y → [if,["<",x,1],y,true,false]

• if x<1 then y else z → [if,["<",x,1],y,true,z]

• if x<1 then y elseif x<2 then z else w →
[if,["<",x,1],y,["<",x,2],z,true,w]

• for i:1 thru n do y → [mdo,i,1,false,false,n,false,y]

• for i:1 step k thru n while x do w →
[mdo,i,1,k,false,n,[not,x],w]

• for i:1 next k(i) thru n unless y do w →
[mdo,i,1,false,[k,i],n,y,w]
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• for i in a while x do w →
[mdoin,i,a,false,false,false,[not,x],w]

Ïîýòîìó íåêîòîðûå ôóíêöèè, ðàáîòàþùèå ñî ñïèñêàìè, ðàáîòàþò òàêæå è
ñ ïðîèçâîëüíûìè âûðàæåíèÿìè. Íàïðèìåð: length, first, second, last,
rest, cons, endcons, member, delete.

Ëèñòèíã 123

(%i1) kill(all)$
/* f(x,y) = [f,x,y] */
cons(a,f(x,y));
endcons(a,f(x,y));

(%o2) f(a, x, y)

(%o3) f(x, y, a)

(%i4) /* a^2+2*b = [+,[^,a,2],[*,2,b]] */
member(a,a^2+2*b);
/* a^2 = [^,a,2] */
member(a^2,a^2+2*b);

(%o4) false
(%o5) true

(%i6) /* (a+b)*(a-b) = [*,[+,a,b],[+,a,[-,b]]] */
delete(a,(a+b)*(a-b));
delete(a+2*b,(a+b)*(a+2*b)*(a+3*b));
/* 2*x*sin(x)+sin(x) = [+,[*,2,x,[sin,x]],[sin,x]] */
delete(sin(x),2*x*sin(x)+sin(x));

(%o6) (a+ b)(a− b)
(%o7) (a+ b)(a+ 3b)

(%o8) 2x sin(x)

Êàæäûé ïîäñïèñîê èëè àòîì âî âíóòðåííåì ïðåäñòàâëåíèè ñîîòâåò-
ñòâóåò (ïîëíîìó) ïîäâûðàæåíèþ. Ýëåìåíòû îñíîâíîãî ñïèñêà íàçûâà-
þòñÿ ïîäâûðàæåíèÿìè 1-ãî óðîâíÿ, èõ ýëåìåíòû � ïîäâûðàæåíèÿìè 2-
ãî óðîâíÿ è ò.ä. Íàïðèìåð, âûðàæåíèå (x^2-4*x+5)/sin(7*x) èìååò 2
ïîäâûðàæåíèÿ 1-ãî óðîâíÿ: x^2-4*x+5, sin(7*x) è 4 ïîäâûðàæåíèÿ 2-ãî
óðîâíÿ: x^2, -4*x, 5, 7*x.

Ïåðâûé ýëåìåíò êàæäîãî ñïèñêà èëè ïîäñïèñêà ÿâëÿåòñÿ èìåíåì îïå-
ðàòîðà (èëè ôóíêöèè) è èìååò èíäåêñ 0. Êàæäûé ïîäñïèñîê èëè àòîì
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èìååò àäðåñ, ñîñòîÿùèé èç èíäåêñîâ â ñïèñêàõ. Ýòî ïîçâîëÿåò ôóíêöèÿì
òèïà part âîçâðàùàòü ïîäâûðàæåíèå ïî åãî àäðåñó.

4.3.2. Ïðåîáðàçîâàíèå âûðàæåíèé

Ðàññìîòðèì ôóíêöèè, ïîçâîëÿþùèå, â îïðåäåëåííîì ñìûñëå, ðàáîòàòü ñ
âûðàæåíèÿìè êàê ñî ñòðîêàìè. Íàïðèìåð: ðàçáèâàòü âûðàæåíèå íà ÷à-
ñòè, çàìåíÿòü îäíè ÷àñòè íà äðóãèå è ò.ï.
� Ëîãè÷åñêàÿ ôóíêöèÿ

atom(expr)

âîçâðàùàåò true, åñëè âûðàæåíèå expr àòîìàðíî, è false â ïðîòèâíîì
ñëó÷àå.

Ëèñòèíã 124

(%i1) [atom(1234), atom(\1234), atom(%e),
atom("âîò è ñòðîêà"), atom(sqrt(2))];

(%o1) [true, true, true, true, false]

� Ôóíêöèÿ

concat(atom1, atom2, . . . )

îáúåäèíÿåò àòîìàðíûå âûðàæåíèÿ atom1, atom2, . . . . Âîçâðàùàåò èäåí-
òèôèêàòîð, åñëè atom1 � èäåíòèôèêàòîð, èëè ñòðîêó � â ïðîòèâíîì
ñëó÷àå.

Ëèñòèíã 125

(%i1) x:5$
x1:2$
concat(x,1);
concat('x,1);
''%;

(%o3) 51
(%o4) x1

(%o5) 2

� Ôóíêöèÿ

sconcat(expr1, expr2, . . . )
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îáúåäèíÿåò âûðàæåíèÿ expr1, expr2, . . . â ñòðîêó.

Ëèñòèíã 126

(%i1) sconcat(sin,"(",%pi,")");
eval_string(%);

(%o1) sin(%pi)
(%o2) 0

� Ëîãè÷åñêàÿ ôóíêöèÿ

freeof(part1, . . . , partN, expr)

ïðîâåðÿåò, îòñóòñòâóþò ëè â âûðàæåíèè expr ÷àñòè, ðàâíûå part1, . . . ,
partN.

Ëèñòèíã 127

(%i1) kill(x,y,z)$
e: 'diff(y^x,x)/(2*y*z[1]^x)+z[2]^(3*y)/integrate(x^y,y);

(%o2)
d
dx y

x

2 zx1 y
+
z3y2 log(x)

xy

(%i3) freeof(y^x,e);

(%o3) false

(%i4) freeof('diff,e);
freeof('integrate,e);

(%o4) false
(%o5) true

(%i6) freeof("-",e);

(%o6) true

(%i7) freeof(z,e);
freeof(z[4],4*y,x^2,e);

(%o7) false
(%o8) true

� Ôóíêöèÿ

op(expr)
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âîçâðàùàåò ãëàâíûé îïåðàòîð âûðàæåíèÿ expr, ò.å. îïåðàòîð (èëè ôóíê-
öèþ), êîòîðûé áóäåò âûïîëíÿòüñÿ â ïîñëåäíþþ î÷åðåäü. Òîæäåñòâåííà
part(expr, 0 ) � ñì. íèæå.

Ëèñòèíã 128

(%i1) kill(a,b,c)$
stringdisp: true$
op(a*b*c);
op(a*b+c);
op('sin(a+b));

(%o3) "*"
(%o4) "+"
(%o5) sin

� Ôóíêöèÿ

part(expr, n1, . . . , nN )

âîçâðàùàåò ïîäâûðàæåíèå N -ãî óðîâíÿ âûðàæåíèÿ expr, îïðåäåëÿåìîå
èíäåêñàìè n1, . . . , nN. Íà 1-ì óðîâíå áåðåòñÿ n1 -å ïîäâûðàæåíèå, íà 2-ì
� n2 -å è ò.ä.

Ëèñòèíã 129

(%i1) kill(x,y)$
e: (4*x^y-'sum(3*x/(k^2+y^2),k,1,inf))/(5/x+3*atan(y/x));

(%o2)

4xy − 3x
∞∑
k=1

1
y2+k2

3 atan
(
y
x

)
+ 5

x

(%i3) stringdisp:true$
[part(e,0), part(e,1), part(e,2)];

(%o4) ["/", 4xy − 3x

∞∑
k=1

1

y2 + k2
, 3 atan

(y
x

)
+

5

x
]

(%i5) part(e,1,2);

(%o5) −3x

∞∑
k=1

1

y2 + k2

(%i6) part(e,1,2,1);
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(%o6) 3x

∞∑
k=1

1

y2 + k2

(%i7) [part(e,1,2,1,0), part(e,1,2,1,1), part(e,1,2,1,2),
part(e,1,2,1,3)];

(%o7) ["*", 3, x,
∞∑
k=1

1

y2 + k2
]

(%i8) makelist(part(e,1,2,1,3,n), n, 0,
length(part(e,1,2,1,3)));

(%o8) [sum,
1

y2 + k2
, k, 1, ∞]

Â ñëåäóþùåì áîëåå ñëîæíîì ïðèìåðå äëÿ äàííîãî âûðàæåíèÿ ðåêóð-
ñèâíî âûâîäÿòñÿ âñå åãî îïåðàòîðû.

Ëèñòèíã 130

(%i1) kill(all)$

/* Øàã ðåêóðñèè */
S(E):=block([e],

r:endcons(op(E),r), /* äîáàâëÿåì â ðåçóëüòàò */
for e in E do if not atom(e) then S(e)

)$

/* Ñòàðò ðåêóðñèè */
F(f):=(

r:[], /* ãëîáàëüíàÿ ïåðåìåííàÿ äëÿ ðåçóëüòàòà */
S(f), /* çàïóñêàåì ðåêóðñèþ */
r /* âûäàåì ðåçóëüòàò */

)$

log(y^2-3*sqrt(x))*asin(sqrt(y-1))/
(cot(2*y-z)+sin(3*z^2)^(-6/8));

F(%);

(%o4)
asin

(√
y − 1

)
log
(
y2 − 3

√
x
)

1

sin(3 z2)
3
4
− cot (z − 2 y)
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(%o5) [/, ∗, asin, sqrt,+, log,+, ˆ,−, ∗, sqrt,+, /, ˆ, sin, ∗, ˆ, /,−, cot,+,−, ∗]

� Ôóíêöèè

lhs(expr),
rhs(expr)

òîæäåñòâåííû part(expr, 1), part(expr, 2) â ñëó÷àå, êîãäà ãëàâíûé îïåðà-
òîð âûðàæåíèÿ expr, ò.å. part(expr, 0), ÿâëÿåòñÿ îäíèì èç ñëåäóþùèõ:

< <= = # equal notequal >= > := :

Ëèñòèíã 131

(%i1) kill(x)$
eq:expand((x-1)*(x+2)*(x+5))=0;
solve(eq,x);
map(rhs,%);

(%o2) x3 + 6x2 + 3x− 10 = 0

(%o3) [x = 1, x = −2, x = −5]

(%o4) [1,−2,−5]

� Ôóíêöèÿ

substpart(ins, expr, n1, . . . , nN )

çàìåíÿåò ïîäâûðàæåíèå N -ãî óðîâíÿ âûðàæåíèÿ expr, íàõîäÿùååñÿ ïî
àäðåñó n1, . . . , nN, íà âûðàæåíèå ins.
� Ôóíêöèÿ

args(expr)

òîæäåñòâåííà substpart("[", expr, 0). Òàêèì îáðàçîì, çàìåíÿÿ ãëàâíûé
îïåðàòîð íà îïåðàòîð ñïèñêà, ôóíêöèÿ âîçâðàùàåò ñïèñîê ïîäâûðàæåíèé
1-ãî óðîâíÿ (âìåñòî èñõîäíîãî îïåðàòîðà ïðèìåíÿåòñÿ îïåðàòîð ñïèñêà).

Ëèñòèíã 132

(%i1) kill(x,y)$
e: (4*x^y-'sum(3*x/(k^2+y^2),k,1,inf))/(5/x+3*atan(y/x));
substpart('integrate,e,1,2,1,3,0);

(%o2)

4xy − 3x
∞∑
k=1

1
y2+k2

3 atan
(
y
x

)
+ 5

x
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(%o3)

4xy − 3x
∞∫
k=1

dk
y2+k2

3 atan
(
y
x

)
+ 5

x

(%i4) args( part(e,1,2,1,3) );

(%o4) [
1

y2 + k2
, k, 1, ∞]

� Ôóíêöèÿ

subst([sch1=ins1, sch2=ins2, . . . ], expr)
subst(sch1=ins1, expr)
subst(ins1, sch1, expr)

âûïîëíÿåò ïîñëåäîâàòåëüíûå çàìåíû â âûðàæåíèè expr ïîëíûõ ïîäâû-
ðàæåíèé sch1, sch2,. . . íà âûðàæåíèÿ ins1, ins2, . . . .

Ëèñòèíã 133

(%i1) kill(x,y,z)$
e: 2*x[1]*y[3]-3*x[2]*y[1]+x[2]*x[1];
subst([x=y],e);

(%o2) 2x1y3 − 3y1x2 + x1x2
(%o3) 2y1y3 − 2y1y2

(%i4) e1: (x+y+z)*f(x+y)-(x+y)*g(x+y+z)$
subst([x+y=w],e1);

simp:false$ /* Îòêëþ÷àåì óïðîùåíèå âûðàæåíèé */
e2: ((x+y)+z)*f(x+y)-(x+y)*g((x+y)+z)$
subst([x+y=w],e2);
simp:true$

(%o5) (x+ y + z)f(w)− wg(x+ y + z)

(%o8) (w + z)f(w)− wg(w + z)

� Ôóíêöèè

sublis([x1=ins1, x2=ins2, . . . ], expr),
psubst([sch1=ins1, sch2=ins2, . . . ], expr)

âûïîëíÿþò ïàðàëëåëüíûå çàìåíû â âûðàæåíèè expr. Ïåðâàÿ çàìåíÿåò
èäåíòèôèêàòîðû x1, x2,. . . , âòîðàÿ � ïîëíûå ïîäâûðàæåíèÿ sch1, sch2,. . .
íà âûðàæåíèÿ ins1, ins2, . . . .
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Ëèñòèíã 134

(%i1) /* Çäåñü ìîæíî èñïîëüçîâàòü sublis, psubst */
kill(x,y,z,f,g)$
e1: 2*x[1]*y[3]-3*x[2]*y[1]+x[2]*x[1];
sublis([x=y, y=x],e1);

(%o2) 2x1y3 − 3y1x2 + x1x2
(%o3) 2y1x3 − 3x1y2 + y1y2

(%i4) /* À çäåñü ðàáîòàåò òîëüêî psubst */
e2: (x+y+z)*f(x+y)-(x+y)*g(x+y+z)$
psubst([x+y=x+y+z, x+y+z=x+y],e2);

(%o5) (x+ y)f(x+ y + z)− (x+ y + z)g(x+ y)

� Ôóíêöèÿ

ratsubst(ins, sch, expr)

çàìåíÿåò âñå âõîæäåíèÿ ÷àñòè sch â âûðàæåíèè expr íà âûðàæåíèå ins.
×àñòü sch � íå îáÿçàòåëüíî ïîäâûðàæåíèå, êàê â ñëó÷àå ôóíêöèè subst,
êîòîðàÿ âûïîëíÿåò ÷èñòî ñèíòàêñè÷åñêóþ ïîäñòàíîâêó.

Ëèñòèíã 135

(%i1) kill(x,y,z,w,f,g)$
e: 2*x[1]*y[3]-3*x[2]*y[1]+x[2]*x[1];
ratsubst(y,x,e); /* Íå ðàáîòàåò */
ratsubst(y[1],x[1],e);

(%o2) 2x1y3 − 3y1x2 + x1x2
(%o3) 2x1y3 + (x1 − 3y1)x2
(%o4) 2y1y3 − 2y1x2

(%i5) e: (x+y+z)*f(x+y)-(x+y)*g(x+y+z)$
ratsubst(w,x+y,e);

(%o6) (x+ y + z)f(w)− wg(x+ y + z)

(%i7) e: x^4*y^3 + x^4*y^8$
ratsubst(z,x*y^2,e);

(%o8) x3yz + z4
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4.3.3. Óïðîùåíèå è âû÷èñëåíèå

Â êàæäîì êëàññå âûðàæåíèé (ðàöèîíàëüíûå, èððàöèîíàëüíûå, òðèãîíî-
ìåòðè÷åñêèå, ïîêàçàòåëüíî-ëîãàðèôìè÷åñêèå, äèôôåðåíöèàëüíûå) èìå-
þòñÿ ñâîè ñïåöèôè÷åñêèå ôóíêöèè äëÿ óïðîùåíèÿ è ïàðàìåòðû, óïðàâ-
ëÿþùèå ýòèì ïðîöåññîì. Çäåñü ìû ðàññìîòðèì òîëüêî ñàìûå îáùèå.
� Ëîãè÷åñêàÿ ïåðåìåííàÿ simp � óïðîùàòü ëè âûðàæåíèå. Óïðîùåíèå
ñîñòîèò â ñëåäóþùåì:

• ïðèâåäåíèå ïîäîáíûõ ñëàãàåìûõ â ñóììàõ è ïîäîáíûõ ìíîæèòåëåé
â ïðîèçâåäåíèÿõ;

• ïîäñòàíîâêà òàáëè÷íûõ çíà÷åíèé îñíîâíûõ ýëåìåíòàðíûõ ôóíêöèé;

• óïîðÿäî÷åíèå ñëàãàåìûõ è ìíîæèòåëåé â îáðàòíîì àëôàâèòíîì (ëåê-
ñèêîãðàôè÷åñêîì) ïîðÿäêå.

Ïî óìîë÷àíèþ simp:true, âûðàæåíèÿ óïðîùàþòñÿ. Íèêàêèõ ïðî÷èõ óïðî-
ùåíèé ïî óìîë÷àíèþ Maxima íå ïðîèçâîäèò.

Ëèñòèíã 136

(%i1) kill(x,k)$
simp:true$
x+2*x;
x/(x*(x+1));
sum(1/k,k,1,10);

(%o3) 3x

(%o4)
1

x+ 1

(%o5)
7381

2520

(%i6) simp:false$
x+2*x;
x/(x*(x+1));
sum(1/k,k,1,10);

(%o7) x+ 2x

(%o8)
x

x (x+ 1)
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(%o9)
10∑
k=1

1

k

� Ôóíêöèÿ

ev(expr, opt1, . . . , optN )

âû÷èñëÿåò âûðàæåíèå expr ñ îïöèÿìè opt1, . . . , optN, êîòîðûå ìîãóò ïðè-
íèìàòü ñëåäóþùèå çíà÷åíèÿ:

• nouns � âû÷èñëÿòü âûðàæåíèÿ, èìåþùèå íåîïðåäåëåííóþ ôîðìó;

• diff, integrate, sum � âûïîëíèòü âñå äèôôåðåíöèðîâàíèÿ, èíòå-
ãðèðîâàíèÿ, ñóììèðîâàíèÿ è ò.ï.;

• numer � ôóíêöèè ñ ÷èñëåííûìè àðãóìåíòàìè âû÷èñëÿòü â ÷èñëàõ ñ
ïëàâàþùåé òî÷êîé;

• pred � âû÷èñëèòü âñå ïðåäèêàòû;

• eval � âûçûâàåò äîïîëíèòåëüíîå âû÷èñëåíèå;

• x :expr0 � ïåðåìåííîé x áóäåò ïðèñâîåíî çíà÷åíèå expr0 ;

• F (x ):=expr0 � ôóíêöèè F (x ) áóäåò ïðèñâîåíî âûðàæåíèå expr0.

Îïöèè ïðèìåíÿþòñÿ â òîì ïîðÿäêå, â êîòîðîì îíè óêàçàíû â âûçîâå
ôóíêöèè.

Äëÿ óâåëè÷åíèÿ áûñòðîäåéñòâèÿ ïðè ïîäñòàíîâêå çíà÷åíèé, âìåñòî

ev(expr, x1 :expr1, x2 :expr2, . . . )

ðåêîìåíäóåòñÿ èñïîëüçîâàòü

subst([x1=expr1, x2=expr2, . . . ], expr).

Âîîáùå, ñëåäóåò ïî âîçìîæíîñòè èçáåãàòü èñïîëüçîâàíèÿ ôóíêöèè ev,
îñîáåííî ìíîãîêðàòíîãî (íàïðèìåð, â öèêëå).

Ëèñòèíã 137

(%i1) kill(a)$
s:lsum(a[n],n,[2,3,5,7]);
a:makelist(random(10),7);
''s;
ev(s,nouns);
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(%o2) a7 + a5 + a3 + a2
(%o3) [2, 2, 4, 5, 4, 1, 9]

(%o4) 19

(%o5) 19

(%i6) y:5;
x:('y)^2;
''x;
ev(x,nouns);

(%o6) 5

(%o7) y2

(%o8) 25

(%o9) 25

(%i10) kill(x,z)$
a:x^2+4*x-3;
/* Ìîæíî òàê: */
ev(a,x:sqrt(z));
/* Íî ëó÷øå òàê: */
subst(x=sqrt(z),a);

(%o11) x2 + 4x− 3

(%o12) z + 4
√
z − 3

(%o13) z + 4
√
z − 3

(%i14) kill(x,f)$
b:diff(f(x),x)^2-3*integrate(f(x),x,1,x);
subst(f(x)=x^3,b);
ev(b,f(x):=x^3,diff);
ev(b,f(x):=x^3,diff,integrate);
expand(%);

(%o15)

(
d

d x
f(x)

)2

− 3

∫ x

1

f(x)dx

(%o16)

(
d

d x
x3
)2

− 3

∫ x

1

x3dx

(%o17) 9x4 − 3

∫ x

1

x3dx
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(%o18) 9x4 − 3

(
x4

4
− 1

4

)

(%o19)
33x4

4
+

3

4

� Ôóíêöèÿ

at(expr, [x1=expr1, . . . , xN=exprN ])

� ïîäñòàâëÿåò â âûðàæåíèå expr âìåñòî ïåðåìåííûõ x1,. . . ,xN âûðàæå-
íèÿ expr1,. . . ,exprN. Â îòëè÷èå îò ôóíêöèé òèïà subst, êîððåêòíî ðàáî-
òàåò ñ çàìåíàìè ïåðåìåííûõ â äèôôåðåíöèàëüíûõ âûðàæåíèÿõ.

Ëèñòèíã 138

(%i1) kill(x,y,t,g)$
f(x,y):=y*diff(g(x,y),x);
F:at(f(x,y),[x=t^2,y=t]);
subst(g(x,y)=y^2/x^2,F);
ev(F,g(x,y):=y^2/x^2,nouns);

(%o2) f(x, y) := y diff(g(x, y), x)

(%o3) t

(
d

d x
g(x, y)

∣∣∣∣
[x=t2,y=t]

)

(%o4) t

(
d

d x

y2

x2

∣∣∣∣
[x=t2,y=t]

)

(%o5) −
2

t3

� Ôóíêöèè

expand(expr),
factor(expr)

ñëóæàò äëÿ ðàñêðûòèÿ ñêîáîê è ðàçëîæåíèÿ íà ìíîæèòåëè. Ïåðâàÿ ôóíê-
öèÿ ðàñêðûâàåò ïðîèçâåäåíèÿ ñóìì, ïðèìåíÿÿ ðàñïðåäåëèòåëüíûé çàêîí
óìíîæåíèÿ. Âòîðàÿ � ðàñêëàäûâàåò ìíîãî÷ëåíû íà ìíîæèòåëè (íàä ïî-
ëåì ðàöèîíàëüíûõ ÷èñåë).
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Ëèñòèíã 139

(%i1) kill(x)$
(x-1)^3*(x+2)^4*(x-3)^5*(x^2+x-1)^6;
expand(%);
diff(%,x);
factor(%);

(%o2) (x− 3)5 (x− 1)3 (x+ 2)4 (x2 + x− 1)6

(%o3) x24 − 4x23 − 33x22 + 126x21 + 504x20 − 1722x19 − 4621x18 +

13312x17 + 27261x16− 64372x15− 103544x14 + 207204x13 + 245335x12−
466420x11 − 339783x10 + 736478x9 + 204904x8 − 768138x7 + 97861x6 +

449528x5 − 229845x4 − 76392x3 + 102168x2 − 33696x+ 3888

(%o4) 24x23−92x22−726x21+2646x20+10080x19−32718x18−83178x17+

226304x16+436176x15−965580x14−1449616x13+2693652x12+2944020x11−
5130620x10−3397830x9+6628302x8+1639232x7−5376966x6+587166x5+

2247640x4 − 919380x3 − 229176x2 + 204336x− 33696

(%o5) 2(x− 3)4(x− 1)2(x+ 2)3
(
x2 + x− 1

)5(
12x4 − 10x3 − 57x2 + 20x+ 26

)
� Ôóíêöèÿ

rat(expr, x1, . . . , xN )

âûïîëíÿåò ïðèâåäåíèå âûðàæåíèÿ expr ê êàíîíè÷åñêîé ðàöèîíàëüíîé
ôîðìå (CRE):

• ÷èñëà ñ ïëàâàþùåé òî÷êîé ïðèâîäÿòñÿ ê ðàöèîíàëüíûì ÷èñëàì ñ
òî÷íîñòüþ ratepsilon;

• ðàñêðûâàþòñÿ âñå ïðîèçâåäåíèÿ;

• ñóììà äðîáåé ïðèâîäèòñÿ ê íàèìåíüøåìó îáùåìó çíàìåíàòåëþ;

• ïåðåìåííûå óïîðÿäî÷èâàþòñÿ â çàäàííîì ïîðÿäêå;

• ìíîãî÷ëåíû ãðóïïèðóþòñÿ ïî ñòåïåíÿì ïåðåìåííûõ.

Ðåçóëüòàò îòìå÷àåòñÿ ñïåöèàëüíûì ñèìâîëîì /R/ óêàçûâàþùèì íà òî,
÷òî îí íå îáÿçàòåëüíî â òî÷íîñòè ðàâåí èñõîäíîìó âûðàæåíèþ.

Ëèñòèíã 140

(%i1) kill(x,y,z)$
e:1+y+2*z+2*y*z+3*x*z+3*x*y*z+4*z*z+5*y*z*z;
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rat(e);
rat(e,z,y,x);

(%o2) 5 y z2 + 4 z2 + 3x y z + 2 y z + 3x z + 2 z + y + 1

(%o3)/R/ (5 y + 4) z2 + ((3x+ 2) y + 3x+ 2) z + y + 1

(%o4)/R/ (3 z y + 3 z) x+
(
5 z2 + 2 z + 1

)
y + 4 z2 + 2 z + 1

(%i5) e:(1+(x-2*y)^4/(x^2-4*y^2)^2)*(z+y)*(x+2*y)/(x^2+4*y^2);
rat(e);
rat(e,z,y,x);

(%o5)
(2 y + x)

(
(x−2 y)4

(x2−4 y2)2 + 1
)

(z + y)

4 y2 + x2

(%o6)/R/
2 z + 2 y

2 y + x

(%o7)/R/
2 y + 2 z

x+ 2 y

(%i8) kill(x)$
(1-3/(x-1))^4*(1+2/(x+1))^5*(1+4/(x+2))^6;
rat(%);
diff(%,x);
factor(%);

(%o9)

(
1− 3

x− 1

)4(
2

x+ 1
+ 1

)5(
4

x+ 2
+ 1

)6

(%o10)/R/ (x15 + 35x14 + 450x13 + 1850x12 − 12395x11 − 156945x10−
366840x9 + 2485620x8 + 16050960x7 + 10866960x6 − 163669248x5−
500385600x4+33592320x3+2620200960x2+4837294080x+2902376448)/

(x15 + 13x14 + 68x13 + 168x12 + 118x11 − 370x10 − 916x9 − 396x8+

1089x7 + 1469x6 + 8x5 − 1124x4 − 624x3 + 176x2 + 256x+ 64)

(%o11)/R/ −(22x16 + 522x15 + 1740x14 − 59300x13 − 703650x12−
1722990x11+17179600x10+127387560x9+139352400x8−1558638720x7−
6446946816x6 − 3478951296x5 + 34796977920x4 + 97613683200x3+

100575406080x2 + 25960144896x− 13544423424)/

(x18 + 15x17 + 93x16 + 289x15 + 360x14 − 438x13 − 2110x12−
2094x11 + 1953x10 + 5875x9 + 2649x8 − 4755x7 − 5818x6+

36x5 + 3480x4 + 1648x3 − 480x2 − 576x− 128)
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(%o12)−
2 (x− 4)

3
(x+ 3)

4
(x+ 6)

5 (
11x4 − 69x3 − 558x2 − 560x+ 168

)
(x− 1)

5
(x+ 1)

6
(x+ 2)

7

� Ôóíêöèè

ratsimp(expr, x1, . . . , xN ),
fullratsimp(expr)

óïðîùàþò âûðàæåíèå expr è âñå åãî ïîäâûðàæåíèÿ, âêëþ÷àÿ àðãóìåíòû
íåðàöèîíàëüíûõ ôóíêöèé. Âòîðàÿ ôóíêöèÿ ïðèìåíÿåò ïåðâóþ â öèêëå
ïîêà âûðàæåíèå ìåíÿåòñÿ.

Ëèñòèíã 141

(%i1) kill(x)$
((x-1)^(3/2)-(1+x)*sqrt(x-1))/sqrt(x-1)/sqrt(1+x);
ratsimp(%);

(%o2)
(x− 1)

3
2 −
√
x− 1 (x+ 1)√

x− 1
√
x+ 1

(%o3) −
2√
x+ 1

(%i4) kill(x)$
(x-1)^(1/3)*(x+3)^(2/5)*(x-2)^(-6/7);
diff(%,x);
ratsimp(%);
factor(%);

(%o5)
(x− 1)

1
3 (x+ 3)

2
5

(x− 2)
6
7

(%o6) −
6 (x− 1)

1
3 (x+ 3)

2
5

7 (x− 2)
13
7

+
(x+ 3)

2
5

3 (x− 2)
6
7 (x− 1)

2
3

+
2 (x− 1)

1
3

5 (x− 2)
6
7 (x+ 3)

3
5

(%o7) −
13x2 + 271x− 144

(x− 2)
6
7 (x− 1)

2
3 (x+ 3)

3
5 (105x− 210)

(%o8) −
13x2 + 271x− 144

105 (x− 2)
13
7 (x− 1)

2
3 (x+ 3)

3
5

(%i9) kill(x,a)$
e:(x^(a/2) + 1)^2*(x^(a/2) - 1)^2/(x^a - 1);
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/* Ìîæíî íåñêîëüêî ðàç ïðèìåíèòü ratsimp */
ratsimp(e);
ratsimp(%);

/* Èëè îäèí ðàç fullratsimp */
fullratsimp(e);

(%o10)

(
x
a
2 − 1

)2 (
x
a
2 + 1

)2
xa − 1

(%o11)
x2 a − 2xa + 1

xa − 1

(%o12) xa − 1

(%o13) xa − 1

4.4. Ôàéëîâûé ââîä-âûâîä

4.4.1. Òåêñòîâûé ââîä-âûâîä

Äëÿ çàïèñè ðåçóëüòàòîâ âû÷èñëåíèé, îôîðìëåííûõ â âèäå ñïèñêà, ìàññè-
âà èëè ìàòðèöû, ìîæíî âîñïîëüçîâàòüñÿ ñëåäóþùåé ôóíêöèåé.
� Ôóíêöèÿ

write_data(obj, fn, sep)

ïèøåò îáúåêò obj ïî àäðåñó fn ñ ðàçäåëèòåëåì, îòäåëÿþùèì îäèí ôðàã-
ìåíò äàííûõ îò äðóãîãî:

sep =
comma (,),
pipe (|),
semicolon (:),
space (ïðîáåë),
tab (ñèìâîë òàáóëÿöèè).

Îáúåêò obj ìîæåò áûòü ñïèñêîì, ìàññèâîì èëè ìàòðèöåé.

Ëèñòèíã 142

(%i1) A:[2-3*%i, f(1/2,sin(1)), "è åùå ñòðîêà"]$
/* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
write_data(A,"D:/Compmath/temp_list",pipe);
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(%o2) done

(%i3) kill(x,y,g)$
A:matrix([2,-3/2,g(x,y)],[0.5,x^2,sqrt(2)]);
/* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
write_data(A,"D:/Compmath/temp_matrix",comma);

(%o4)

[
2 − 3

2 g(x, y)

0.5 x2
√

2

]
(%o5) done

� Ôóíêöèÿ

file_search(fn)

èùåò ôàéë fn è âîçâðàùàåò åãî ïîëíûé ïóòü fn â ñëó÷àå óñïåõà, ëèáî
false â ñëó÷àå íåóäà÷è.
� Ôóíêöèÿ

printfile(fn)

âûâîäèò íà ýêðàí ñîäåðæèìîå òåêñòîâîãî ôàéëà. Âîçâðàùàåò ïîëíûé
ïóòü ê ôàéëó fn, ëèáî ïèøåò ñîîáùåíèå îá îøèáêå.

Ëèñòèíã 143

(%i1) fn:"D:/Compmath/temp_list"$
if (file_search(fn)=fn) then printfile(fn)$

fn:"D:/Compmath/temp_matrix"$
if (file_search(fn)=fn) then printfile(fn)$

2-3*%i|f(1/2,sin(1))|"è åùå ñòðîêà"
2,-3/2,g(x,y)
0.5,x^2,sqrt(2)

Äëÿ çàïèñè â òåêñòîâûé ôàéë ïðîèçâîëüíûõ äàííûõ ìîæíî âîñïîëü-
çîâàòüñÿ ñëåäóþùèìè ôóíêöèÿìè.
� Ôóíêöèè

openw(fn),
opena(fn)

âîçâðàùàþò ïîòîê äëÿ çàïèñè òåêñòîâîãî ôàéëà fn. Åñëè ôàéë ñóùåñòâó-
åò, òî â ïåðâîì ñëó÷àå îí áóäåò ïåðåçàïèñàí, à âî âòîðîì � çàïèñü áóäåò



4. Îïèñàíèå ÿçûêà 151

äîáàâëåíà â êîíåö ôàéëà.
� Ôóíêöèÿ

close(stream)

çàêðûâàåò îòêðûòûé ïîòîê çàïèñè (èëè ïîòîê ÷òåíèÿ) òåêñòîâîãî ôàéëà.
� Ôóíêöèÿ

printf(stream, control, expr1, . . . , exprN )

ïèøåò â ïîòîê stream âûðàæåíèÿ expr1, . . . , exprN â ñîîòâåòñòâèè ñ óïðàâ-
ëÿþùåé ñòðîêîé16 control :

~% ïåðåíîñ ñòðîêè;

~t ñèìâîë òàáóëÿöèè;

~d äåñÿòè÷íîå öåëîå;

~@r íàòóðàëüíîå ÷èñëî â ðèìñêîé ñèñòåìå ñ÷èñëåíèÿ (îò 1 äî 3999);

~f ÷èñëî ñ ïëàâàþùåé òî÷êîé;

~e ÷èñëî ñ ïëàâàþùåé òî÷êîé â ýêñïîíåíöèàëüíîé ôîðìå çàïèñè;

~g åñòü ~f èëè ~e â çàâèñèìîñòè îò âåëè÷èíû ÷èñëà;

~h äëèííîå ÷èñëî ñ ïëàâàþùåé òî÷êîé;

~a èñïîëüçîâàòü ôóíêöèþ string;

~s òî æå, ÷òî ~a, íî stringdisp=true.

Ôóíêöèÿ âîçâðàùàåò false. Äëÿ âûâîäà ðåçóëüòàòà íå â ôàéë, à íà ýêðàí
íàäî ïåðåäàòü stream=false. Â ýòîì ñëó÷àå ôóíêöèÿ âîçâðàòèò ñòðîêó.

Ëèñòèíã 144

(%i1) makelist(printf(false,"~@r",k!),k,1,7);

(%o1) [I, II, VI, XXIV, CXX, DCCXX, 5040]

(%i2) /* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
f:openw("D:/Compmath/êàêèå-òî äàííûå.txt")$
printf(f,"~a~%",

"Âîò íåêîòîðîå ÷èñëîâîå âûðàæåíèå è åãî çíà÷åíèå:")$

16Ôóíêöèÿ printf âûçûâàåò Lisp-ôóíêöèþ format, ïîýòîìó ïîëíóþ (è âåñüìà îáùèð-

íóþ) ñïåöèôèêàöèþ óïðàâëÿþøåé ñòðîêè control ìîæíî ïîñìîòðåòü â ñïðàâî÷íèêàõ

ïî Common Lisp: http://www.lispworks.com/documentation/HyperSpec/Body/22_c.htm

http://www.lispworks.com/documentation/HyperSpec/Body/22_c.htm
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x:%e^(-20)*sin(10*%pi/9);
fpprec:30$
printf(f,"~a~a~h~%",x,"=",bfloat(x))$
printf(f,"~a~%","Îíî æå â ôîðìàòàõ f, e:")$
printf(f,"~f~a~e",float(x)," è ",float(x))$
close(f)$
printfile("D:/Compmath/êàêèå-òî äàííûå.txt")$

(%o4) %e
−20

sin

(
10π

9

)
Âîò íåêîòîðîå ÷èñëîâîå âûðàæåíèå è åãî çíà÷åíèå:
%e^-20*sin(10*%pi/9)=-0.000000000704956057362656845863501906682
Îíî æå â ôîðìàòàõ f, e:
-0.00000000070495605736265667 è -7.0495605736265667E-10

� Äëÿ òîé æå öåëè ìîæíî èñïîëüçîâàòü ôóíêöèþ

with_stdout(fn, expr1, . . . , exprN ),

íàïðàâëÿþùóþ ïîòîê ïå÷àòè â ôàéë fn. Ïîòîê ïå÷àòè ñîçäàåòñÿ ôóíêöè-
åé print.

Íàïå÷àòàåì â òåêñòîâûé ôàéë ðåøåíèÿ óðàâíåíèÿ x2 + y2 = z2 â íà-
òóðàëüíûõ ÷èñëàõ. Êàæäîå òàêîå ðåøåíèå ìîæíî èíòåðïðåòèðîâàòü êàê
ïðÿìîóãîëüíûé òðåóãîëüíèê ñ öåëî÷èñëåííûìè ñòîðîíàìè èëè êàê öåëóþ
òî÷êó íà êîíóñå.

Ëèñòèíã 145

(%i1) /* Óñòàíàâëèâàåì òåêñòîâûé ôîðìàò âûâîäà */
set_display(none)$
/* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
with_stdout("D:/Compmath/output.txt",

for k:2 thru 10000 do
if evenp(k) then print([k^2-1,2*k,k^2+1])
else print([(k^2-1)/2,k,(k^2+1)/2])

)$

Äëÿ ÷òåíèÿ èç ôàéëà ÷èñëîâîé ìàòðèöû èëè ÷èñëîâîãî ñïèñêà ïðåä-
íàçíà÷åíû ñëåäóþùèå ôóíêöèè.
� Ôóíêöèè
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read_matrix(fn, sep),
read_list(fn, sep)

÷èòàþò ÷èñëîâóþ ìàòðèöó èëè ñïèñîê èç òåêñòîâîãî ôàéëà fn. Ê ñîæàëå-
íèþ, read_list, read_matrix íå ÷èòàþò ñïèñîê è ìàòðèöó ïðîèçâîëüíîãî
âèäà. Ïðîáëåìà âîçíèêàåò äàæå ñ ÷èñëîâûìè äðîáÿìè.

Ëèñòèíã 146

(%i1) /* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
write_data(

[2-3*%i, f(1/2,sin(1)), "è åùå ñòðîêà"],
"D:/Compmath/temp_list", pipe

);
write_data(

matrix([2/5,3/7,-1/2],[0.5,-1.247,12.57]),
"D:/Compmath/temp_matrix", comma

);

read_list("D:/Compmath/temp_list",pipe);
read_matrix("D:/Compmath/temp_matrix", comma);

(%o1) done
(%o2) done
(%o3) [2,−3, ∗,%i, f, (, 1, /, 2, , , sin, (, 1, ), ), è åùå ñòðîêà]

(%o4)

[
[2, /, 5] [3, /, 7] [−1, /, 2]

0.5 −1.247 12.57

]

� Ôóíêöèÿ

openr(fn)

âîçâðàùàåò ïîòîê äëÿ ÷òåíèÿ òåêñòîâîãî ôàéëà fn. Ïîñëå îêîí÷àíèÿ ðà-
áîòû ñ ïîòîêîì åãî ñëåäóåò çàêðûòü ñ ïîìîùüþ ôóíêöèè close.
� Ôóíêöèÿ

readline(stream)

÷èòàåò î÷åðåäíóþ ñòðîêó èç ïîòîêà stream.
Èñïîëüçóÿ ýòè ôóíêöèè íåñëîæíî íàïèñàòü ïîëüçîâàòåëüñêóþ ôóíê-

öèþ, ÷èòàþùóþ ïðîèçâîëüíóþ ìàòðèöó.
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Ëèñòèíã 147

(%i1) my_read_matrix(fn):=block([f,A,s],
if (file_search(fn)=fn) then (

f:openr(fn),
A:matrix(), /* ïóñòàÿ ìàòðèöà */
/* ×èòàåì ñòðîêó èç ôàéëà è äîáàâëÿåì â A */
while (s:readline(f))#false do

A:addrow(A,eval_string(concat("[",s,"]"))),
close(f)

),
A

)$

/* Çàïèøåì â ôàéë ìàòðèöó ñî ñëîæíîé ñòðóêòóðîé */
/* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
write_data(

matrix(
[matrix(

[sqrt(23),%e^(-2*x)],
[sin(3*x),x/(x+3)]

), g(x,y)],
[-1.247, -13/59]

), "D:/Compmath/temp_matrix", comma
)$

/* ×èòàåì ôàéë */
my_read_matrix("D:/Compmath/temp_matrix");

(%o4)


[ √

23 e−2 x

sin(3x) x
x+3

]
g(x, y)

−1.247 − 13
59



4.4.2. Áèíàðíûé ââîä-âûâîä

� Ôóíêöèÿ

write_binary_data(obj, fn)

çàïèñûâàåò îáúåêò obj â áèíàðíûé ôàéë fn. Îáúåêò obj ìîæåò áûòü ÷èñ-
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ëîâûì ñïèñêîì, ÷èñëîâûì ìàññèâîì èëè ÷èñëîâîé ìàòðèöåé. ×èñëîâûå
äðîáè áóäóò ïåðåâåäåíû â ÷èñëà ñ ïëàâàþùåé òî÷êîé.
� Ôóíêöèÿ

read_binary_list(fn)

÷èòàåò ñïèñîê èç ôàéëà.
� Ôóíêöèÿ

read_binary_matrix(fn, M )

÷èòàåò ìàòðèöó èç ôàéëà â ïåðåìåííóþ M. Ïåðåìåííàÿ M äîëæíà áûòü
çàäàííîé ìàòðèöåé (íàïðèìåð, íóëåâîé zeromatrix) îïðåäåëåííîãî ðàç-
ìåðà.

Ëèñòèíã 148

(%i1) /* Ïàïêà D:/Compmath äîëæíà ñóùåñòâîâàòü */
L:[2, -3/2, 4/7];
write_binary_data(L,"D:/Compmath/temp_list");
A:matrix([2, -3/2], [0.5e-3, -0.00435]);
write_binary_data(A,"D:/Compmath/temp_matrix");

(%o1) [2,−3

2
,

4

7
]

(%o2) done

(%o3)

[
2 − 3

2

5.0000000000000001 10−4 −0.00435

]
(%o4) done

(%i5) read_binary_list("D:/Compmath/temp_list");

/* Ðàçìåð ìàòðèöû äîëæåí áûòü èçâåñòåí */
M1:zeromatrix(2,2)$
read_binary_matrix("D:/Compmath/temp_matrix",M1);
M2:zeromatrix(2,3)$
read_binary_matrix("D:/Compmath/temp_matrix",M2);

(%o5) [2.0,−1.5, 0.57142857142857]

(%o7)

[
2.0 −1.5

5.0000000000000001 10−4 −0.00435

]
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(%o9)

[
2.0 −1.5 5.0000000000000001 10−4

−0.00435 false false

]

4.5. Maxima è Lisp

Çäåñü ìû ðàññìîòðèì ïðèìåð èñïîëüçîâàíèÿ â Maxima êîäà, íàïèñàííîãî
íà Lisp. Æåëàþùèì èçó÷èòü ýòîò ÿçûê ïðîãðàììèðîâàíèÿ ðåêîìåíäóåì
íà÷àòü ñî ñòàòüè â Âèêèïåäèè. Â âåðñèè Maxima ïîä Windows èñïîëüçó-
åòñÿ äèàëåêò, íàçûâàåìûé GNU Common Lisp (GCL). Ïîä Linux ìîæíî
ñîáðàòü Maxima è ñ äðóãèìè äèàëåêòàìè Lisp, íî ïî ñêîðîñòè ðàáîòû GCL
èìååò ñóùåñòâåííîå ïðåèìóùåñòâî.

Åñëè íåêîòîðóþ ïîñëåäîâàòåëüíîñòü îïåðàöèé íåîáõîäèìî ïðèìåíèòü
ìíîãîêðàòíî (íàïðèìåð, â öèêëå), òî âû÷èñëåíèÿ ìîæíî óñêîðèòü, íàïè-
ñàâ ôóíêöèþ íà Lisp.

Ñîçäàäèì â äèðåêòîðèè D:/Compmath òåêñòîâûé ôàéë func.lisp ñëå-
äóþùåãî ñîäåðæàíèÿ:

Ëèñòèíã 149

(defun $f (x &optional (a '$%e))
(add x (power a (mul -1 x))))

Ôóíêöèÿ f âû÷èñëÿåò çíà÷åíèå âûðàæåíèÿ x+a−x, ãäå ïî óìîë÷àíèþ
a åñòü ýéëåðîâî ÷èñëî e = 2.71828 . . .. Çíà÷îê $ óêàçûâàåò Lisp'ó íà òî,
÷òî ýòî îáîçíà÷åíèå èç Maxima.

Ëèñòèíã 150

(%i1) /* Çàãðóæàåì íàøó lisp-ôóíêöèþ */
load("D:/Compmath/func.lisp")$

/* Ïðîâåðÿåì åå ðàáîòó íà ðàçëè÷íûõ ïðèìåðàõ */
[f(-2), float(f(-1)+1), f(x), f(x^2,3), f(x,1/y)];

/* Ñòðîèì ãðàôèê ôóíêöèè */
wxdraw2d(

color=red,
explicit(f(x,2), x,-1,2)

)$
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(%o2) [%e2 − 2, 2.718281828459045,%e−x + x,
1

3x2 + x2, yx + x]

(%t3)

Àíàëîãè÷íî ìîæíî äåéñòâîâàòü ñ ïîìîùüþ ñïåöèàëüíîé êîìàíäû17

:lisp. Îáðàòèòå âíèìàíèå íà ïðÿìûå ñêîáêè è íà òî, ÷òî îïðåäåëÿåìàÿ
ôóíêöèÿ áóäåò çàïèñàíà â ïàìÿòü çàãëàâíûìè áóêâàìè.

Ëèñòèíã 151

(%i1) /* Ñîçäàåì lisp-ôóíêöèþ */
:lisp (defun |$f| (x &optional (a '$%e))

(add x (power a (mul -1 x))))

$f

(%i1) /* Ïðîâåðÿåì ðàáîòó ôóíêöèè */
F(x);

(%o1) %e−x + x

4.6. Ðèñîâàíèå â Maxima

Äëÿ èñïîëüçîâàíèÿ ýòèõ ôóíêöèé íàäî çàãðóçèòü ïàêåò draw êîìàíäîé
load("draw")$. Â wxMaxima ýòîò ïàêåò çàãðóæåí ïî óìîë÷àíèþ.

Ôóíêöèè draw2d, draw3d, ñòðîÿùèå ãðàôè÷åñêèå îáúåêòû, âûçûâàþò
äëÿ ýòîãî ñîîòâåòñòâóþùèå êîìàíäû ãðàôè÷åñêîãî ïàêåòà Gnuplot. Ðå-

17Êîìàíäû, íà÷èíàþùèåñÿ ñ äâîåòî÷èÿ ":", íå ðàñïîçíàþòñÿ ñèñòåìîé Maxima êàê

âûðàæåíèÿ. Ýòè êîìàíäû ñëóæàò äëÿ òðàíñëÿöèè êîäà èç Maxima â Lisp è îáðàòíî, à

òàêæå äëÿ óïðàâëåíèÿ Lisp-èíòåðïðåòàòîðîì.
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çóëüòàò âûâîäèòñÿ â îêíå Gnuplot. Ïðè ýòîì âûïîëíåíèå ñêðèïòà Maxima
ïðåðûâàåòñÿ è ïðîäîëæàåòñÿ òîëüêî ïîñëå çàêðûòèÿ îêíà Gnuplot. Ýòî
ïîâåäåíèå ìîæåò îêàçàòüñÿ íåóäîáíûì.

Â wxMaxima ìîæíî ïîëüçîâàòüñÿ wx-àíàëîãàìè ýòèõ ôóíêöèé � ôóíê-
öèÿìè wxdraw2d, wxdraw3d. Åäèíñòâåííîå èõ îòëè÷èå îò îðèãèíàëüíûõ
ôóíêöèé â òîì, ÷òî îíè âûâîäÿò ðåçóëüòàò ïðÿìî â îêíî Maxima. Ùåëê-
íóâ ïðàâîé êíîïêîé ìûøè íà ðàìêå ñ êàðòèíêîé, ìîæíî ñîõðàíèòü åå â
ôîðìàòå PNG.

Òàêæå wxMaxima ïðåäîñòàâëÿåò âîçìîæíîñòü ñîçäàíèÿ àíèìàöèè.
� Ôóíêöèÿ

set_draw_defaults(opt1, opt2, . . . )

óñòàíàâëèâàåò ïîëüçîâàòåëüñêèå îïöèè ïî óìîë÷àíèþ. Âûçîâ ýòîé ôóíê-
öèè áåç àðãóìåíòîâ ñáðàñûâàåò ïîëüçîâàòåëüñêèå óñòàíîâêè. Îáðàòèòå
âíèìàíèå: çíà÷åíèÿ îïöèé óêàçûâàþòñÿ ñ ïîìîùüþ îïåðàòîðà =.

Ëèñòèíã 152

(%i1) set_draw_defaults(
dimensions=[500,500],
grid=true,
proportional_axes=xy,
color=red

)$

4.6.1. Äâóìåðíûå îáúåêòû

� Ôóíêöèÿ

draw2d(opt1, opt2, . . . , obj )

ñòðîèò äâóìåðíûé ãðàôè÷åñêèé îáúåêò obj ñ îïöèÿìè opt1, opt2, . . . .
Â wxMaxima óäîáíåå ïîëüçîâàòüñÿ wx-àíàëîãîì ýòîé ôóíêöèè wxdraw2d.
Ñïèñîê îïöèé, óïðàâëÿþùèõ ïîñòðîåíèåì ãðàôèêîâ, äîâîëüíî âíóøè-

òåëåí. Ðàññìîòðèì íåñêîëüêî íàèáîëåå óïîòðåáèòåëüíûõ:

• dimensions � ðàçìåðû îêíà ñ ãðàôèêîì;

• grid � ïîêàçûâàòü ñåòêó êîîðäèíàò: true, false;

• proportional_axes=xy � îäèíàêîâûé ìàñøòàá ïî îñÿì;
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• color � öâåò ëèíèè ãðàôèêà: white, black è ò.ä. èëè â ñèñòåìå RGB
â ôîðìàòå "#rrggbb"18.

Êðîìå îáùèõ îïöèé, íåêîòîðûå èç êîòîðûõ ïðèâåäåíû âûøå, äëÿ êàæäîãî
ãðàôè÷åñêîãî îáúåêòà èìåþòñÿ ñâîè ñïåöèôè÷åñêèå îïöèè.
� Îáúåêò

explicit(f, x, x0, x1 )

� ãðàôèê ôóíêöèè y = f(x), ãäå f � ôóíêöèÿ èëè âûðàæåíèå. Ïàðàìåòð
nticks ïðåäñòàâëÿåò ÷èñëî çâåíüåâ ëîìàííîé. Åñëè êðèâàÿ âûãëÿäèò óã-
ëîâàòî, òî íàäî óâåëè÷èòü çíà÷åíèå ýòîãî ïàðàìåòðà (ïî óìîë÷àíèþ 29).

Ëèñòèíã 153

(%i1) kill(x)$
wxdraw2d(

dimensions=[750,500],
color="#ff0000",
grid=true,
nticks=200,
explicit(x^2*sin(%pi/x), x,0.001,0.5),
color="#0000ff",
explicit(x^2, x,0.001,0.5),
explicit(-x^2, x,0.001,0.5)

)$

18Â ñèñòåìå RGB öâåò çàäàåòñÿ òðåìÿ 2-çíà÷íûìè øåñòíàäöàòèðè÷íûìè ñëîâàìè.

Ïåðâîå ñëîâî îòâå÷àåò çà êðàñíóþ êîìïîíåíòó, âòîðîå � çà çåëåíóþ, òðåòüå � çà ñè-

íþþ. ×åì áîëüøå ÷èñëîâîå çíà÷åíèå ñëîâà, òåì ñâåòëåå îòòåíîê, â ÷àñòíîñòè: #000000

� ÷åðíûé, #ffffff � áåëûé. Ñìåñü êîìïîíåíòîâ â ðàâíîé ïðîïîðöèè ñîîòâåòñòâóåò

òîíó ñåðîãî.
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(%t2)

� Îáúåêò

implicit(eq, x, x0, x1, y, y0, y1 )

� êðèâàÿ, íåÿâíî çàäàííàÿ óðàâíåíèåì eq. Áóäåò ïîñòðîåíà ÷àñòü êðèâîé,
ëåæàùàÿ â ïðÿìîóãîëüíèêå [x0, x1]× [y0, y1]. Åñëè êðèâàÿ âûãëÿäèò óãëî-
âàòî, òî ñëåäóåò óâåëè÷èòü çíà÷åíèÿ ïàðàìåòðîâ ip_grid, óïðàâëÿþùèõ
÷àñòîòîé äèñêðåòèçàöèè (ïî óìîë÷àíèþ [50, 50]).

Ëèñòèíã 154

(%i1) kill(x,y)$
wxdraw2d(

dimensions=[750,375],
color=red,
grid=true,
ip_grid=[100,100],
implicit(x^2=y*(y^2-1), x,-4,4, y,-1,3)

)$
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(%o2)

� Îáúåêò

parametric(x, y, t, t0, t1 )

� ïàðàìåòðè÷åñêè çàäàííàÿ êðèâàÿ (x(t), y(t)). ×àñòîòà äèñêðåòèçàöèè
çàäàåòñÿ ïàðàìåòðîì nticks (ïî óìîë÷àíèþ 29).

Ëèñòèíã 155

(%i1) kill(t)$
wxdraw2d(

dimensions=[500,500],
color=red,
grid=true,
nticks=200,
parametric(sin(2*t),cos(3*t), t,0,2*%pi)

)$
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(%o2)

� Îáúåêò

polar(r, t, t0, t1-t0 )

� êðèâàÿ â ïîëÿðíîé ñèñòåìå êîîðäèíàò (r(t), t). ×àñòîòà äèñêðåòèçàöèè
çàäàåòñÿ ïàðàìåòðîì nticks (ïî óìîë÷àíèþ 29).

Ëèñòèíã 156

(%i1) kill(t)$
wxdraw2d(

dimensions=[500,500],
color=red,
grid=true,
nticks=1000,
polar(1/t, t,1,50)

)$
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(%o2)

� Îáúåêò

region(p, x, x0, x1, y, y0, y1 )

� îáëàñòü â äåêàðòîâîé ñèñòåìå êîîðäèíàò, îïðåäåëÿåìàÿ óñëîâèåì p(x, y) =

true. ×àñòîòû äèñêðåòèçàöèè çàäàþòñÿ ïàðàìåòðàìè x_voxel, y_voxel
(ïî óìîë÷àíèþ 10). Ïàðàìåòð fill_color îïðåäåëÿåò öâåò çàëèâêè.

Ëèñòèíã 157

(%i1) kill(x,y)$
wxdraw2d(

dimensions=[500,500],
x_voxel=50,
y_voxel=50,
fill_color=salmon,
grid=true,
region(abs(sin(%pi*x)-sin(%pi*y))<1/2, x,-2,2, y,-2,2)

)$
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(%o2)

Ôóíêöèè draw2d ìîæíî ïåðåäàòü åäèíîâðåìåííî äîâîëüíî ìíîãî ãðà-
ôè÷åñêèõ îáúåêòîâ. Â ñëåäóþùåì ïðèìåðå ñòðîèòñÿ 37 = 2187 òðåóãîëü-
íèêîâ.
� Îáúåêò

triangle([x1,y1], [x2,y2], [x3,y3])

� òðåóãîëüíèê. Ïàðàìåòð fill_color îïðåäåëÿåò öâåò âíóòðåííåé çàëèâ-
êè, color � öâåò ãðàíèöû.

Òðåóãîëüíèê Ñåðïèíñêîãî ïîëó÷àåòñÿ ïðåäåëüíûì ïåðåõîäîì â ñëåäó-
þùåì ïðîöåññå. Èçíà÷àëüíî èìååòñÿ íåêîòîðûé òðåóãîëüíèê. Íà î÷åðåä-
íîì øàãå êàæäûé èç èìåþùèõñÿ òðåóãîëüíèêîâ äåëèòñÿ ñðåäíèìè ëèíè-
ÿìè íà 4 ïîäîáíûõ òðåóãîëüíèêà è öåíòðàëüíûé òðåóãîëüíèê âûêèäûâà-
åòñÿ.

Ëèñòèíã 158

(%i1) /* Çàðàíåå óñòàíîâèì íåîáõîäèûå îïöèè */
set_draw_defaults(

proportional_axes=xy,
dimensions=[750,680],
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fill_color="#ff0000",
color="#ff0000"

)$

(%i2) kill(T)$

/* Îäèí øàã ïðåîáðàçîâàíèÿ ñïèñêà òðåóãîëüíèêîâ T */
f(T):=block([r:[]],

for t in T do r:append(r,[
[t[1],(t[1]+t[2])/2,(t[1]+t[3])/2],
[t[2],(t[2]+t[1])/2,(t[2]+t[3])/2],
[t[3],(t[3]+t[1])/2,(t[3]+t[2])/2]

]),
r

)$

/* Íà÷àëüíûé ñïèñîê */
T:[[[0,0],[1,0],[1/2,sqrt(3)/2]]]$
/* 7 øàãîâ ïðåîáðàçîâàíèÿ */
for i:1 thru 7 do T:f(T)$
/* Äåéñòâóåì íà êàæäûé òðåóãîëüíèê ôóíêöèåé triangle */
map(lambda([t],apply(triangle,t)),T)$

apply(wxdraw2d,%)$
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(%o7)

4.6.2. Òðåõìåðíûå îáúåêòû

� Ôóíêöèÿ

draw3d(opt1, opt2, . . . , obj )

ñòðîèò òðåõìåðíûé ãðàôè÷åñêèé îáúåêò obj ñ îïöèÿìè opt1, opt2, . . . .
Ïîëüçîâàòüñÿ wx-àíàëîãîì ýòîé ôóíêöèè wxdraw3d íåóäîáíî, ïîñêîëü-

êó ïðè ýòîì ïîëó÷àåòñÿ ñòàòè÷åñêàÿ êàðòèíêà, êîòîðóþ íåâîçìîæíî ïî-
êðóòèòü.

Ïîâåðõíîñòè ïî óìîë÷àíèþ (êîãäà enhanced3d=false) èçîáðàæàþòñÿ
êîîðäèíàòíîé ñåòêîé. Ñåòêà ðàñêðàøèâàåòñÿ öâåòîì color.

Ðàññìîòðèì íåêîòîðûå îïöèè:

• dimensions � ðàçìåðû îêíà ñ ãðàôèêîì;

• proportional_axes=xyz � îäèíàêîâûé ìàñøòàá ïî îñÿì;

• color � öâåò ëèíèè ãðàôèêà;
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• enhanced3d � ïàðàìåòð, óïðàâëÿþùèé ðàñêðàñêîé ïîâåðõíîñòåé;

• wired_surface � ïîêàçàòü èëè ñêðûòü êîîðäèíàòíóþ ñåòêó ïðè
âêëþ÷åííîé ðàñêðàñêå ïîâåðõíîñòåé enhanced3d=true;

• view � ïàðà óãëîâ ñôåðè÷åñêîé ñèñòåìû êîîðäèíàò [ϕ, θ] (â ãðàäó-
ñàõ), çàäàþùàÿ îðèåíòàöèþ êîîðäèíàòíûõ îñåé (x, y, z) îòíîñèòåëü-
íî ýêðàíà;

• surface_hide� ñêðûòü íåâèäèìóþ ÷àñòü ïîâåðõíîñòè: true, false.

Êðîìå îáùèõ îïöèé, äëÿ êàæäîãî ãðàôè÷åñêîãî îáúåêòà èìåþòñÿ ñâîè
ñïåöèôè÷åñêèå îïöèè.
� Îáúåêò

explicit(f, x, x0, x1, y, y0, y1 )

� ïîâåðõíîñòü z = f(x, y), ãäå f � ôóíêöèÿ èëè âûðàæåíèå. ×àñòî-
òîé äèñêðåòèçàöèè óïðàâëÿþò ïàðàìåòðû xu_grid, yv_grid. Ïàðàìåòðû
contour, contour_levels ïîçâîëÿþò èçîáðàçèòü ëèíèè óðîâíÿ f(x, y) =

C. Ïåðâûé èç íèõ contour çàäàåò ðàñïîëîæåíèå ëèíèé óðîâíÿ (ïî óìîë÷à-
íèþ none� ëèíèè óðîâíÿ íàðèñîâàíû íå áóäóò), à âòîðîé contour_levels
� ìíîæåñòâî çíà÷åíèé C.

Ëèñòèíã 159

(%i1) kill(x,y)$
draw3d(

enhanced3d=true,
contour=base,
contour_levels={-6,-3,-1,1,3,6},
surface_hide=true,
xu_grid=100,
yv_grid=100,
zrange=[-10,10],
explicit(x/(x^2+y^2), x,-1,1, y,-0.5,0.5)

)$
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� Îáúåêò

implicit(eq, x, x0, x1, y, y0, y1, z, z0, z1 )

� ïîâåðõíîñòü, íåÿâíî çàäàííàÿ óðàâíåíèåì eq. Áóäåò ïîñòðîåíà åå ÷àñòü,
ëåæàùàÿ â ïðÿìîóãîëüíîì ïàðàëëåëåïèïåäå [x0, x1]×[y0, y1]×[z0, z1]. ×à-
ñòîòîé äèñêðåòèçàöèè óïðàâëÿþò ïàðàìåòðû x_voxel, y_voxel, z_voxel
(ïî óìîë÷àíèþ 10).

Ëèñòèíã 160

(%i1) kill(x,y,z)$
draw3d(

enhanced3d=[z,x,y,z],
wired_surface=true,
surface_hide=true,
x_voxel=20,
y_voxel=20,
z_voxel=20,
implicit(x^2+y^2-z^2=1, x,-3,3, y,-3,3, z,-3,3)

)$
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4.6.3. Àíèìàöèÿ

Ýòî ñïåöèôè÷åñêàÿ âîçìîæíîñòü ãðàôè÷åñêîé îáîëî÷êè wxMaxima. Ïðî-
ãðàììà ñòðîèò ñåðèþ êàðòèíîê, à ïîòîì ïîêàçûâàåò èõ â ðåæèìå ñëàéä-
øîó. Ïðîöåññ ïîêàçà óïðàâëÿåòñÿ èç ìåíþ wxMaxima:

×òîáû àêòèâèçèðîâàòü ýòè ýëåìåíòû óïðàâëåíèÿ íàäî ùåëêíóòü ìûøüþ
íà ðàìêå ñ àíèìàöèåé. Ìîæíî òàêæå óïðàâëÿòü èç êîíòåêñòíîãî ìåíþ
(ïðàâàÿ êíîïêà ìûøè íà ðàìêå ñ àíèìàöèåé).

Àíèìàöèþ ìîæíî ñîõðàíèòü â àíèìèðîâàííûé GIF (Graphics Interchange
Format), âûáðàâ ñîîòâåòñòâóþùèé ïóíêò êîíòåêñòíîãî ìåíþ. Îäíàêî ÷òî-
áû ýòà ôóíêöèÿ ðàáîòàëà, íåîáõîäèìî ïðåäâàðèòåëüíî óñòàíîâèòü ïðî-
ãðàììó Image Magick (http://www.imagemagick.org/).

Àíèìàöèÿ â ïðèìåðàõ íèæå ñîõðàíåíà èç wxMaxima è âñòðîåíà â ýòîò
pdf-ôàéë. Ïîä ðàìêîé ñ àíèìàöèåé èìååòñÿ ìåíþ óïðàâëåíèÿ, ñîçäàííîå

http://www.imagemagick.org/
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ïðè âñòðàèâàíèè. Ê ñîæàëåíèþ, äàëåêî íå âñÿêàÿ ïðîãðàììà äëÿ ïðîñìîò-
ðà pdf âîñïðîèçâîäèò àíèìàöèþ. Ëó÷øå âñåãî ýòî äåëàåò Adobe Acrobat
Reader, íåñêîëüêî õóæå PDF XChange Viewer, à Foxit è Sumatra � íèêàê.
� Ôóíêöèÿ

wxanimate_draw(k, list, opt1, opt2, . . . , obj )

� ñòðîèò ïîñëåäîâàòåëüíîñòü 2D-ãðàôè÷åñêèõ îáúåêòîâ obj, çàâèñÿùèõ îò
ïàðàìåòðà k, ïðîáåãàþùåãî ñïèñîê list. Ôóíêöèè ìîæíî ïåðåäàòü íåñêîëü-
êî ãðàôè÷åñêèõ îáúåêòîâ, íî èõ êîëè÷åñòâî íå ìîæåò çàâèñåòü îò ïàðà-
ìåòðà k. Îïöèè � òå æå, ÷òî è äëÿ draw2d.

Ëèñòèíã 161

(%i1) kill(k,t)$

wxanimate_draw(
k, [1,3,5,7,9],
dimensions=[500,500],
color=red,
nticks=500,
parametric(sin(2*t),cos(k*t), t,0,2*%pi)

)$
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(%o2)

Ñëåäóþùèé ïðèìåð èëëþñòðèðóåò öåíòðàëüíóþ ïðåäåëüíóþ òåîðåìó.
Ïóñòü X � ñðåäíåå àðèôìåòè÷åñêîå n ðàâíîìåðíûõ ðàñïðåäåëåíèé. Ïî
ýòîé òåîðåìå, ðàñïðåäåëåíèå ñëó÷àéíîé âåëè÷èíû X ïðè áîëüøèõ n áó-
äåò áëèçêî ê íîðìàëüíîìó. Âîçüìåì âûáîðêó èç N = 1000 çíà÷åíèé X

è ïîñòðîèì ãèñòîãðàììó. Â òåõ æå îñÿõ ïîñòðîèì ñîîòâåòñòâóþùåå ïðå-
äåëüíîå íîðìàëüíîå ðàñïðåäåëåíèå.

Ëèñòèíã 162

(%i1) kill(all)$

b(n):=block([N:1000,r:makelist(0,10)],
makelist(sum(random(1.0),k,1,n)/n,N),
map(lambda([t],

k:floor(10*t)+1,
r[k]:r[k]+1

),%%),
makelist([0.1*k-0.05,r[k]/(0.1*N),0.07],k,1,10)
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)$

wxanimate_draw(
n, [1,2,3,4,5,6,7],
dimensions=[500,500],
yrange=[0,3.8],
fill_color=blue,
fill_density=0.2,
key=concat("n=",n),
apply(bars,b(n)),
key=false,
color=red,
explicit(exp(-6*n*(x-0.5)^2)/sqrt(%pi/(6*n)), x,0,1)

)$

(%o3)

Â êà÷åñòâå áîëåå ñëîæíîãî ïðèìåðà ðàññìîòðèì ïåðâûå 5 øàãîâ ïî-
ñòðîåíèÿ âàðèàíòà òàê íàçûâàåìîé êðèâîé Êîõà. Íà î÷åðåäíîì øàãå ïî-
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ñòðîåíèÿ êàæäûé îòðåçîê ëîìàííîé äåëèòñÿ íà 3 ÷àñòè è ñðåäíÿÿ ÷àñòü
çàìåíÿåòñÿ íà áîêîâûå ñòîðîíû ðàâíîñòîðîííåãî òðåóãîëüíèêà, äëÿ êî-
òîðîãî îíà ÿâëÿåòñÿ îñíîâàíèåì.

Ëèñòèíã 163

(%i1) kill(x,k,P)$

/* Ôóíêöèÿ âîçâðàùàåò âåêòîð, îðòîãîíàëüíûé äàííîìó */
o(x):=[-x[2],x[1]]$

/* Îäèí øàã ïîñòðîåíèÿ ëîìàííîé, P - ñïèñîê âåðøèí */
f(P):=block([v,r:[P[1]]],

for i:1 thru length(P)-1 do (
v:P[i+1]-P[i],
r:append(r,[

P[i]+1/3*v,
P[i]+1/2*v+sqrt(3)/6*o(v),
P[i]+2/3*v,
P[i+1]

])
),
r

)$

/* k øàãîâ ïîñòðåíèÿ ëîìàííîé */
F(P,k):=block([r:P],

for i:1 thru k do r:f(r),
r

)$

/* Íà÷àëüíàÿ ëîìàííàÿ - êâàäðàò */
P:[[0,0],[1,0],[1,1],[0,1],[0,0]]$

wxanimate_draw(
k,[0,1,2,3,4,5],
transparent=true,
proportional_axes=xy,
dimensions=[750,680],
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xrange=[-0.2,1.2],
yrange=[-0.2,1.2],
polygon(F(P,k))

)$

(%o6)

� Ôóíêöèÿ

with_slider_draw3d(k, list, opt1, opt2, . . . , obj )

� ñòðîèò ïîñëåäîâàòåëüíîñòü 3D-ãðàôè÷åñêèõ îáúåêòîâ obj, çàâèñÿùèõ
îò ïàðàìåòðà k, ïðîáåãàþùåãî ñïèñîê list. Ôóíêöèè with_slider_draw3d
ìîæíî ïåðåäàòü íåñêîëüêî ãðàôè÷åñêèõ îáúåêòîâ, íî èõ êîëè÷åñòâî íå
ìîæåò çàâèñåòü îò ïàðàìåòðà k.

Êîíè÷åñêèå ñå÷åíèÿ. Ìåíÿÿ êîýôôèöèåíò íàêëîíà ïëîñêîñòè, ïîëó-
÷àåì ïîñëåäîâàòåëüíî: îêðóæíîñòü, ýëëèïñ, ïàðàáîëó (êîãäà ïëîñêîñòü
ïàðàëëåëüíà îäíîé èç îáðàçóþùèõ êîíóñà) è ãèïåðáîëó.
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Ëèñòèíã 164

(%i1) kill(k)$

/* Ïîäïèñè ê ðèñóíêàì */
s[0]:"Circle"$
s[-1/4]:"Ellipse"$
s[-1/2]:"Ellipse"$
s[-1]:"Parabola"$
s[-4]:"Hyperbola"$
s[-8]:"Hyperbola"$

with_slider_draw3d(
k,[0,-1/4,-1/2,-1,-4,-8],
dimensions=[550,650],
proportional_axes=xyz,
surface_hide=true,
view=[80,10],
xu_grid=50,
yv_grid=50,
zrange=[-3,3],
color=blue,
/* Ïëîñêîñòü ñå÷åíèÿ */
explicit(1+k*(x-1), x,-3,3, y,-3,3),
color=green,
/* Êîíóñ */
cylindrical(z, z,-3,3, t,0,2*%pi),
color=black,
/* Ïîäïèñü */
label([s[k], 0,0,-4.5])

)$
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(%o8)

4.7. Çàäàíèÿ äëÿ ñàìîñòîÿòåëüíîé ðàáîòû

4.1 Íå èñïîëüçóÿ èíòåðïðåòàòîðà Maxima, íàéäèòå çíà÷åíèÿ âûðàæå-
íèÿ

if not (if x then not x) then x

ïðè x=true, false. Ïðîâåðüòå ñâîé îòâåò ñ ïîìîùüþ èíòåðïðåòàòîðà.

4.2 Âûðàçèòå îïåðàòîð for-in-do ÷åðåç îïåðàòîð for-thru-do.

4.3 Âûðàçèòå îïåðàòîð go ÷åðåç îïåðàòîð while-do (èëè unless-do).

4.4 Ôóíêöèÿ ïðèíèìàåò íà âõîäå ïîêàçàòåëü ñòåïåíè n è ïðîèçâîëü-
íîå êîëè÷åñòâî ïîëîæèòåëüíûõ ÷èñåë x1, x2, . . . , xk. Ôóíêöèÿ âîçâðàùà-
åò ñðåäíåå n-ñòåïåííîå19 ÷èñåë x1, x2, . . . , xk. Çàïðîãðàììèðóéòå òàêóþ

19Ñðåäíèì n-ñòåïåííûì ÷èñåë x1, x2, . . . , xk íàçûâàåòñÿ ÷èñëî x =(
xn1 +xn2 +...+xnk

k

)1/n
. Ïðè n = 1 � ñðåäíåå àðèôìåòè÷åñêîå, n = 2 � ñðåäíåå

êâàäðàòè÷íîå, n = −1 � ñðåäíåå ãàðìîíè÷åñêîå.
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ôóíêöèþ.

4.5 Ïîñòðîéòå ôóíêöèþ, ïðèíèìàþùóþ íà âõîäå ÷èñëîâîå ìíîæåñòâî
è âîçâðàùàþùóþ ñóììó òåõ åãî ýëåìåíòîâ, íà êîòîðûõ äîñòèãàåò ìàêñè-
ìóìà ôóíêöèÿ sin.

4.6 Ïîñòðîéòå àíàëîã ôóíêöèè apply, ïðèíèìàþùóþ â êà÷åñòâå àðãó-
ìåíòà ìíîæåñòâî âìåñòî ñïèñêà.

4.7 Ñèìâîëû 0123456789ABCDEFGHIJKLMNOPQRSTUV ïðèìåì
çà öèôðû 32-÷íîé ñèñòåìû ñ÷èñëåíèÿ (ò.å. A = 10, B = 11, . . . , V = 31).
Çàïðîãðàììèðóéòå ôóíêöèè, âûïîëíÿþùèå ïðåîáðàçîâàíèå ÷èñëà èç 10-
÷íîé ñèñòåìû ñ÷èñëåíèÿ â 32-÷íóþ è îáðàòíî.

4.8 Áóëåâà ôóíêöèÿ f(x1, x2, x3, x4) ìîæåò áûòü çàäàíà ñïèñêîì ñâî-
èõ çíà÷åíèé [y0, y1, . . . , y15], ãäå y0 = f(0, 0, 0, 0), y1 = f(0, 0, 0, 1), . . . ,
y15 = f(1, 1, 1, 1). Çàïðîãðàììèðóéòå ôóíêöèþ, ïðèíèìàþùóþ íà âõî-
äå ñïèñîê çíà÷åíèé áóëåâîé ôóíêöèè f è âîçâðàùàþùóþ ñîâåðøåííóþ
äèçúþíêòíóþ íîðìàëüíóþ ôîðìó (ÑÄÍÔ) ôóíêöèè f .

4.9 Ðàññìîòðèì ðåêóðñèâíîå çàäàíèå ïîñëåäîâàòåëüíîñòè ìíîãî÷ëåíîâ
â ëèñòèíãàõ 118, 119. Êîòîðûé èç ïðåäëîæåííûõ ñïîñîáîâ ìîæíî áûëî áû
íàçâàòü ïðàâèëüíûì?

4.10 Îïðåäåëèòå ïðåôèêñíûé îïåðàòîð, êîòîðûé áóäó÷è ïðèìåíåííûì
ê ìàòåìàòè÷åñêîìó âûðàæåíèþ, âûçûâàåò âû÷èñëåíèå ýòîãî âûðàæåíèÿ
â ÷èñëàõ ñ ïëàâàþùåé òî÷êîé.

4.11 Îïðåäåëèòå ñêîáî÷íûé îïåðàòîð, âîçâðàùàþùèé ìíîæåñòâî ïåðå-
äàííûõ åìó àðãóìåíòîâ (îïåðàíäîâ).

4.12 Ïåðå÷èñëèòå ôóíêöèè è îïåðàòîðû, êîòîðûå ðàáîòàþò ñ âûðàæå-
íèÿìè êàê ñî ñïèñêàìè.

4.13 Ïðîàíàëèçèðóéòå ñõîäñòâà è ðàçëè÷èÿ ìåæäó ôóíêöèÿìè, âûïîë-
íÿþùèìè çàìåíó ïîäâûðàæåíèé: subst, sublis, psubst è ratsubst.

4.14 Íàïèøèòå ñêðèïò, êîòîðûé â ïðîèçâîëüíîì ìàòåìàòè÷åñêîì âû-
ðàæåíèè ìåíÿåò âñå îïåðàòîðû * íà îïåðàòîðû + è íàîáîðîò. Îáúÿñíèòå,
ïî÷åìó âûðàæåíèå x− y áóäåò ïðåîáðàçîâàíî â x(y − 1).

4.15 Çàìåíèòå â äàííîì àëãåáðàè÷åñêîì âûðàæåíèè âñå êâàäðàòíûå
êîðíè íà êóáè÷åñêèå, à êóáè÷åñêèå � íà êâàäðàòíûå.

4.16 Íàïèøèòå ñêðèïò, ïðèíèìàþùèé íà âõîä ìàòåìàòè÷åñêîå âûðà-
æåíèå è âîçâðàùàþùèé ñïèñîê âñåõ èìåþùèõñÿ â ýòîì âûðàæåíèè çíà-
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ìåíàòåëåé.

4.17 Çàïðîãðàììèðóéòå ôóíêöèþ, âîçâðàùàþùóþ âíóòðåííåå ïðåäñòàâ-
ëåíèå âûðàæåíèÿ â ñîîòâåòñòâèè ñ ïðèìåðàìè, ïðèâåäåííûìè íà ñòð. 133.

4.18 Êàê ñäåëàòü, ÷òîáû Maxima:

• âûâåëà âûðàæåíèå sin(π), íå âû÷èñëÿÿ åãî çíà÷åíèÿ;

• âûâåëà âûðàæåíèå y + x+ z, íå ïåðåóïîðÿäî÷èâàÿ âõîäÿùèå â íåãî
èäåíòèôèêàòîðû?

4.19 Ñïèñîê íàòóðàëüíûõ ÷èñåë [x1, . . . , xn] íàçûâàåòñÿ ðàçáèåíèåì ÷èñ-
ëà x, åñëè x = x1 + . . .+xn. Â ðàçáèåíèè äîïóñêàþòñÿ îäèíàêîâûå ñëàãàå-
ìûå. Äëÿ çàäàííîãî íàòóðàëüíîãî x âûâåäèòå ñïèñîê âñåõ åãî ðàçáèåíèé.
Ïîðÿäîê ýëåìåíòîâ ñïèñêà ó÷èòûâàòü íå íàäî.

4.20 Ïîñòðîéòå èñïðàâëåííóþ ôóíêöèþ read_list, êîòîðàÿ áóäåò êîð-
ðåêòíî ÷èòàòü èç ôàéëà ïðîèçâîëüíûé ñïèñîê. Çàïèøèòå â ôàéë ñïèñîê
èç 1000 ñëó÷àéíûõ ðàöèîíàëüíûõ äðîáåé. Ïðîâåðüòå ðàáîòó ôóíêöèè,
ïðî÷èòàâ ýòîò ñïèñîê èç ôàéëà.

4.21 Ïîòðåíèðóéòåñü ïðîãðàììèðîâàòü ìàòåìàòè÷åñêèå ôóíêöèè íà ÿçû-
êå Lisp. Ïðîâåðÿéòå ðàáîòó âû÷èñëåíèÿìè è ïîñòðîåíèåì ãðàôèêà.

4.22 Êðèâàÿ ïðîâèñàíèÿ ïðîâîäîâ ìåæäó ñòîëáàìè íàçûâàåòñÿ öåïíîé
ëèíèåé. Íàéäèòå èíôîðìàöèþ îá ýòîé êðèâîé è ïîñòðîéòå åå, âîñïîëüçî-
âàâøèñü îáúåêòîì explicit.

4.23 Ìóõà ñåëà íà êîëåñî äâèæóùåãîñÿ âåëîñèïåäà. Ïîñòðîéòå òðàåê-
òîðèþ äâèæåíèÿ ìóõè. Çàäàéòå êîîðäèíàòû (x, y) êàê ôóíêöèè âðåìåíè
t è âîñïîëüçóéòåñü ãðàôè÷åñêèì îáúåêòîì parametric.

4.24 Íàðèñóéòå âûïóêëûé ìíîãîóãîëüíèê, çàäàííûé ñèñòåìîé íåðà-
âåíñòâ 

a1x+ b1y > c1
. . .

anx+ bny > cn

4.25 Â ïðîèçâîëüíûé ýëëèïñ âïèñàí øåñòèóãîëüíèê. Ïîêàæèòå íà ãðà-
ôèêå, ÷òî òî÷êè ïåðåñå÷åíèÿ ïðîäîëæåíèé ïðîòèâîïîëîæíûõ ñòîðîí øå-
ñòèóãîëüíèêà ëåæàò íà îäíîé ïðÿìîé.

4.26 Ïîëîæèì S0 = 0. Â êàæäûé ìîìåíò âðåìåíè t = 1, 2, . . . ñëó÷àé-
íàÿ âåëè÷èíà St = St−1 + Xt, ãäå Xt ïðèíèìàåò çíà÷åíèÿ −1, 1 ñ ðàâíû-
ìè âåðîÿòíîñòÿìè. Ôóíêöèÿ (ïîñëåäîâàòåëüíîñòü) St ÿâëÿåòñÿ ïðèìåðîì
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ñëó÷àéíîãî ïðîöåññà è íàçûâàåòñÿ ñëó÷àéíûì áëóæäàíèåì. Ïîñòðîéòå
ãðàôèê ñëó÷àéíîãî áëóæäàíèÿ. Âîñïîëüçóéòåñü äëÿ ýòîãî ãðàôè÷åñêèì
îáúåêòîì points.

4.27 Ñêà÷àéòå ñ http://�nance.yahoo.com/ äàííûå î êàêîì-ëèáî ôèíàí-
ñîâîì èíäåêñå20 è ïîñòðîéòå ãðàôèê çàâèñèìîñòè öåíû çàêðûòèÿ îò âðå-
ìåíè.

4.28 Çàïðîãðàììèðóéòå èãðó ¾Æèçíü¿21. Äëÿ èçîáðàæåíèÿ êëåòîê âîñ-
ïîëüçóéòåñü ãðàôè÷åñêèì îáúåêòîì rectangle.

4.29 Ïîâåðõíîñòü íåâåñîìîé ìûëüíîé ïëåíêè, íàòÿíóòîé íà äâå îêðóæ-
íîñòè, ïëîñêîñòè êîòîðûõ ïåðïåíäèêóëÿðíû ïðÿìîé, ñîåäèíÿþùåé èõ öåí-
òðû, íàçûâàåòñÿ êàòåíîèäîì. Íàéäèòå èíôîðìàöèþ îá ýòîé ïîâåðõíîñòè
è ïîñòðîéòå åå.

4.30 Ïîâåðõíîñòü x2 + y2− z2 = 1 íàçûâàåòñÿ îäíîïîëîñòíûì ãèïåðáî-
ëîèäîì. Ïîñêîëüêó óðàâíåíèå ïîâåðõíîñòè ìîæíî ïåðåïèñàòü äâóìÿ ñïî-
ñîáàìè:

(x− z)(x+ z) = (1− y)(1 + y) è (y − z)(y + z) = (1− x)(1 + x),

òî ÷åðåç êàæäóþ åå òî÷êó (x0, y0, z0) ïðîõîäèò äâå ïðÿìûå:{
(x0 − z0)(x+ z) = (1− y0)(1 + y)

(x− z)(x0 + z0) = (1− y)(1 + y0)

è {
(y0 − z0)(y + z) = (1− x0)(1 + x)

(y − z)(y0 + z0) = (1− x)(1 + x0)
,

ïîëíîñòüþ ëåæàùèå íà ïîâåðõíîñòè. Èçîáðàçèòå ýòî íà ãðàôèêå.

20Íàïðèìåð, RTS.RS: http://�nance.yahoo.com/q/hp?s=RTS.RS+Historical+Prices
21http://ru.wikipedia.org/wiki/Æèçíü_(èãðà)

http://finance.yahoo.com/
http://finance.yahoo.com/q/hp?s=RTS.RS+Historical+Prices
http://ru.wikipedia.org/wiki/%D0%96%D0%B8%D0%B7%D0%BD%D1%8C_%28%D0%B8%D0%B3%D1%80%D0%B0%29
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Ñïèñîê ëèòåðàòóðû

1. Maxima Reference Manual.
http://maxima.sourceforge.net/docs/manual/en/maxima.html � 1048 p.

Ðåãóëÿðíî îáíîâëÿåìàÿ îôèöèàëüíàÿ äîêóìåíòàöèÿ ñèñòåìû Maxima. Íà
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Ëèñòèíã 49 (68). Ìîäóëüíàÿ àðèôìåòèêà: îáðàòíîå ïî ìîäóëþ inv_mod
è ñòåïåíü ïî ìîäóëþ power_mod.

Ëèñòèíã 50 (68). Àëãîðèòì øèôðîâàíèÿ RSA, èñïîëüçóþùèé ìîäóëü-
íóþ àðèôìåòèêó.

Ëèñòèíã 51 (70). Ðàáîòà ñ ïàðàìåòðàìè àðèôìåòèêè ÷èñåë ñ ïëàâàþ-
ùåé òî÷êîé: fpprec, fpprintprec. Ýéëåðîâî ÷èñëî e äî 200-ãî çíàêà.

Ëèñòèíã 52 (71). Îêðóãëåíèå ÷èñëà ñ ïëàâàþùåé òî÷êîé � ôóíêöèè
ceiling, floor, round.

Ëèñòèíã 53 (72). Ðåæèì îòîáðàæåíèÿ ñòðîê: â êàâû÷êàõ èëè áåç � ïå-
ðåìåííàÿ stringdisp.

Ëèñòèíã 54 (73). Ïðèìåð ðàáîòû ñ ïðåäèêàòàìè stringp, digitcharp.

Ëèñòèíã 55 (73). Ïåðåâîä ASCII-ñèìâîëà â ASCII-êîä (cint) è îáðàòíî
(ascii).

Ëèñòèíã 56 (74). Äëèíà ñòðîêè (slength), n-ûé ñèìâîë ñòðîêè (charat),
ïîçèöèÿ ïåðâîãî âõîæäåíèÿ äàííîãî ñèìâîëà (sposition).

Ëèñòèíã 57 (75). Ïðåîáðàçîâàíèå ñòðîêè â ñïèñîê ñèìâîëîâ (charlist)
è îáðàòíî (simplode).

Ëèñòèíã 58 (75). Âûäåëåíèå ïîäñòðîêè ïî íîìåðàì ñèìâîëîâ � ôóíê-
öèÿ substring.

Ëèñòèíã 59 (76). Ñòàòèñòè÷åñêèé àíàëèç ïåðâûõ 100000 öèôð ÷èñëà π.
Äåñÿòè÷íîå ðàçëîæåíèå ÷èñëà π îáðàáàòûâàåòñÿ êàê ñòðîêà.

Ëèñòèíã 60 (77). Ïðåîáðàçîâàíèå âûðàæåíèÿ â ñòðîêó (string) è âû-
ïîëíåíèå ñòðîêè êàê âûðàæåíèÿ (eval_string).

Ëèñòèíã 61 (77). Ñðàâíåíèå ñòðîê � ïðåäèêàòû sequal, sequalignore.

Ëèñòèíã 62 (78). Ðàçäåëåíèå ñòðîêè íà ñëîâà (split) è îáðàòíî (concat).
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Ëèñòèíã 63 (79). Âñòàâêà â ñòðîêó (sinsert) è çàìåíà ÷àñòåé ñòðîêè
(ssubst).

Ëèñòèíã 64 (80). Ïîçèöèÿ ïåðâîãî ñèìâîëà, â êîòîðîì ñòðîêè ðàçëè÷-
íû � ôóíêöèÿ smismatch.

Ëèñòèíã 65 (80). Ïîèñê ïîäñòðîêè â ñòðîêå � ôóíêöèÿ ssearch.

Ëèñòèíã 66 (81). Óäàëåíèå ïîäñòðîêè � ôóíêöèÿ sremove.

Ëèñòèíã 67 (81). Ïðèìåð ê ôóíêöèè sreverse � ñòðîêà â îáðàòíîì
ïîðÿäêå.

Ëèñòèíã 68 (82). Çàäàíèå ñïèñêà: ñêîáî÷íûé îïåðàòîð "[", ôóíêöèè
makelist, create_list.

Ëèñòèíã 69 (83). Äâà ñïîñîáà êîïèðîâàíèÿ ñïèñêà: òîæäåñòâåííûé ñïè-
ñîê è êîïèÿ ñïèñêà (copylist)

Ëèñòèíã 70 (84). Äëèíà ñïèñêà � ôóíêöèÿ length.

Ëèñòèíã 71 (85). Âûáîð ýëåìåíòîâ ñïèñêà � ôóíêöèè first, second,
last è âûáîð ïîäñïèñêà � ôóíêöèÿ rest.

Ëèñòèíã 72 (86). Óäàëåíèå ñîâïàäàþùèõ ýëåìåíòîâ èç ñïèñêà � ôóíê-
öèÿ unique

Ëèñòèíã 73 (86). Äîáàâëåíèå ýëåìåíòà â íà÷àëî (cons) èëè â êîíåö
ñïèñêà (endcons).

Ëèñòèíã 74 (86). Îáúåäèíåíèå ñïèñêîâ � ôóíêöèÿ append.

Ëèñòèíã 75 (87). Ïðîâåðêà âõîæäåíèÿ ýëåìåíòà â ñïèñîê (member) è
óäàëåíèå ýëåìåíòà èç ñïèñêà (delete).

Ëèñòèíã 76 (87). Ïðåîáðàçîâàíèå ñïèñêà âî ìíîæåñòâî � ôóíêöèè
setify, full_setify.

Ëèñòèíã 77 (87). Ïåðåñòàíîâêè ñïèñêà: permutations è
random_permutation.

Ëèñòèíã 78 (88). Ïðèìåð øèôðîâàíèÿ ìåòîäîì ïîëèàëôàâèòíîé çàìå-
íû.
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Ëèñòèíã 79 (89). Ñîðòèðîâêà ñïèñêà (sort), ñïèñîê â îáðàòíîì ïîðÿäêå
(reverse).

Ëèñòèíã 80 (89). Âûäåëåíèå ïîäñïèñêà � ôóíêöèè sublist è
sublist_indices.

Ëèñòèíã 81 (90). ×èñëîâûå îïåðàöèè íàä ñïèñêàìè.

Ëèñòèíã 82 (91). Ìèíèìàëüíûé (lmin) è ìàêñèìàëüíûé (lmax) ýëåìåíò
÷èñëîâîãî ñïèñêà.

Ëèñòèíã 83 (92). Ñóììèðîâàíèå ÷èñëîâîãî ñïèñêà � ôóíêöèÿ lsum.

Ëèñòèíã 84 (92). Ïðèìåð ïîñòðîåíèÿ ìíîæåñòâà ôóíêöèåé makeset.

Ëèñòèíã 85 (93). Ïðîâåðêà ðàâåíñòâà ìíîæåñòâ: îïåðàòîð = è ôóíêöèÿ
setequalp.

Ëèñòèíã 86 (93). Ïðåîáðàçîâàíèå ìíîæåñòâà â ñïèñîê � ôóíêöèè
listify, full_listify.

Ëèñòèíã 87 (94). ×èñëî ýëåìåíòîâ ìíîæåñòâà � ôóíêöèÿ cardinality.

Ëèñòèíã 88 (94). Äîáàâëåíèå ýëåìåíòà â ìíîæåñòâî (adjoin) è óäàëå-
íèå ýëåìåíòà èç ìíîæåñòâà (disjoin).

Ëèñòèíã 89 (95). Îïåðàöèè íàä ìíîæåñòâàìè: îáúåäèíåíèå (union), ïå-
ðåñå÷åíèå (intersection) è ðàçíîñòü (setdifference); ìíîæåñòâî
âñåõ ïîäìíîæåñòâ (powerset) è äåêàðòîâî ïðîèçâåäåíèå
(cartesian_product).

Ëèñòèíã 90 (96). Âûäåëåíèå ïîäìíîæåñòâà ýëåìåíòîâ, äëÿ êîòîðûõ èñ-
òèíåí çàäàííûé ïðåäèêàò (partition_set); ðàçáèåíèå ìíîæåñòâà
íà êëàññû ýêâèâàëåíòíîñòè ïî çàäàííîìó îòíîøåíèþ ýêâèâàëåíòíî-
ñòè (equiv_classes); âûäåëåíèå ïîäìíîæåñòâà, íà êîòîðîì çàäàí-
íàÿ ÷èñëîâàÿ ôóíêöèÿ äîñòèãàåò ýêñòðåìóìà (extremal_subset).

Ëèñòèíã 91 (97). Ïðîâåðêà òîãî, ÷òî ïðåäèêàò èñòèíåí äëÿ âñåõ ýëå-
ìåíòîâ ìíîæåñòâà (ôóíêöèÿ every) èëè äëÿ õîòÿ áû îäíîãî åãî ýëå-
ìåíòà (ôóíêöèÿ some)

Ëèñòèíã 92 (98). Ïîýëåìåíòíîå ïðèìåíåíèå ôóíêöèè ê ñïèñêó (map) è
ïðèìåíåíèå N -àðíîé ôóíêöèè (îïåðàòîðà) ê N -ýëåìåíòíîìó ñïèñêó
(apply)
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Ëèñòèíã 93 (99). Ïðåîáðàçîâàíèå ñòðîêè â ñïèñîê ASCII-êîäîâ è îá-
ðàòíî. Èñïîëüçóåòñÿ ôóíêöèÿ map.

Ëèñòèíã 94 (100). Ðåêóðñèâíîå ïðèìåíåíèå ôóíêöèè ê ñïèñêó ñ ïîìî-
ùüþ lreduce, rreduce, tree_reduce.

Ëèñòèíã 95 (101). Ïðåîáðàçîâàíèå èíäåêñèðîâàííîé ïåðåìåííîé â ñïè-
ñîê.

Ëèñòèíã 96 (101). Ïðîáëåìà ñ èíäåêñàöèåé ïðè çàïèñè ýëåìåíòîâ ìàñ-
ñèâà â ñïèñîê.

Ëèñòèíã 97 (103). Ñâîäíàÿ èíôîðìàöèÿ î ìàññèâå (arrayinfo) è ñïè-
ñîê ýëåìåíòîâ ìàññèâà (listarray).

Ëèñòèíã 98 (103). Çàäàíèå èíäåêñèðîâàííîé ïåðåìåííîé.

Ëèñòèíã 99 (104). Çàäàíèå ìàññèâ-ôóíêöèè.

Ëèñòèíã 100 (105). Çàäàíèå èíäåêñèðîâàííîé ôóíêöèè.

Ëèñòèíã 101 (106). Âû÷èñëåíèå ïî ðåêóððåíòíûì ôîðìóëàì ñ ïîìî-
ùüþ ìàññèâ-ôóíêöèé.

Ëèñòèíã 102 (107). Èñïîëüçîâàíèå ìàññèâà äëÿ õðàíåíèÿ äàííûõ: îñ-
íîâíûå õàðàêòåðèñòèêè ïðàâèëüíûõ ìíîãîãðàííèêîâ.

Ëèñòèíã 103 (109). ×àñòîòíûé àíàëèç óïîòðåáëåíèÿ áóêâ â òåêñòå.

Ëèñòèíã 104 (117). Óñëîâíûé îïåðàòîð â âûðàæåíèè äëÿ ïîëüçîâàòåëü-
ñêîé ôóíêöèè.

Ëèñòèíã 105 (117). ßâëÿåòñÿ ëè ASCII-ñèìâîë, ñîîòâåòñòâóþùèé äàí-
íîìó íîìåðó, áóêâîé.

Ëèñòèíã 106 (118). Èñïîëüçóÿ ñëîæíûé îïåðàòîð if, çàäàåì ôóíêöèþ
ðàñïðåäåëåíèÿ äèñêðåòíîé ñëó÷àéíîé âåëè÷èíû, à çàòåì ñòðîèì åå
ãðàôèê.

Ëèñòèíã 107 (119). Ñ ïîìîùüþ îïåðàòîðà öèêëà for ïåðåâîäèì ÷èñëî
èç äåñÿòè÷íîé ñèñòåìû ñ÷èñëåíèÿ â äâîè÷íóþ.

Ëèñòèíã 108 (120). Äëÿ äàííîãî âûðàæåíèÿ âûâîäèì ïîäâûðàæåíèÿ
1-ãî óðîâíÿ äâóìÿ ñïñîáàìè: ñ ïîìîùüþ îïåðàòîðà öèêëà for è ñ
ïîìîùüþ ôóíêöèè map.
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Ëèñòèíã 110 (121). Èç äàííîãî ñïèñêà ðåêóðñèâíî óäàëÿåì ýëåìåíòû
(delete), ñîâïàäàþùèå ñ î÷åðåäíûì ýëåìåíòîì ñïèñêà.

Ëèñòèíã 109 (120). Ñðàâíåíèå öèêëà è ðåêóðñèè. Âû÷èñëåíèå àðèôìå-
òèêî-ãåîìåòðè÷åñêîãî ñðåäíåãî.

Ëèñòèíã 111 (122). Ñîçäàíèå öèêëà âíóòðè áëîêà ñ ïîìîùüþ ôóíêöèè
go. Âûâîäèì ñïèñîê âñåõ ïðîñòûõ ÷èñåë, ëåæàùèõ íà äàííîì îòðåç-
êå.

Ëèñòèíã 112 (122). Çàäàíèå ïîëüçîâàòåëüñêîé ôóíêöèè: îïåðàòîð ïðè-
ñâîåíèÿ :=.

Ëèñòèíã 113 (123). Èäåíòèôèêàòîð ìîæåò áûòü îäíîâðåìåííî èìåíåì
ôóíêöèè è èìåíåì ïåðåìåííîé.

Ëèñòèíã 114 (124). Îáëàñòü âèäèìîñòè ïîëüçîâàòåëüñêîé ôóíêöèè âíóò-
ðè áëîêà, ôóíêöèÿ local.

Ëèñòèíã 115 (125). Ìàòåìàòè÷åñêóþ ôóíêöèþ â Maxima íåîáÿçàòåëü-
íî çàäàâàòü êàê ïîëüçîâàòåëüñêóþ ôóíêöèþ.

Ëèñòèíã 116 (126). Çàäàíèå ïîëüçîâàòåëüñêîé ôóíêöèè, ïðèíèìàþùåé
ïðîèçâîëüíîå ÷èñëî àðãóìåíòîâ.

Ëèñòèíã 117 (126). Çàäàíèå ôóíêöèè, ïðèíèìàþùåé â êà÷åñòâå àðãó-
ìåíòîâ ñïèñêè è ìíîæåñòâà.

Ëèñòèíã 118 (126). Ðåêóðñèâíîå ïîñòðîåíèå ôóíêöèè.

Ëèñòèíã 119 (127). Ïîñòðîåíèå èíäåêñèðîâàííîé ôóíêöèè.

Ëèñòèíã 120 (128). Ïðèìåðû ïðèìåíåíèÿ àíîíèìíûõ lambda-ôóíêöèé:
ñîðòèðîâêà ñïèñêà, îòîáðàæåíèå ñïèñêà, âûáîð ïîäñïèñêà, ðàçáèå-
íèå íà ïîäìíîæåñòâà è íà êëàññû ýêâèâàëåíòíîñòè, ýêñòðåìàëüíûå
ïîäìíîæåñòâà.

Ëèñòèíã 121 (129). Äëÿ ìíîæåñòâà {1, 2, . . . , n} âûâîäÿòñÿ âñå åãî ðàç-
áèåíèÿ.

Ëèñòèíã 122 (130). Ïðèìåðû çàäàíèÿ ïîëüçîâàòåëüñêèõ îïåðàòîðîâ ðàç-
ëè÷íûõ òèïîâ.

Ëèñòèíã 123 (134). Ôóíêöèè length, cons, endcons, member, delete ðà-
áîòàþò ñ ïðîèçâîëüíûìè âûðàæåíèÿìè êàê ñî ñïèñêàìè.
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Ëèñòèíã 124 (135). Àòîìàðíûå âûðàæåíèÿ, ôóíêöèÿ atom.

Ëèñòèíã 125 (135). Îáúåäèíåíèå âûðàæåíèé � ôóíêöèÿ concat.

Ëèñòèíã 126 (136). Îáúåäèíåíèå âûðàæåíèé â ñòðîêó � ôóíêöèÿ
sconcat.

Ëèñòèíã 127 (136). Ïðîâåðêà îòñóòñòâèÿ â âûðàæåíèè çàäàííûõ ÷à-
ñòåé ñ ïîìîùüþ ôóíêöèè freeof.

Ëèñòèíã 128 (137). Ãëàâíûé îïåðàòîð âûðàæåíèÿ, ôóíêöèÿ op.

Ëèñòèíã 129 (137). Ïîäâûðàæåíèå, îïðåäåëÿåìîå äàííûì àäðåñîì �
ôóíêöèÿ part.

Ëèñòèíã 130 (138). Ðåêóðñèâíîå ïåðå÷èñëåíèå âñåõ ôóíêöèé (îïåðàòî-
ðîâ) äàííîãî âûðàæåíèÿ.

Ëèñòèíã 131 (139). Âûäåëåíèå ëåâîé è ïðàâîé ÷àñòåé óðàâíåíèÿ � ôóíê-
öèè lhs, rhs.

Ëèñòèíã 132 (139). Çàìåíà ïîäâûðàæåíèÿ, íàõîäÿùåãîñÿ ïî äàííîìó
àäðåñó � ôóíêöèÿ substpart.

Ëèñòèíã 133 (140). Ïîñëåäîâàòåëüíîå âûïîëíåíèå ïîäñòàíîâîê ñ ïîìî-
ùüþ ôóíêöèè subst.

Ëèñòèíã 134 (141). Ïàðàëëåëüíîå âûïîëíåíèå ïîäñòàíîâîê: sublis,
psubst.

Ëèñòèíã 135 (141). Âûïîëíåíèå ïîäñòàíîâêè ñ ïîìîùüþ ôóíêöèè
ratsubst.

Ëèñòèíã 136 (142). Îòìåíà óïðîùåíèÿ ñ ïîìîùüþ ãëîáàëüíîé ïåðå-
ìåííîé simp.

Ëèñòèíã 137 (143). Ôóíêöèÿ ev: âû÷èñëåíèå âûðàæåíèé ñ ðàçëè÷íûìè
îïöèÿìè.

Ëèñòèíã 138 (145). Ïîäñòàíîâêà çíà÷åíèé ñ ïîìîùüþ ôóíêöèè at.

Ëèñòèíã 139 (146). Ðàñêðûòèå ïðîèçâåäåíèé ñóìì (expand) è ðàçëîæå-
íèå ñóììû íà ìíîæèòåëè (factor).
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Ëèñòèíã 140 (146). Ïðèâåäåíèå âûðàæåíèÿ ê êàíîíè÷åñêîé ðàöèîíàëü-
íîé ôîðìå � ôóíêöèÿ rat.

Ëèñòèíã 141 (148). Óïðîùåíèå ðàöèîíàëüíîãî âûðàæåíèÿ ñ ïîìîùüþ
ôóíêöèè ratsimp.

Ëèñòèíã 142 (149). Çàïèñü ñïèñêà è ìàòðèöû â òåêñòîâûé ôàéë � ôóíê-
öèÿ write_data.

Ëèñòèíã 143 (150). Âûâîä òåêñòîâîãî ôàéëà íà ýêðàí � ôóíêöèÿ
printfile.

Ëèñòèíã 144 (151). Ôóíêöèÿ printf: ôîðìàòèðîâàííûé âûâîä.

Ëèñòèíã 145 (152). Ñ ïîìîùüþ ôóíêöèè with_stdout ïå÷àòàåì â òåê-
ñòîâûé ôàéë öåëî÷èñëåííûå ðåøåíèÿ óðàâíåíèÿ x2 + y2 = z2.

Ëèñòèíã 146 (153). Ôóíêöèè read_list è read_matrix êîððåêòíî ðà-
áîòàþò òîëüêî äëÿ ÷èñëîâûõ äàííûõ.

Ëèñòèíã 147 (154). Ïîëüçîâàòåëüñêàÿ ôóíêöèÿ äëÿ ÷òåíèÿ èç òåêñòî-
âîãî ôàéëà ïðîèçâîëüíîé ìàòðèöû.

Ëèñòèíã 148 (155). Çàïèñü è ÷òåíèå äàííûõ â áèíàðíûé ôàéë � ôóíê-
öèè write_binary_data, read_binary_list è read_binary_matrix.

Ëèñòèíã 149 (156). Ïðèìåð ìàòåìàòè÷åñêîé ôóíêöèè, çàïðîãðàììèðî-
âàííîé íà ÿçûêå Lisp.

Ëèñòèíã 150 (156). Ðàáîòà ñ ôóíêöèåé, çàïðîãðàììèðîâàííîé íà Lisp.

Ëèñòèíã 151 (157). Çàäàíèå Lisp-ôóíêöèè ñ ïîìîùüþ ñïåöèàëüíîé êî-
ìàíäû :lisp.

Ëèñòèíã 152 (158). Óñòàíîâêà ïàðàìåòðîâ ðèñîâàíèÿ ïî óìîë÷àíèþ �
ôóíêöèÿ set_draw_defaults.

Ëèñòèíã 153 (159). Ðèñîâàíèå äâóìåðíûõ êðèâûõ, çàäàííûõ çàâèñèìî-
ñòüþ y = f(x) � draw2d è ãðàôè÷åñêèé îáúåêò explicit.

Ëèñòèíã 154 (160). Ðèñîâàíèå äâóìåðíûõ êðèâûõ, çàäàííûõ íåÿâíî
F (x, y) = 0 � ôóíêöèÿ draw2d è ãðàôè÷åñêèé îáúåêò implicit.

Ëèñòèíã 155 (161). Ðèñîâàíèå äâóìåðíûõ êðèâûõ, çàäàííûõ ïàðàìåò-
ðè÷åñêè � ôóíêöèÿ draw2d è ãðàôè÷åñêèé îáúåêò parametric.
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Ëèñòèíã 156 (162). Ðèñîâàíèå äâóìåðíûõ êðèâûõ, çàäàííûõ â ïîëÿð-
íûõ êîîðäèíàòàõ � ôóíêöèÿ draw2d è ãðàôè÷åñêèé îáúåêò polar.

Ëèñòèíã 157 (163). Ðèñîâàíèå äâóìåðíûõ îáëàñòåé � ôóíêöèÿ draw2d
è ãðàôè÷åñêèé îáúåêò region.

Ëèñòèíã 158 (164). Òðåóãîëüíèê Ñåðïèíñêîãî.

Ëèñòèíã 159 (167). Ðèñîâàíèå ïîâåðõíîñòåé, çàäàííûõ çàâèñèìîñòüþ
z = f(x, y), ñ èçîáðàæåíèåì ëèíèé óðîâíÿ � ôóíêöèÿ draw3d ñ ïà-
ðàìåòðîì contour_levels è ãðàôè÷åñêèé îáúåêò explicit.

Ëèñòèíã 160 (168). Ðèñîâàíèå ïîâåðõíîñòåé, çàäàííûõ íåÿâíî
F (x, y, z) = 0 � draw3d è ãðàôè÷åñêèé îáúåêò implicit.

Ëèñòèíã 161 (170). Àíèìàöèÿ: íåñêîëüêî êðèâûõ Ëèññàæó � ôóíêöèÿ
wxanimate_draw è ãðàôè÷åñêèé îáúåêò parametric.

Ëèñòèíã 162 (171). Àíèìàöèÿ, èëëþñòðèðóþùàÿ öåíòðàëüíóþ ïðåäåëü-
íóþ òåîðåìó � wxanimate_draw è ãðàôè÷åñêèå îáúåêòû bars, explicit.

Ëèñòèíã 163 (173). Àíèìèðîâàííîå ïîñòðîåíèå êðèâîé Êîõà � ôóíê-
öèÿ wxanimate_draw è ãðàôè÷åñêèé îáúåêò polygon.

Ëèñòèíã 164 (175). Àíèìàöèÿ: êîíè÷åñêèå ñå÷åíèÿ � ôóíêöèÿ
with_slider_draw3d è ãðàôè÷åñêèå îáúåêòû explicit, cylindrical,
label.
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